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FOREWORD 



At a time when our society is increasingly more depend- 
ent upon mathematically literate citizens and upon trained 
mathematical manpower, it is essential that vital and con- 
temporary mathematics be taught in our schools* 

The contemporary mathematics program set forth in this 
publication has developed as a result of experimentation and 
teacher and supervisor evaluation in classroom situations* 

The keynote of the program is understanding of structure, 
language, skills, and basic mathematical concepts* This under- 
standing is developed in an atmosphere of pupil experimentation 
and discovery* 

We wi!* to thank the staff menibers from the Junior and 
Senior Wgh Schools and the Bureau of Cvirriculum Development who 
have so generously contributed to this work* 
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INTRODUCTION 



This bulletin is the culmination of three years of experimenta- 
tion involving the cooperative efforts of the Division of Curriculum 
Development, the Junior High School Division, and the High School^ 
Division. It offers teachers and supervisors practical suggestions 
for teaching Mathematics Ninth Year . The mathematics presented in 
this bulletin is based upon concepts and skills which were developed 
in previous grades and will be extended in succeeding grades. It is 
one segment of a K-12 mathematics program* 

The suggested teaching procedures help to implement the teach- 
ing of Mathematics Ninth Year as outlined in Curriculum Bulletin No. 3* 
1958-59 Series, Course of Study Mathematics 7-8-9 . Detailed methods 
for helping pupils develop mathematical concepts are given, tu an 
extent not spelled out in the course of study. Thus, whereas the 
course of study merely suggests the application of mathematical princi- 
ples such as comnutativity, associativity, and distidbutivity to 
algebraic s kill s and techniques, these principles are carefully de- 
veloped and woven into these materials. 

The course is a full course and teachers and supervisors must 
consider this as they plan for pupil participation in the discovery 
and creation of ideas ^ich are then organized ±nuO a growing structure. 
To make the course manageable by classroom teachers, such topics as 
congruence, symmetry and statistics were omitted. A treatment of 
inequalities has been included. 

Ti 9 materials in this publication have been developed over a 
period x.' years and reflect the classroom tryout and continued evalua- 
tion by teachers and supervisors. There is an emphasis on: 

an understanding of mathematical principles 
a development of manipulative skills based upon mathematical 
principles 

mathematical structure 
growth of number system 
precise meaning of vocabiilary 
justification, or proof 

The level of mathematical maturity of the pupils has been con- 
sidered and the approach and amount of rigor introduced is consistent 
with the capacity of ninth year pupils. The 10th and 11th year mathe- 
matics courses will extend the basic ideas of this course and help 
them to see algebra as a postulational system. 







How T?iis Bulletin Is Organized 



The material in this bulletin is arranged in the same sequence 
in which it is to be used by the teacher. It is expected that the 
entire content of each chapter will be presented before any work is 
begun on the ensuing chapter. (The few exceptions to this procedure 
are noted in the appropriate place.) Althou^ this may seem to be 
a departure from the cyclical arrangement of materials found in 
earlier curriculum bulletins on mathematics^ a cyclical approach 
is, in fact, an integral part of each chapter. For example, unde^ 
standing and skill in solving equations are developed on progressively 
higher levels throughout the year as pupils advance from the solution 
of simple linear equations, presented in earlier chapters, to the 
solution of fractional and quadratic equations which appear in later 
chapters. 

Various suggestions for enrichment have been included. labeled 
as optional, they have been placed near the topics of which they are 
a logical outgrowth. 

A Plan For Using This Publication 

It is suggested that teachers and supervisors consider the 
following in using this publication: 

Review the entire bulletin before making plans to teach. 

Read each chapter in turn completely to become acquainted 
with the content and flavor of Mathematics Ninth Year and 
with the relationship between the topics in the course. 

Study the chapter containing the topics you plan to present. 

Study the suggested procedure for the development of each topic. 
Make a tentative division of the topic into class lessons. 

Use the suggested procedures as an aid in preparing lesson plans. 
Since Mathfimatics Ninth Year is a full course, you should plan 
for the most efficient use of class time. 

Amplify the practice material suggested for each topic with 
additional material from various textbooks. 

T^e application of algebraic techniques to the solution of 
verbal problems should not be confined to the sections in 
which this work appears in the bulletin, but should be inter- 
spersed among other topics in order to sustain interest and 
provide for continuous development and reinforcement of 
problem-solving skills. 










EVALUATION 



An evaluation program includes not only the checking of com- 
pleted work at convenient intervals, but also continual appraisal. 

It is a general principle of evaluation that results are checked 
against objectives. The objectives of this course ^clude concepts, 
principles, and understandings, as well as basic skills. 

Written tests are the most used instrument for evaluation and 
remain the chief rating tools of the teacher. Test items should be 
designed to test not only recall of factual items, but also the 
ability of the pupil to make intelligent use of facts. Some of the 
written activities which teachers may use for the purpose of evalua- 
tion include: 

written tests 

written homework assignments 

notebooks 

board work 

special reports 

quizzes 

To continually evaluate pupil understanding, there are a number 
of oral activities which teachers may use including the following: 

pupil explanations of approaches used in new situations 

pupil justification of statements 

pupil restatement of problems 

pupil statements of interrelatipnship of ideas 

pupil discovery of patterns 

oral quizzes 

reports 

Evaluation procedures also include teacher^ s observation of 
pupil *s work at chalkboard and pupil *s work at seat. 

Self-evaluation by pupils can be encouraged throu^ short 
self-maricing quizzes. 



DSVELOH'IBryiT OF THE MATHEtiATICS PROGRAM GRADE 9 



During the school year beginning September 1961, a revised 
ninth year mathematics scope and sequence, based upon Course of 
Study Mathematics 7«^-9 . was developed by staff members from the 
Division of Curriculum Developnent , the Junior High School Division, 
and the High School Division. This 'icope and sequence was the basic 
document for writing teams, which consisted of junior high school 
mathematics coordinators working in conjunction with hi^ school 
mathematics chairmen. This resulted in preparation of preliminary 
materials vdiich were reviewed and revised by the Jiinior High School 
Mathematics Curriculum Coirmittee. Ejy June 1962, the first draft of 
materials was ready and was sent to teachers vjho were to take part 
in their experimental use. 

These preliminary materials were tried out on an experimental 
basis for the first time in selected junior and senior high schools 
during the school year 1962-1963. A program of evaluation of these 
materials was set up vdiich included: chapter by chapter evaluation 
reports from classroom teachers, junior hi^ school coordinators, 
and chairmen of mathematics in pilot schools. The results of the 
evaliiation were reported to the Junior High School Mathematics 
Curriculum Committee. In addition, an evaluation team interviewed 
teachers using the materials, observed teachers using the materials, 
and discussed each observed lesson with the teacher. On the basis 
of this classroom tryout and evaluation by teachers and supervisors, 
ftirt I of the program was revised in the Summer of 1963. 

The school year 1963-1964 saw the second year of experimental 
use of the materials, with additional schools participating. Bart II 
of the material was revised in time for the February 1964 term. Part I 
was again revised as a result of a second tiyout. !Diis revision was 
carried out by a committee working on Saturdays. Final work on Part I, 
preparing it for publication, was completed in June 1964. 

It is expected that a final revision of Part II will be completed 
during the Summer of 1964. This revision will reflect the second year 
of classroom tryout. 

The preparation of this bulletin was under the general direction 
of Martha R. Finkler, Acting Associate Superintendent, Junior High 
School Divd.sion, and Ifergaret Bible, Acting Assistant Superintendent, 
Junior High School Division, William H. Bristow, Assistant Superinten- 
dent, Bureau of Curriculm Research, and Seelig lister. Assistant 
Superintendent, High School Division. 









As Chairman of the Junior High School Mathematics Curriculum 
Committee, feul Gastwirth, Principal of Edward Bleeker Junior High 
School, acted as project director, coordinating efforts of various 
committees, and heading a four-man evaluation team. 

Frank J. Wohlfort, Assistant Principal in charge of Junior 
High School Mathematics Coordinators, coordinated the work of the 
writing teams, and arranged for experimental tryout of the program 
in the junior high schools. 

Mi r i Newman, Junior High School Mathematics Coordinator, was 
the principal writer of the revised materials during the Summer of 
1963, the school year 1963-1964, and the Summer of 1964. 

The Junior High School Mathematics Coordinators who prepared the 
original draft of the materials were: Spencer J. Abbott, Henrietta D. 
Antoville, Florence Apperman, Samuel Bier, Samuel Dreskin, Charles S. 

CJoode, Helen Halliday, Ida Karlin, Rose Klein, Mi^am S. Newman, 

Alfred Okin, George Paley, Meyer Rosenspan, Benedict Rubino, Joseph 
Segal, and Murray Soffer. 

Other coordinators who have taught and helped in the evaluation 
of the materials are: Helen Kaufman, Joseph Gehringer, Ada Sheridan, 
and Bertha Weiss. 

The original writii^ teams worked closely with the following 
high school mathematics chaimen: George Grossman, Aaron Kankin, 

Roxee Joly, Harry Huderman, Lester Schlumpf, and Harry Schor. Bach of 
the chairmen served as a resource person for a writing team. 

George Ross, Coordinator of Mathematics for the high schools during 
the school year 1961-1962, was a member of the original planning group 
which developed the plans for the project and the basic scope and sequence. 
Ah initial scope and sequence was prepared by Harry Schor, Chairman of 
^thematic s. 

Benjamin Bold, Coordinator of Mathematics for the high schools 
during the school years 1962-1964, became a member of the planning ^oup 
and coordinated the high school efforts in the project. He took part 
in the summer writing projects of 1963 and 1964. 

Leonard Simon, Junior High School Curriculum Coordinator, Bureau 
of Curriculum Research, was a member of the original placing group an 
has continued thrx)u^ the program to assist in the planning, coordinating, 
revising, and preparing materials for publication. 
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CHAPTER I 

SIMBOLS IN MATHfiiATlCS 



This section contains materials and suggestions for the 
teacher to help the pupils understand the meaning of numbers and 
numerals^ agnnbols of grouping^ and conventions for omitting 
grouping symbols* These concepts are then used in forming 
mathematical sentences* 



1* Numbers and Numerals 



A* Suggested Procedure 



1* Have pupils examine the following aymbols and tell idiat thsiy 
roin^sentt 





Abraham Lincoln honesty 

2* Have pupils realize that a aymbol such as a maric> a sign» or a 
word may represent an object^ a person^ or an idea* 

3* Have pupils write in their notebooks^ and on the blackboard, 
several symbols for real objects or persons, and several aynbols 
for ideas* Have pupils eoqplaln what each aymbol represents* 

4* Through group discussion, develop the understanding that 

severol different symbols may represent the same object, person, 
or idea* 

For examine, **Abraham Lincoln” and ”Honest Abe” are different 
names or symbols for the same person* 

5* SLicit the generalization that the qmbol is distinct from the 
object, person, or idea represented* For example, iditn a pupil 
writes ”Abraham Lincoln” on his paper, the ssns, * pcrscm is 
on the p^>per, not the person hims elf* 
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6 . 



Sinllarly^ hare pupils derelop an understanding of the difference 
between a number (idea) and its name . Some of the many possible 
number names for a set of five objects are ^ 5*9 **fire"> and 
" 2 + 3 ". 

7 . Help pupils to understand that just as "Abraham Idncoln" or 
"Honest Abe" are symbols or names used to designate the same 
person, so "fire", "5”> and "V" are different names for the same 
number. 

S. Lead pupils to realize that when they write eyabols as "V*** " 644 ", and 
"55"> they are writing jyuggft or symbols for numbers, not the nnnbws 
themselTes. Humbers are ideas for idiieh the symbols stand. 

9* Sj^lain that the names or eyabols for numbers are called numerals , 
and that these numeiuls may be spoken or written. 

10. Make sure that pupils understand that each nuodber has many different 
names. Thus, such numerals as " 5 +l*» " 3 + 3 "» " 7 - 1 ", " 2 i 3 **, and 

"VI" ail name the same nundser, namely, six. 



11. Have pupils indicate the common names for soms numbers; hare other 
pupils glTs different names for those same nusdiers. 

B. Suggested Practice 

1 . Orally, or in written f om, suggest a symbol for each of five 
different objects. 

2 . Orally, or in written form, suggest a symbol for each of five 
different Ideas. 



3. Orally, or in written foxm, 
different people. 



suggest a symbol for each of five 



4 . 



5 . 



Think of a number. Write three different numerals for this number. 

On each line place a circle around the numeral that does not 
belong because it names a different number. 



a. 3 + 1 


CM 

CM 


10-6 


w f 5 


b. 6 X 1 


6+0 


2 ^H -3 3 


12-7 


c. .05 


1+i 


1 




10 2 


20 


200 



d 

2 

6009S 




d. Make up two examples like a, b, and c above. 










>IMLte another name 


for each of the following: 


a i + f 
*•2 4 


f . 14 f 3 2 


b. .37 - .32 


g. .85 X 1.5 


^ X ^ 

e. 8 2 


h. .35) 245 


d. 10 - .87 


i. 2 5 


e. 10^ 


J. 1.45 + .07 



11. Sljrabols Used in Arithnetic 
A* Suggested Procedure 

!• Bevlew with pupils the s^^bols of operation and their m ea n i n g: 
+ - X f 



a* EUeit from pupils an explanation of each of the symbols of 
operation as follows: 

2 + 3 is the nunber obtained nAien 3 i® added to 2 

6 X 5 is the number obtained when 5 i» multiplied bur 6 

b. SLicit from pupils the generalization that each of these 
operations involves two numbers (binary operation}* 

2* Review with pupils the following symbols of comparison and their 
meaning: 



a* Guide pupils to see that when they write the sentence 3 + 4 • 7» 
they are saying that "3 + 4" and "7" are names for the s^e 
numberm The symbol neene that the numeral on itts left and 
the numeral on its right are both names for the gamg nuinber* 

The symbol is read as "is equal to." 



b. The 8j»bol •y* -eans »i8 not equal to." For 3 + * 

Beane that the numeral «3 + 4" and the nweeiel »6 + 2" repreeeat 

different numbers* 











O 



e* The a^mbol means "is greater than*" For example^ 5>4 
means that the number represented bgr the numeral "5** is greater 
than the number represented bgr the numeral "4*" 

d* The aymbol means "is less than*" For exEunple^ 447 means 
that the number represented lay the numeral "4** is less than 
the number represented bgr the numeral "7*** 

B* Suggested Fraetiee 



1* Mazic each statement with a T or F to indicate whether it is true 
or false* 

a* 10^ ■ 100 T ("10^" and "100" name the same number*) 
b*3 + 7?^2 + 6 g* 1 X 1>1 + 1 



c* 1*06 > 10*6 

d. 5 X 4 ; of 100 

^ ^ * .375 

«• 8 4 

1 

f. 2.00 - .50^1 4 



h. 4“ - 15 + 1 

i. 103>1000 
of 20 <2^ 



J* 10 



2* FLU in each space with any of these sgnabols (4*^ x, ~ } 
which will make the resulting statements true* 

a. 3 5414 



Solution: If the symbol "+" is placed between 3 and 5> the 
statement will read 3 + 5<^14o This is a true statement* Also, 
3 T 5'^14 is a true statement* 



b* 4 3*1 

c* 10 5 <3 




e* d 7>8 - 7 

III* Order of Operations 
A* Suggested Arocedure 

1* Pose problem: liiat number is 



f * 20 4<20 - 4 

g* 4 __ 4 “ 1 

h. 2 2-2* 

i. 6 0-6 

represented by the expression 3 'I* 6 x 5? 



Some pupils may suggest 45 because 3 *<* 6 » 9> and 9 x 5 « 45* 
Others may suggest 33 because 6 x 5 * 30, and 3 + 30 ■■ 33* 

Have pupils see that the difference in the two answers is due to 
the order in which the operations are perfonsed* 

- 4 - 






2« filieit that if we are to get the same meanixig from 3 + 6 x 5 &t 
all times > we must agree on the order in which operations are 
performed* Inform pupils that when several operations are 
indicated in an expression^ we proceed as follows: 

a* Perform the multiplications and divisions in order ^ from 
left to right • 

b* Then> perform the additions and subtractions in any older* 

Using this agreement^ 3 6 x 5 always represents 33* 

3* Have pupils practice the following: 

VShat is the meaning of each of these expressions? What is the 
result? 

• 

a* 1+4x5 (This means the product of 4 and 5 le to be added 

to 1* !Ibe result is 21*) 

b* 9x8-7 d*8x4+i 

c* 45 f 3 + 2 e* -6 + 9 f 3 

4* Have pupils see the need for a grouping symbol when the agreement 
on order of operations is to be disregarded* 

a* Pose problem: 

On each of four Saturdays^ a boy earned $8 and collected $2 in 
tips> as well* What is the total amount he received? ($40) 
How would you Indicate in symbols how the answer it arrived at? 

Pupils may suggest 4x8 + 2* Have them recall that by the 
agreement on order of operations^ this expression results in 
34> not 40* 

b* Quids pupils to realize that if we wish 4 x 8 + 2 to mean 
that the sum of 8 and 2 is to be multiplied by 4> giving 
the result 40, rather than 34> then we must indicate in some 
way that the sum of 8 and 2 is to be considered as a single 
quantity to be multiplied by 4* To show thi^ meaning, 8 + 2 
is enclosed within grouping symbols, such as parentheses* 

Then 4 x (8 + 2) means that 2 is to be added to 8, and the 
resulting number is to be multiplied by 4* 

4 X (8 + 2) * 4 X 10 « 40 

c* Have pupils understand that one use of grouping symbols is to 
give an expression a meaning other than the one it would have 
according to the agreement on order of operaticms* 



5. Have pupils answer the following: 

a. What is the meaning of 4 + 3 x 2 ? (This means the pr^uct of 
3 and 2 is to be added to 4* What is the r^jsult? (10) How 
should this be written to give 14 as a result? (4 + 3 ) x 2 . 

b. What is the meaning of 9 x 8 - 5? What is the result? ( 6 ?) 

How should this bo written to give 27 as a result? 9 x (8 - 5)* 

c. What is the result for 2 + 6 f 2 x 1? (5) How should this be 

written to give 4 as a result? (2 + 6 ) 7 2 x 1 . 

d. What is the result for 6 - (2 - l)? How should this be written 
to give 3 as a result? 

e. What is the differences in meaning of each expression in the 
following pairs? What is the result in each? 

25 - (9 - 3) 25-9-3 

10 X (2 + J) 10 X 2 + i 

4 + (5-1) 4 + 5-1 



(4 + 8)i2 4 + 8f2 



.3 X (10 + 1 ) .3 X 10 + 1 

5. Have pupils coqiare the order in Which the operations in the 
ToUowing es^ressions are to be perfoiwed# Hare then then do the 
indicated arithmetic. 

a. 5 + 1 X 2 (Multipl;, then add) (5 + l) x 2 (Add, then multiiOy) 

b. 3 X 4 - 2 3 X (4 - 2) 



c. (20 - 8 ) f 2 

d. (25 - 20) i 5 + 3 

e. 12 i 6 X 3 



20 - 8 f 2 
25 - 20 i 5 + 3 
12 f (6 £ 3) 



B* Suggested Practice 

!• Vhrite the most comnon name for each of the following: 

a. 1 + 3 x 7-1 + 21-22 d. 2 x 2 + 2 f 2 

b. 42-2x7 e*lxi + i 

c* 8 X 6 - 7 X 4 f. *5 X 2 + *3 - *3 
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2« For each of the foUoidiig^ replace the expression in the parentheses 

bgr another numeral. 

a. (6 2) X 8 - 8 X 8 f. 125 - (5 - 4) 

b. (6 + 2) + 4 g. 12 f (4 - 2) 

c. 15 - (6 + 4) h. 10 X (1 + .2) 

d. 6 + (2 - 1) i. (11 X 4) f (2 X 2) 

e. 5 X (4 + J) j. (12 - 3) X (6 + 3) 

3* Use parentheses in expressing each of the following in iqnnbols: 

a. Indicate that 3 and 3 are to be added and then 10 is to be 
subtracted from this sum* 

b* Indicate that 4 and 9 are to be added and this sum is to be 
multiplied lyr 3* 

c* Indicate that 15 is to be subtracted from the product of 7 and 3* 

d* Indicate that the sum of 6 and 9 is to be multiplied the 
difference of 11 and 4* 

e* Indicate that the product of 6 and 7 is to be subtracted fxom 
the product of 3 and 9* 



4* In each of the following examples perform the indicated operations* 
a. 6-2+1 f* 15 - 673 

b*5+3ac3 g. (i + 2)x4-0f4 

c* 10 X (1 + 4) h* (*4 + 1*1) 4 (.5 - .2) 

d* 4 - 3 X J i* 10 - 1*5 X 6 + (14 - 4) f 2 

e* (15 - 6) i 3 (12 - 3 + 6 i 2) 1 4 X 3 

IV* Translation of Ebglish Phrases and Sentences 
i.* Suggested Procedure 



1* Discuss with pupils the advantage of using nathematical ^holism 

to express number relationships* For ex^ple, the number relationship* 

"When three is added to nine^ tho resxilt is twelve" may be expressed 
sjrmbolicalljr as 9 + 3 * 12* 
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2* Hafa pupils use the conventions relating to grouping synbols to 
eaqpress number ideas symbolically^ e*g*^ 

"When four is added to six times two, the result is sixteen" is 
expressed symbolically as 6 x 2 + 4 “ 16« 

"The sum of eight and four, divided three is less than five" is 
eaqpressed symbolically as vB 'f 4) r 3^ 5* 

B* Suggested Practice 

!• Express each of the following in mathematical symbols: 

a* When three is added to nine times seven, the result is sixty— six* 

Answer: 9 x 7 + 3 ■ 66 

b. Three tenths diminished by one tenth is less than five tenths. 

f 

e. Twice fifteen, decreased by eight, .is less than throe times ten. 

d. The product of five hundredths and six is not equal to three. 

e. When ten is divided by two and the result is divided by one-half, 
the quotient is ten. 

f. The difference between seven and two, divided by five, equals one. 

g. When one-half is added to one-fourth multiplied by three, the 
result is equal to one and one-quarter. 

h. The product of one and one-quarter, increased by one-quarter, is 
greater than three- eighths. 

i; W^ien the quotient of three-tenths and three-tenths is added to the 
product of two and five-tenths, the sum is equal to two. 

J. The difference of five and two, divided by the quotient of six 
and two, is equal to one. 

2. Express each of the following in Ihglish phrases and sentences: 

a. 8 + 2x3 Answer: Eight increased by the product of two and 

three, or the product of two and three added to eight. 

A 

b. 5 + 9<f x60 

e. (12 - 4) X 2 e. 4 X 1 •• 16 T 4 

— 8 * 









CHAPTER II 



SIGNED NUHBERS 



This section contains suggestions for procedures that the 
teacher nay use to help the pupils understand operations with 
signed numbers and sons basic properties of signed numbers* 



I* The Set of Numbers of Arithmetic Qilarged to Include the NegatiTe Ntmibers 
A* Suggested Procedure 

Review with pupils the concepts of signed numbers that were taught in 

Grade S* B&i^size the symbols for and physical interpretation of 

these numbers* 

1* An understanding of the meaning of signed numbers 

2* An understanding of the one-to-one correspondence between the 
integers and certain points on the number line 

3* An understanding of the concept of "opposites*” Thus^ -7 (read 
"negative seven") is the opposite of '>7 (read "positive seven"), 
and 47 is the opposite of -7* 

4* An understanding of the dual interpretation given to "+" and to 
e*g*, as signs of operation and as signs indicating direction 

5* An understanding of order: -1> -2* 



1* If -10,000 represents a decrease of 10,000 in population, represent 
by a signed number an increase of 10,000 in populatio: 



2* If +5 represents an increase of 5® in temperature, re sent by a 
signed number a drop of 5® in temperature* 



3* If +5 represents a gain of 5 hours in time, represent a signed 
number a loss of 5 hours* I 

4* If —10 represents a withdrawal of $10 frcm a bank, represent by a 
signed number a $10 deposit in the bank* 

5* If +500 represents 500 feet above sea level, represent by a signed 
number 500 feet below sea level* 

6* If +10 represents a gain of 10 yards, represent by a Signed number 
loss of 10 yards in a football game* 



B* Suggested Practice (Review Ekercises) 





?• If -27 represents 27® below zero, represent bjjr a signed nmnber 27® 
above zero* 

8i. If —10 represents a decrease of 10 cents in the price of eggs^ 
a 10 cent increase in the price of eggs* 

9. If twkTeling north is trareUng in a posi^e 

as a aigned nomber the location of the point reached after traveling 

5 miles north from zero and then 8 miles south* 

10* Is -4>0 a true sentence? 

II* Addition Is Conamitative for the Set of Signed Numbers 
A. Suggested Procedure 

Mote : In their computations in arithmetic, pupils haw „ 

f*^Ttimutatlve and associative, properties of addition and multiplication, 
^rt^^hout recognizing these properties or toowing the^ ^s* 

Now they will learn not only the names of these 
but also that these properties continue to hold ^ enlaced s 
of numbers# These proper ^e s will be accepted wlthon;^ nroo 

1. Have pupils review addition of signed numbers and toe 
absolute value. (See tfa'^bematlca Orade 6. Curriculum Bulletin 

1961-62 Series No. 4) 

2. Discuss with pupils a method of checking an arithmetic addition 
example, tjr reversing toe addends, thus, to check 

389 

+22S. 

5U 

in could do, the addition in this ways 

125 

+3S2 

514 

(fete: Many pindls check arithaotic addition by •'adding in the 
^k^rertion.'* This is tantamount to reversing toe addends.) 

Guide pupils to see that in arithmetic addition, they ^haw assu^ 
ttet Jbm two numbers are added, the same sum is 
idiat order is used in adding them. This is known as the ssMBtoSiJa 
r««iMirtv of addition . Does this proper^ hold for signed numbers, 

as well? 

3* Uluetrate the oonmutative property of addition with positive and 
negative numbers as follows: 
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Mr* B walked 8 blocks to the east and then turned around €md walked 
three blocks to the west* If he had first walked three blocks to 
the west and then 8 blocks to the east, would he have arrived at the 
same place? 



^ 

I i I I I I ■ i t * I . .1 

-3 -2 -1 012345678 

< 

8 blocks east and then 3 blocks west may be represented by (48) + (-3)* 
The sum is +5* 



< 

1 — I — I — I I 1 I I I'll 

-3 -2 -1 012345678 

> 

3 blocks west and then 8 blocks east may be represented by (-3) + (48)* 
The sum is 4*5* 

The pupils are led to observe that Interchanging the order of the two 
addends does not affect the sum* Then (48) 4* (.3) » (..3} (48)* 

On the basis of several such illustrations, have pupils generalize 
that the commutative property of addition holds for positive and 
negative numbers in all combinations* (Or, briefly, for signed numbers) 

Infom pupils that the commutative property of addition is sometimes 
referred to as the commutative law or the commutative principle of 
addition* 

B* Suggested Practice 

1* Use either the symbol (4?) or the symbol ^i'5) to replace the question 
mark so that each of the following is a true statement* 

( n ) + (-*5) - (+5) + 7 

(+7) + (+5) - 7 + (-*7) 

(■17) + 7 - (+5) + (47) 

7 + (+5) « (45) + (47) 
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2. Use the conmutatiTe principle to write another e 3 q)ression for 



each sum. 


then compute the sum* 


(•*7) + 


(+5) - (+5) + (-»7) 


(-1B) + 


(-24) 


(+23) + 


(-9) 


(-1.2)+ 


(4.S) 


(+2i) + 


(-14) 



III* Addition is Associative for the Set of Signed Numbers 



A* Suggested ]^K>eedure 

1. Bevlw with pupil* the fact that the fundamehtal opeiations^f 
arithmetic, i.e., addition, subtraction, multipUMtion, 

are operations, that is, they are performed on two nonben. 

(In contrast, taking the negaUve of a number is a SSS3SL operation.! 

2. Have pupils give illustrations of the fact that we often hare 
occasion to add three numbers* 



Ptose the questions How can we add three numbers when addition is 
a binary operation? 

3* Elicit from pupils that idien we add 5> 9> and 6, we are really 
performing the operation of addition twice> as follows: 



5 + 9 « 14 and 14 + 6 « 20 

Hare pupils compute an addition example such as the followings 



49 + 27 +3 

In checking the way various pupils arrived at the answr, it ^11 
be found that some pupils may have added 27 to 49, obt^ning 7o* 
Thsy then added 3 to this result* This procedure may be recorded 

thus: 



(49 + 27) + 3 » 76 + 3 “ 79 



Other pupils, using decade facts, may have added 3 to 27, obtaining 
30* They then added 30 to 49. Wo record this as: 

49 + (27 + 3) “ 49 + 30 * 79 



5. Have pupils observe that (49 + 27) + 3 - 49 + (27 + 3), since the 
sum is the same in each case* 






O 
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6« Have pupils repeat this procedure with other examples. Thej see 
that the manner in which the numbers of arithmetic are grouped 
in addition does not affect the sum. Notice that the order of 
the addends is the same. 

7. Inform pupils that this property of addition for arithmetic numbers 
is called the associative property . The word "associative'* is used 
because this property is concerned with how numbers are associated 
or grouped together. Grouping symbols (parentheses) may be oidt-ted 
in indicating the sum of three numbers. 

S. Now pose this question: Does the associative property of addition 
hold for signed numbers? Guide pupils to an answer by having them , 
do the following examples: 

Note to teacher : Explain to pupils that the parentheses are used to 
make clear the sign of the number. The symbol of grouping in these 
examples ia a pair of brackets. 

a. Add: +3, +2, +5 

(+3) + (+2) + (+5) means |^(+3) + (+2)] + (+5)« 

Does i(+3) + (-t2)] + (+5) - (+3) + C(-«S) + (+5)]? 

Since [(+3) + (•• 2)3 + (+5) - (+5) + M - 10 
end if3) •«£ (-*2) + (+5Jj- (-<3) + (-*7) - 10 

then C(+3) + (42)3 (’*5) - (+3)+[.(+2) + (+5)3 

b. idd; -6, -3, -4 

(-6) + (-3) + (-4) neansfC-b) + (-3)3 + (-4). 

Does |_(— 6) + (— 3^ + (—4) * (—6) + 13(— 3) + (“4)3 7 
Slnc«[[(-6) + (-3)3 + (-4) - (-9) + (“4> - -13, 
and (-6) +[(-3) + (-4)3“ (-6) + (-7) « -13, 
then];;(-6) + (-3)3 + (-4) - (-6) + [(-3) + (-4)3 . 

In a similar manner^ have the pupils txy: 

Add: +2, -G, +5; Add: -6, -+G, -4. 

9. Have pupils notice that udien we apply only the associative principle^ 
we may not change the order of the addends. 
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B. Siiggested Practice 

1. Each of the following examples can be worked mentalOy if you 
first use the associative law* 

Bewrite each expression, using the associative law, and 
then find the sum mentally. 

a. (17 + 25) + 75 

b. (123 + 125) + 175 
0 . 32 + (68 + 359) 

d. 96 + (104 + 297) 

e. (3789 + 1250) + 1750 

2. Examples similar to III-A-8. 

IV. the Commutative and Associative Properties of Addition 

for the Numbers of Arithmetic (non-negative numbers; 



Ae Suggested Procedure 



1 . 



Review with pupils that the associative property of addition 
tells us that we may add three numbers by associating the 
middle number either .dth the preceding number or with the 
following number. 



Thus* to add 5, S,and 4, we may associate 8 with 5 and their 
sum with 4. or we may associate 8 with 4 and their sum with 5* 



Then (5 + S) + 4 “ 5 + (8 + 4) 

2. Have pupils now also use the commutative property to illustiets 
the edition of these three numbers. Each leads to the same 

sum. 



3* Have pupils consider the followings 


& • 


(5 + 8) + 4 


= 13 + 4,or 17 


b. 


5 + (8 + 4) 


= 5 + 12 ^or 17 


c • 


5 + (4 + 8) 


= 5 + 12,or 17 


d. 


(5 + 4) + 8 


■B 9 + 8, or 17 


e* 


(4 + 5) + 8 


= 9 + 8, or 17 
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Methods a and b lead to the same result by associativity; 
methods b and c by commutativity; methods c and d by associativity; 
methods d and e by commutativity, 

4. Guide pupils to see that the associative and commutative properties 
allow us to move addends around as we please in the process of 
finding a sum of several numbers. That is to say, they may be 
gix)uped or ordered in any way without affecting ths result, 

5, Have pupils see that without using addition facts we can show 
that 

(5 + 3) + 4 = (5 + 4) + 8 

We would proceed as follows: 

(5 + 8) + 4 = 5 + (8 + 4) Associative Property 

5 + (8 + 4)=5 + (4 + 8) Conmutative Property 

5 + (4 + 8)= (5 + 4)+ 8 Associative Property 

Therefore (5 + 8) + 4 = (5 + 4) + 8 

Note ; This is considered a proof that the numerals (5 + 8) + 4 
and (5 + 4) + 8 represent the same number, because we have used 
the properties of addition to show a series of equalities. 



6, Have pupils use a similar procedure to show that 

(5 + 8) + 4 = (4 + 8) + 5. 

7, The associative property of addition may be extended to four or 
more numbers. 
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B*. Suggested Practice 



^thoub using the addition facts, show that the following equalities 
are true because of the comtautative and associative properties of 
addition. In each case, and for each step, indicate the property 



that justifies it. 

1. (3 + 6) + 9 •• 3 + (6 + 9) 

2. 5 + 2- 2 + S 

3. 9 + 12-12 + 9 

4. (56 + 17) + 15 “ 15 + (17 + 56) 

5. 12 + (3 + 8) « (12 + 3) + 8 



6. 6 + (7 + 3) - 6 + (3+7) 

7. (4 + 5) + 8 «■ (5 + 4) + 8 

8. 8 + (6 + 7) “ (8 + 7) + 6 

9. 8 + (3 + 4) - (8 + 4) + 3 

10. (5 + 6) + 3 “ 5 + (3 + 6) 

11 . (8 + 6 ) + 2 = (8 + 2 ) + 6 



V. Gomfalning the Cogmutatlve and Associative Properties of Addition for 

Signed Numbers 

A. Suggested Procedure 

1. Let us investigate to see idiether the method we have chosen for 
ad 4 jj 3 g signed numbers retains the properties we found to hold 
in adding the numbers of arithmetic. 

2. The development parallels that for non-negative numbers as 
indicated in IV-A. 

3. Have pupils realize that this method of adding signed numbers 
guarantees that the commutative and associative properties of 
addition for arithmetic numbers also hold for signed numbers. 

B. Suggested Practice (Similar to IV-B) 

VI. Multiplication of Signed Numbers 



A. Suggested Procedure 

1. Beview meaning of absolute value . 

Litroduce symbol for absolute value. The mathematical symbol for 
“absolute value of" is a pair of vertical bars enclosing the number. 
Thus, 1+ 5|*= 5 indicates that the absolute value of +5 is 5. 
Similarly, 




0 



5 



« 0 
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2* Discuss vdth pupils Tarious ways of expressing multiplication* 
a* 4x5x3 (Using the "times" sign) 
b* 8*9 (Using the elevated dot) 

c* (8) (9) (Using parentheses to indicate multiplication) 
d* 3x (Using no symbols) 

Mote to teacher : Three approaches for developing multlpUcatlon 

of signed numbers are presented here* They are (l) the expeirfmental 
approach^ (2) the pattern approach and (3) the mathematical structure 
approach* All three lead to the definition of multiplication of 
signed numibers* They appear in increasing order of abstraction* 
Methods (l) and (2) are designed to make the definition of multiplica- 
tion plausible to the students* Method (3) provides an informal proof 
or dsBonst ration* Teachers will select the method or methods which 
they feel meet the needs of their pupils* Some will present two 
approaches^ some all three^ with (3) serving as the culmination* 

3* Bq^riential approach to multiplication of signed numbers 
a* Multiplication of a positive number by a positive number 

1) Pose a problem: John will deposit four dollars eadi month for 
three months* How much money will he then have in his bank 
account? 

2) £Licit from pupils the agreement that: a bank deposit may be 
represented by a positive number* 

a withdrawal may be represented by a negative number^ 
time in the future may be represented by a positive number^ 
time in the past may be represented by a negative number* 

3) SLiclt from pupils that three months from now, (+3), there 
will be $12 more (*KL2) in John*s bank account* 

44 

44 or (43)(44) » 402 



412 

4) Have pupils solve several similar problems and arrive at 
the understanding that we multiply positive numbers, as we 
do the numbers of arithmetic* The product is always 
positive* 











wmm 



1 



mmmm 



b. Multiplication of a negative number bgr a positive number 

1) Pbse problem: John plans to withdraw four dollars from his savings 
account each month for the next three months. What effect would 
that have on his bank account? 

2) Slicit: 

Pour dollars withdrawn may be represented ty -4* 

Three months from now may be represented ^ +3* 

Then, three months from now (+3/> there will be $12 less (-121 
in John's bank account. 

«-4 or (+3) (-4) * -12 

s& 

-12 

3) Have pupil solve several similar problems and arrive at the generalisa- 
tion that the product of a negative number and a rositive number is 
the NBSATIVE of the product of their absolute vs;lues. 

c. Multiplication of a positive number ty a negative number 

1) ibse problem: John deposited four dollars each month for three months. 
Did he have more money or less money in his bank account three months 
ago than he has now? How much more or less? 

2) Elicit: 

Four dollars deposited may be represented as +45 three months ago 
may be represented as -3. Tnese facts may be represented by (-3)(+41« 

If he has deposited four dollars for three months^ three months ago 
he must have had twelve dollars less (—12) than now. Therefore^ 

(-3K+4) - -12. 

3) Have pupils solve several similsir problems and arrive at the generalisa- 
tion that the product of a positive number bv a n egative number is the 
NEGATIVE of the product of their absolute valuer . 

d. Multiplication of a negative number by a negative number 

1) Fbse problem: John has withdrawn four dollars each month for three 
months. Did he have more money or less money three months ago than 
he has now? How much more money did he have in his account throe 
months ago? 

2) Elicit: 

Pour dollars withdrawn may be represented ty -4. 

Throe ^lonths ago may be represent^ l^y -3. 

Three months ago he had $12 more (+12) in his account than he has now. 



(-3)(-4) 



+12 
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3) Have pupils solve several such problems and arrive at the generaliza- 
tion that the product of a negative numb er hv a negative n umber is 
the product of their absolute values » 

e* Have pupils solve a number of problems in mixed practice and help them 
arrive at the generalizations that, in multiplying signed numbers: 

1) The product of two numbers with LIKE signs is a POSITIVE number. 

2) The product of two nimbers with UNLIKE signs is a NEGATIVE number. 

4. Rattern approach to multiplication of signed numbers 

a. l&iltiplying a positive number ly a positive number 

1) Elicit that positive nunibers behave like the numbers of arithmetic. 

2) Have pupils develop these two columns: 



3) ELLcit generalisation; The product of a positive number by a positive 
nxmber is positive. 

b. Mult lining a negative number by a positive number 

1) Have pupils consider the following: 

(•♦ 2 )(+ 3 ) “ -^6 

(+2) (+2) = +4 

(+2)(+l)=+2 

(+2)(0) ■ 0 (As in arithmetic, the product of zero and any number 

is zero.) 

2) Pose question: If we continue the pattern, vdiat multiplicand will 
come after zero? (-1) 

3) What is the product of (+2)(-l)? 

Have pupils observe that whenever the multiplicand is decreased 
by 1, the product is decreased by 2. 



In Arithmetic 
(2)(5) » 10 

(2) (4) - e 
( 2 )( 3 ) - 6 



Signed Numbers 
(“H2)(+5) * +10 
(42) (+4) » 4« 
(42)(+3) - 46 
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Have pupils continue the pattern as Indicated: 
(+2)(-l) - ? (-2) 



(42) (-2) - ? (-Jf) 

(42)(-3) “ ? (-6) 



(42) (-if) 



(- 8 ) 



if) Elicit generalization: Ihe product of a negative mmtor Ijr a positive 
number is the HBGATIVE of the product of their absolute values. 



c. Multiplication of a positive number and a negative number 



l) Have the pupils develop this sequence: 



(4-3)(+l) = 4-3 
(4-2)(+l) = 42 
(+l)(+l) - 4-1 
(0) (4-1) - 0 
(- 1 )(+ 1 ) - -1 
(-2)(+l) --2 
(-3) (4-1) - -3 



2) Elicit the generalization: The product of a posit iw number . 

' native nu^sr is the HBGiTIHB of the product of their absolute values 



d. Multiplication of a negative number ty a negative nuid^er 



l) Have pupils develop this sequence: 



(-2) (44) “ “8 

(-2)(+3) - -6 
(-2) (42) = -Jf 
(-2)(4-l) - -2 
(- 2 )( 0 ) -0 
(-2)(-l) ” 42 
(-2)(-2) = 44 
(-2)(-3) - 
(-2) (-4) = -te 
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2) Elicit the generalization: The product of a negative number 
and a negative number is the product of their absolute values* 

e* Prom these patterns^ pupils are led to arrive at the generalization 
that in multiplication 

1) the product of tvro numbers vdth like signs is a positive number^ 

2) the product of two numbers with unlike signs is a negative 
number* 



Mote ; Method 3 
on page 27* 

B, Suggested Practice 

^kiltiply as indicated: 



- Ihe mthematical structure approach is shown 



(+2K-7) 


2. (+2.5)(-.3) 


U)(+8) 


4. (-12)(-7) 


(-6K36.5) 


6. (+7) (-5) 


- 


8. (-4) (+15) 


(+4)(-2) 


10. (-4)(-2)(+3) 



VIX* Commutative and Associative Properties of Multiplication for Signed Numbers 
A* Suggested Procedure 

1* Develop the commutative property of multiplication for signed numbers* 

a* Keview with pupil the commutative property of addition with signed 
numbers* The order of the addends may be changed without affecting 
the sum* 

b* Pose problem: Does the commutative property hold for the multiplica- 
tion of signed numbers? 

c* Have pupils develop il2.ust rations of the three possible combinations 
of positive and negative numbers as indicated; 



1) (+3)(-*6) 
(+6) (43) 
.*.(+3)(+6) 



= +18 
= +18 
= (+6)(+3) 



2) (+7)(-6) 
(-6K+7) 
.*.(+7)(-6) 



= -42 
= -42 
» (-6K+7) 
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+12 



3) U)(-3) = 

(-3)U) « +12 

.-.U)(-3) « (-3)U) 

4 ) Have pupils make up several additional examples illustrating the 
commutative principle for the multiplication of signed numbers. 

Note to teacher : If the pattern approach was used, the assumption 
that the pattern continues implies that the properties of the opera- 
tions of arithmetic (commutation, association) will still hold for 
those operations on signed numbers* The above examples illustrate 

this* 

If the experiential approach is used solely, the pupil should be led 
to see that the definitions we have adopted for the multiplication 
of signed numbers result in retaining the commutative and associative 
properties for signed numbers, 

2, Develop the associative property of multiplication for signed numbers* 

a* Review with pupils the fact that the fundamental operations of 
arithmetic are binary operations, that is, they are perfoimed 
on two numbers* 

b* Have pupils give illustrations of the fact that we often have oc^sion 
to multiply three numbers* Pose the question: How can we multiply 
three numbers idien multiplication is a binary operation? 

c* Elicit that when we multiply 3> 5> and 6 , we are really perfoiming 
the operation of multiplication twice, as follows: 

3 X 5 *= 15 and 15 x 6 = 90 

d* Have pupils observe that we first found the product of 3 and 5, and 
then multiplied it by 6 * Stated symbolically, our procedure was as 

follows: 

(3 X 5) X 6 = 15 X 6 « 90 

0 , Elicit that we may obtain the same result ty first multiplying 5 and 6, 
obtaining 30 , and then multiplying 30 by 3. 

3 X (5 X 6 ) = 3x30 *= 90 

*•*(3 X 5) X 6 « 3 X (5 + 6) 

f* Have pupils repeat this procedure with several examples* 

g* Guide pupils to generalize that the manner iri which the factors are 
grouped does not affect the final product* 

h* Lead pupils to observe that this property of multiplication for the 
numbers of arithmetic is analogous to the associative property of 
addition* It is called the associative property of multiplication 
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and is frequently referred to as the associative law or 
associative principle of multiplication. 

It must be noted that when we apply osl£ the associative 
property of multiplication, the order of the factors is 
not changed. 

i. Now pose this questions Does the associative property of 
multiplication hold for signed numbers? 

j. Guide pupils to answer by having them consider the followings 

1) Multiply 4, 8, and 9 

This may be grouped: (4 x 8) x 9 “ 32 x 9 — 288 



2) Multiply -4, -8, and -9 

Similarly: (-4 x -8) x (-9) « 32 x (-9) “ -288 
or -4 X (-8 X -9) » -4 x 72 = -288 

(-4 X -8) X (-9) = -4 X (-8 X -9) 

3) Multiply -2, +5, and 46. 

4) Multiply 43, -6, and -7. 

Similarly: (+3*-6)*-7 = -18 *-7 — +126 

or +3 •(-6—7)= +3 *+42 = +126 
.•.(+3-6)-7 =+3.(-6.-7) 

jjLicit the generalization that on the basis of the examples 
shown, we may assume that the associative property applies 
to multiplication for signed numbers. 

3. Combining the commutative and associative properties of multipli- 
cation for signed numbers. 

a. Have pupils suggest several different ways of finding the 
product -4 • +6* -5. They may suggest: 



or 4 X (8 X 9) = 4 X 72 = 288 
, * . (4 X 8) X 9 = 4 X (8 X 9) 
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1) (■*6 • -5) 


*= -4 *-30, 


or 


120 


2) (-4 •46) *-5 


- -24 • -5, 


or 


120 


3) (46.-4) • -5 


«-24*-5, 


or 


120 


4) 46 • (-4 *-5) 


a +6 • +20, 


or 


120 



Illustrations l) and 2) give the same product hy associativity, 
illustrations 2) and 3) by commutativity, and illustrations 
3) and 4) by associativity* 

b. Elicit the generalization that idien we multiply signed numbers, 
they may be grouped or ordered in any way vdiatsoever without 
affecting the result. Therefore, grouping symbols may be 
omitted in indicating the product of signed numbers because 
the result is unique. 

c. Have pupils see that without using multiplication facts we may 
show that the nimibers represented by 6 x (4 x 5) and (4 x 6) x 5 
a.re the same. We would proceed as follows: 

Show that 6 X (4 X 5) = (4 X 6) X 5 

6x (4x5)« (6x4)x5 Associative Property 

= (4 X 6) X 5 Commutative Property 

d. Have pupils use a similar procedure to show that 

6 X (4 X 5) = (6 X 5) X 4 

e. The associative property of multiplication may be extended to 
four or more numbers. 

7x2x5x3“(7x2x5)x 3 or 

7 X (2 X 5 X 3) or 

(7 X 2)x (5 X 3) f and so on. 

B. Sxiggested Practice 

Without ufiinpr multiplication facts, have pupils show that the following 
equalities are true because of the commutative and/or associative 
properties of multiplication. 

1. 5 X 9 = 9 X 5 2. 4 X (J X 3) ^ 4 X (3 X J) 

3. (3 X 2) X 6 * 3 X (2 X 6) 4. -4 x (-2 x -6) = (-4 x -2) x -6 

5. +1 • -7 * -7 •+! 6. +.8 X (-1.1 X 3.2) = (+.8 x -l.l) x 3.2 



ERIC 
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8. 5 X (3 X 4) *= (3 X 5) X 4 
10. (-6 • -4) • 2 = (-2 • -4) • -6 



7 . 

9 . 



2*4 



^xi 

4 2 



(12 X 7) X 3 = (3 X 7) X 12 



VIII. The Distributive Property of Multiplication Over Addition for the Set of 
Signed Numbers 



A. Suggested Procedure 



1. Review the distributive property for the numbers of arithmetic. 

a. 3 X 35 = 3 X (30 + 5) 

= (3 X 30) + (3x5) 

= 90 + 15> or 105 



8 X 4j = B X (4 + i) 

= (8 X 4) + (S X i) 

= 32 + 4, or 36 

b. Pose problem: How can we find the area of this rectangle? 



A 


2 i 


1 


I 


II 





Method 1 

A = wj2, ^ere w = 6 and jL = 2 + 5 
A = 6 (2 + 5) = 6 X 7 or 42 square units 
Method 2 

A “ sum of areas of rectangles I and II 
A = (6 X 2) + (6 X 5) = 12 + 30 or 42 square units 
Have pupils observe that both methods give the same result because 
6 (2 + 5) *= (6 X 2) + (6 X 5) 
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c* Have pupils try several area problems of the same type* 

d* Guide them to the generalization that the product of a number and 
the sum of tvro numbers may be found in tm ways: 

1) Obtain the sum first and then multiply: 

13 X (10 + 2) * 13 X 12 * 156 or 

2) l&iltiply each addend by the multiplier and then find the sum of 
these products: 

13 X (10 + 2) * (13 X 10) + (13 X 2) 

s= 330 + 26 «156 

e* Inform pupils that the second method is an application of the 
Distributive ft?operby of Multiplication Over Addition . Ihe word 
**distributlve" suggests that when you have a product of a multiplier 
and a sum^ you may distribute or spread the multiplier^ using It 
once on each addend* 

2* Since in our examples we have dealt only with positive nuinbers^ have 
pupils txy examples with signed numbers to see whether this distxlbutlve 
principle holds for the enlarged set of numbers* 

Note : In these examples^ brackets are used as grouping symbols* The 
parentheses are used only to make clear the sign of the number* 

a. 8 X [(-4) + (-5)] - 8 X (-9) - -72 or 

8 X (-4) + 8 X (-5) = (-32) + (-40) = -72 

.*.8 X [(-4) + (- 5)3 - 8 X (-4) + 8 X (- 5 ) 

The teacher may demonstrate with other numbers* 

b* (-4) X j^(-12) + (-4)3 “ (-4) X (-16) « 464 or 

(-4) X (-12) 4 (-gt)x (-4) “ (-hlfS) 4 (416) « 464 

.’.(-4) X [(-12) + (- 4)3 “ (-4) X (-12) + (-4) X (-4) 

The teacher may demonstrate with other numbers* 

c* Slicit the generalization that on the basis of the examples^ we may 
assume that the distributive property of. multiplication over addition 
applies to the set of signed numbers* 
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5. Elicit that the distributive property may be applied to three 
or more addends ^ as illustrated* 



> 3 


4 


2 T 


I 


II 


III 




A^=6xU 


V 


6x3 




6^ 



A«6x(3+if + 2)=6x9 = 54 square units 
A = (6 X 3) + (6 X 4) + (6 X 2) 



18 + 24 + 12 « 54 square units 
B* Suggested Practice 

1. Fill in the blanks below so that each statement is an illustration 
of the distributive law* 

a. 6* (3 + 2) = 

b. = 9x2 + 9x8 

c. = 10* 6 + 10* 2 



d. 7* ( )= *3+ _*4 

e * •(6 + 8)s=3* . + 3 • ^ 



2* Use the distributive law to obtain the value of each numerical 
expression* 



a*3x6+3xl2 
b* 9 X 8 + 9 X (-2) 

c. 37 X 93 + 37 X 2 

d. 25 X 7 + 25 X (-3) 
e*4x5+4x3+4x2 



f. Jx4 + 5x8+Jx12 
g* 19 X ^ + 19 X J 

h. 3 • -4 + 3 • -2 + 3 • + 6 

i. 42 X 106 = 42 X (100 + 6) « ? 
25 X 45 = 25 X (40 + 5) = ? 
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3* In each of the folIoMlng, state the property illustrated. 

a. (3 X 8) X 7 “ 3 X (8 X 7) 

b. 25 + 16 = 16 + 25 

0. -15 X 30 - 30 X -15 

d. 6 t- (4 + 7) ■ (6 + 4) + 7 

e. (-5 X 9) + (-5 X 10) - -5 X (9 + 10) 

f. 16 X (13 + 12) - 16 X 13 + 16 X 12 

g. -45 X (16 X 5) = (-45 x 16) x 5 

h. -71 X (180 + 20) = (-71 X 180) + (-71 x 20) 

1. (33 + 18) + 4 = 33 + (18 + 4) 

J. 103 X 2 + 103 X 8 - 103 X (2 + 8) 

4. Using the principles of associativity, coionutativity, and distributivity, 
establish the truth of the following equalities without using the facts 
of multiplication and addition* 

a*2x(4 + 7)*®4x2 + 7x2 

b. -3x(2 + 4)= “3*2 + 4*-3 

c. 48. (| + |) =48*1 + 48*1 

d. 2x5 + 8x2 =2x(8 + 5) 

e. (2 . 4 + 3 • 5) + 6 . 4 - 4 (2 + 6) + 5 • 3 • 

C* Mathematical Structure Approach to Multiplication of Two Negative Numbers 
(See page 20 ) 

Procedure: fij^lain to the class that the definitions of the multiplication 
of signed numbers for various combinations of signs can be developed hy 
choosing these definitions in such a way that the results of the operations 
on the numbers of arithmetic are preserved and that the conmutative> 
associative^ and distributive laws hold for the signed numbers* 

First consider the product of two positive numbers such as (+3)(“*“2 )• Slicit 
that positive numbers correspond to the numbers of arithmetic^ and hence 
the product (+3) (+2) should correspond to the product (3) (2). Hence, 

(+3) (+2) =* 46* Elicit the generalization for the product of any two 
positive numbers* VH.11 the commutative and associative laws hold for 
the products of positive numbers? Why? 

Next, consider the product of a negative number by a positive number, for 
example, (+3) (-2)* This may be intei>i)reted as 3 (-2) or the sum of three 
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addends ^ each equal to -2. What is this sum? Elicit the generalization for 
the product of a negative number by a positive number. 



Thirds consider the product of a positive number by a negative number, for 
example, (-2) (43). What principle will relate this example to the previous 
one? Therefore what should the product be if we want this principle to hold? 
Elicit the generalization for the product of numbers of unlike signs. 

Finally, consider the product of two negative numbers, e.g., (-3)(-2) = ? 



(-3) (0) 

(-3) [2 + (-2)3 
(-3)(-2)+ (-3)(-2) 



0 The product of 0 and aiy number is 0. 

0 The s\im of a number and its opposite is 0. 
0 Distri.butive property 



-6 + (-3) (-2) = 0 Have pupils discuss what the product (-3) (-2) 

must be if the sum of -6 and that product is 
to equal 0. (From our idea of opposites, 

(-3) (-2) must equal +6.) 



IX. The Subtraction of Signed Numbers 



Note : For maiy years pupils used the sign to indicate the operation of 
subtraction. In Grade 8, they developed an understanding of the use of 
this sign to indicate direction. The concept of "opposites” was introduced, 
but now the symbol to show opposites, namely the should be presented. 

Thus, -(-2) is read "the opposite of negative two." 

As with multi plication, various approaches to the teaching of subtraction of 
signed numbers are presented, so that the teacher may select the approach 
or approaches deemed nost suitable for a particular class of pupils. Ihese 
approaches are used to make the definition of subtraction of signed numbers 
appear reasonable iidien it is finally formulated. 



A. Suggested Procedure 



1, Have pupils review: 



a. Meaning of signed numbers 

b. Addition of signed numbers 

c. Opposites 

d. Inverse operations 

e. Number line 

f . The order of signed numbers (the convention that a number "to the 
right" of another on the number line is the larger of the two numbers) 

g. Signs of operation 

h. Signs of direction 
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2* Approach to Subtraction through the Number line 

a. Addition and subtraction are inverse operations 

1) Have pupils consider the operation of subtraction^ ^ - 4* 

Have them observe that iidien we perform this subtraction, we are 
finding a number which when added to 4 will give 6« That is to say, 

6-4 = 2 because 4 + 2 = 6 

2) Have pupils write the addition examples that correspond to the 
following subtraction examples: 

8-5 = 3 because 5+3 = 8 

U - 7 = 7 

12 - 8 = 4 

Have pupils notice that to perform subtraction, addition is used* 
Addition and subtraction are said to be inverse operations * 

b, A Thermometer Scale 

Temperatures above zero are designated '’+*• idiile those below zero are 
A rise in temperature is a change in a positive direction, a drop is a 
change in a negative direction. 




l) Bose problem: One morning the thermometer read 35 ® above zero. 
^ afternoon it read 45 ® above zero. What was the change in 
temperature? How would you represent this change as a signed 
number? 

Solution: To obtain the answer, we subtract the earlier reading 
35® above zero (+35), from the later reading, 45® above zero 
(+45)* We record this: 

(H5) - (+35) = ? OP (US) 

7 
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Begin at +35 and count to How many units have we counted 

airi in vdiat direction? We moyed 10 units ta the 

direction. This means that +10 must be added to +35 to get +If5. 

Then, (+I|.5) - (+35) » +10 

2) R>se problem: On a cold January afternoon the the^metw 

^ atove^ro. That evening it read 2» below aero. 
temperature changed? Bepresent the amount of change as a signed 

number. 

Solution: To obtain the answer, we subtract the earlier re^^> 

^ atove aero (+5), the later reading, 2° below aero (-2). 

We record this; 

(-2) - (+5) = ? or (-2) 

-I±i) 

•> 

Then W-in at +5 and count to -2. How many units have we county 
I^fiXt direction? We moved 7 units in f .7 
This means that -7 must be added to +5 to get -2. Therefore, WJ ( 

3) Have solve .similar problems involving a thermometer scale. 

c. Have pupils draw a number Une to illustrate each of the following: 

It is agreed that movement to the right will be a 

movement to the left wiU be a negative direction. (In each of the ill 
ti^itions the starting point will be zero.; 

1) (+5) - (+2) = ? 

This means finding what number I must a^ to (+2) to arrive at (+5). 

Think: "I am at a joint two units to the rigt of z^. Jhat^^ion 
must be made to reach the position 5 units to the right of zero; 



I L 

-3 -1 



+i 



I 



i 

I 



0 +1 +2 +3 +4 +5 +6 



From 42 it is necessary to go 3 
to +5. Hence (45) - (42) = +3 



units in a positive direction to get 
o*’ (45) or subtract (45) 

-(42) ij^i 



43 



43 
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2) (+5) - (-4) = ? 

This means finding vghat number I must add to (-4) to arrive at (-1^). 

Think: '*! am at a point A units to the left of zero. IVhat motion 

must be made to reach the position 5 units to the right of zero?" 

+i 

I 

I I 

I i I i » « I- I i i » 1 I I 

-5 »4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6 +7 4B +9 



From «4 it is necessary to go 9 units in a positive direction to 
get +5. Hence (+5) - (-4) = +9 or (+5) or subtract (+5) 

-(dt) (=i) 

? ? 



3) (-3) . U) = ? 

This means finding what number I must add to (-6) to arrive at (-3)* 

Think: "I am at a point 6 units to the left of zero# What motion 
must be made to reach the position 3 units to the left of zero? 

' ^ 

- » i ) L..«J I I I I 1 1 1 1 L 1 1 

-7 -6 -5 -4 -3 -2 -1 0 +1 +2 +3 +4 +5 46 +7 +8 

From -6 it is necessary to go 3 units in a positive direction to 

get to -3. Hence (-3) - (-6) = ? or (-3) or subtract -3 

-(zi) zk 

? ? 



4) (-2) - (+3) = ? 

This means what number must I add to (+3) to arrive at (-2)? 

Think: "I am at a point 3 units to the right of zero. What 
motion must be made to reach the position 2 units to the left 
of zero?" 

4 =5 

I » I i I I I I I 1 ! 1 1 L 1 L- 

-7 -6 -5 -4 -3 -2 -1 0 41 42 43 +4 45 46 47 48 

From 43 it is necessary to go 5 units in a negative direction. 

Hence, (-2) - (43) = ? or (-2) or subtract -2 

-(H) H 

• • 
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5) In a similar manner, using the number line, develop the following 

in «»e subtraction of signed numbers: 

a) (+5) - (0) = ? o) (-6) - (-6) = ’ «) (-8) - 

b) (0) - (-3) - ? d) - (-5) = • 

6) ntsouss vdth pupils the impracticability of using the number 
line for subtraction if the numbers are large e 

Have pupils use the number line to find the answers to the foUow 
ing subtraction exampless 

Set I 



(H) - (49) = -5 

( 45 ) - (-3) = 46 (- 2 ) - 

Have pupils now find the answers to the following addition examples: 

Set II 



(+4) + (-9) = -5 
(+5) + (+3) = 



(— 4 ) (“^) ” "10 
(- 2 ) + (+ 1 ) = -1 



d. Guide pupils* thinking as follows; 

1) Compare the operations in Set I and Set II. 



2) Compare the answers. 

3) Compare the second numbers of the corresponding examples in 
Sets I and He 

How can a subtraction example be converted to an addition 
example? 

On the basis of these and similar examples, 

the subtraction of a number is equivalent to the addiUon of 

its opposite. 

* ^ch of^the f|iloJd^%ubtwS^^ as an LditiL example: 
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Subtraction 



Addition 



Value 



+(5) - (+3) (+5) + (-3) +2 

+( 5 ) - (+ 10 ) 

+(12) - (-4) 

(-2J) - (+34) 

M.U) - (-2.8) 

4* Approach to Subtraction through Equations 

a. Have pupils review: 

1) Meaning of a variable 

2) Expressing a problem situation as an open sentence (equation) 

3) Solving equations biy the addition principle j by the subtraction 
principle 

b. Have pupils consider how a cashier makes change. If the purchase 
price is 72 cents and the cashier is given a dollar bill, the amount 
of change, or difference, is found by adding to the purchase price 
until a dollar is reached. 

Thus, to subtract 72 from 100, we find the number which must be 
added to 72 to obtain 100. 

The question 100 - 72 = ? means the same as 72 + ? = 100 or 72 + x « 100 
in equation fom. 

c . Have pupil observe that the equation 72 + x = 100 may be solved as follows 

Subtractio n fipincjple Addition of Opposite 

72 + X - 72 = 100 - 72 72 + x + (-72) = 100 + (-72) 

X «= 100 - 72 X = 100 + (-72) 

Guide pupils to see that 100 - 72 and 100 + (-72) represent the same 
number, namely, 28. 

d. Have pupils use the above observation to express the following subtrac- 
tions as corresponding additions: (check each) 

Check 

15-7 means 15 + (-7) 15 « 7 «= 8 15 + (.7) « 3 

10 - (+9) 

12 - (+6) 

114 - (+2) 
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e* Guide pupil to generalize that subtracting a positive number from 
a larger positive number gives the same result as adding the opposite* 

Will this method apply to the subtraction of any numbers? 

f* Develop principles for subtraction of signed numbers* 

1) Have pupil consider (+20) - (+6) “ ? 

This means (h^) + (?) = +20, or (-t^) + x = (+20) 

Solve (+6) + X = (+20) by adding the opposite* 

(*t6) + X + (-6) = (+20) + (-6) 

X =“ (+20) + (-6) 

Thus, (+20) - (+6) = (+20) + (-6) or +14 

2) Have pupils consider (+7) - (-2) = ? 

This means (-2) + ? = (+7) or (-2) + x = (+7) 

Solve (-2) + X = (+7) by adding the opposite* 

(-2) + X + (+2) = (+7) + (+2) 

X = (+7) + (+2) 

Thus, (+7) - (-2) ® (+7) + (+2) or +9 

3) Have pupils consider (+7) - (*^) = ? 

This means (+7) + ? “ (+7) or (+7) + x = (47) 

Solve (+7) + X = (+7) ty adding the opposite. 

(+7) + X + (-7) = (+7) + (-7) 

X = (47) + (-7) 

Thus, (47) - (47) = (+7) + (-7) = 0 

4 ) Have pupils solve several similar examples* 

5 ) An examination of these examnles should lead to the principle 
that subtracting a number is the same as adding its opposite. 
Hence, every subtraction problem can be solved as an addition 
problem. The principle of opposites may be used in each case 
of subtraction of numbers* 
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6) Have pupils illustrate the subtraction principle bgr writing each 
of the following subtraction examples as an addition example* 

Subtraction Addition Value 

(+4) - (+11) (+4) + (-11) -7 

(+16) - (+9) 

(+6) - (-10) 

(-h) - 

(+12.3) - (+12.2) 

7) Discuss with pupils the meaning of a problem such as 
2 - 7 = ? 

Does the sign ( - ) mean subtract or does it mean that the second 
term of the expression is (-7)? 

Gidde pupils to see that the sign ( - ) in 2 - 7 means "subtract**. 
Otherwise there is no sign ivhich tells us what operation to perfom. 
So the problem **2 - 7” is equivalent to the problem '*(+2) - (+7)**. 

However, the subtraction rule leads us immediately to the form 

(+ 2 ) + (- 7 ). 



And so, when confronted with the problem 2 - 7> one usually thinks 
(+2) and (-7) give (-5) 

This principle can be extended to apply to cases such as: 

2 - 3 + 5 - 8 - 7 - 2 + (-3) + (+5) + (-8) + (-7) 



The commutative and associative principle may then be applied to 
facilitate the computation, if desirable. 



B. Suggested Practice 
1. Subtract: 



+8 

+12 



b. -5 



c * —4 
-8 



2. Perform the indicated operation: 



a. (+18) 

f. (-3.5) 
- (•H>.72) 



b. (-10) 
. -(-10) 



(+17) 

-(+ 20 ) 



g. (46 7/10) h. (-4.1) 
-■(-3 2/5) -(-9.3) 



d. +9 

=2 



d. (-9) 

-S£tl 



e. 



0 

-6 



(+5) 

-i-ai 



i. (+7 3/4) j. (-8 4/5) 
- (+9 3/8) - (+3 1/2) 
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3* Subtract: 

a. (+5) - (-8) = ? d. (+24) - (-35) “ ? 

b. (-t^) - (-1) “ ? e. (-687) - (-786) = ? 

c. (-3.02) - (- .6) = ? 

4. Subtract +6 from +18. 

5. From +5 take -6. 

6. Find the ranalnder idien -8 is subtracted from +17. 

Solve these problems by using signed munbers. 

?• On the hottest day of one summer the temperature was 9S°. 

On the coldest day that year the tenperature was (-9°)* 

What was the change in temperature from the coldest to the hottest day? 

8. What change must occur to raise the temperature from (-10°) to 34°? 

9. If New York’s latitude is 41°N and that of Buenos Aires is 34°S, what 
is the difference in latitude between the two cities? 

10, What is the change in altitude in going from Jeriraoth Hill, Rhode Island, 
812 feet above sea level to New Orleans, Louisiana, 5 feet below sea 
level? 

11, Your watch is 6 minutes faster than the radio time. The clock in your 
school is 2 minutes slower than your watch. Is the clock in your 
school faster or slower than the radio time? Ely how much? 

X, Properties of Subtraction 

A, Suggested Procedure 

1, Is there a commutative property of subtraction? 

a. Review the meaning of the commutative property of addition, 

1) 5 + 2 = 7 2 + 5= 7 

Therefore, 5 + 2 = 2 + 5 

2) (-8) + (-4) = -12 (-4) + (-8) = -12 

Therefore, (-8) + (-4) “ (-4) + (-8) 

b. Is there a conmutative property of subtraction? 

1) Does 5 - 2 = 2 - 5? 

5-2=3 2-5 = -3 3?^ -3 Therefore, 5 - 2 2 



o 
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-4 9^ 4 



2) Does (-8) - (-4) = (~4) - (-8)? 

(-8) - (-4) = -4 (-4) - (-S) = 4 

Therefore, (-8) - (-4) 9^ (-4) - (-S) 

Pupils conclude there is no coimnutative property of subtraction. 

Note ; One counter-example would have been sufficient to establish 
this. 

2. Is there an associative property of sultraction? 

a. Review the meaning of the associative property of addition. 

1 ) (13 + 8) + 4 = 21 + 4, or 25 13 + (8 + 4) “ 13 + 12, or 25 

Therefore, (13 + 8) + 4 ** 13 + (S + 4) 

2) [[(-12) + (+2)^ + (+4) = (-10) + (+4) = (-12) +1^ (+2) + (+4)^ = 

(- 12 ) + (- 1 ^) « -6 

Therefore, [(-12) + (+2)J + (+4) “ (-12) + [(+2) + (+4)[| 

b. Is thers an associative property of suttraction? 

1) Does (13 - 8) - 4 = 13 - (8-4)? 

(13 - 8) -4 = 5 - 4 = 1 13 - (8 - 4) = 13 - 4 = 9 1 9 

Therefore, (13 - 8) - 4 13 - (8-4) 

2) Does [(-12) - (-K2)3 - (-*4) = (-12) - [(-*2) - (-*4)J ? 

[(-12) - (42)] - (-*4) “ (-14) - (+4) - -18 

(-12) -[(42) - (44)J = 

(-12) -'■(-2) “-10 
-Ifl -10 

Therefore, [(-12) - (42)j - (44) / (-12) -[(42) - (44)] 

Pupils conclude there is no associative property of subtraction. 

3. Is there a distributive property of multiplication over subtraction? 
a. Review the distributive property of multiplication over addition. 

1) 2 (8 + 5) * 2-13, or 26 2-8 + 2-5 = 16 + 10, or 26 

Therefore, 2(8 + 5) = 2*8 + 2*5* 
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2) 4 [(-15) (-3)] = 4 (-16) = 24 4 (-15) + 4 (-3) “ 36 + (-12) - 24 

Therefore, 4 [(-15) -*■ (-3)[| = 4 (-15) + 4 (-3) 
be Is there a distributive property of multiplication over subtraction? 

1) Does 2 (8 - 5) = 2*8 - 2*5? 

2 (8 - 5) = 2*3, or 6 2*8 - 2*5 = 16 - 10, or 6 

Therefore, 2 (8 - 5) *= 2*8 - 2*5 

2) Does 4 [(-15) - (-3)J= 4 (-*5) - 4 (-3)? 

4 [(-19) - (-3)] = 4(12) = 48 4 (-19) - 4 (-3) = 36 - (-12) = 48 

Therefore, 4 [(-15) - (-3)] - 4 (-15) - 4 (-3) . 

After several similar examples, the pupil will be led to the 
conclusion that the distributive property of multiplication 
over subtraction holds. 

Have pupils realize that since subtraction has been defined as 
the addition of the additive inverse, any subtraction example 
can be expressed as a corresponding addition example. Inasmuch 
as the distributive property has already been established for 
addition, it holds for subtraction as we31.. 

Thus, 2x (12 - 4) may be expressed as 2x [^(2 + (-4)3 

= 2 X 12 + 2 (-4) 

= 24 - 8 or 16 

Be Suggested Practice (Similar to X-A) 

XI. Division of Signed Numbers 
Ae Si2ggested PtK>cedure 

le Review definitions developed in addition, subtraction, and multiplica- 
tion of signed numbers. 

2e Discuss the definition of division. Division is defined as the inverse 
operation of multiplication, in the same manner as subtraction is the 
inverse operation of addition. For example, consider the problem, 

••What is 8 divided by 2?” 

This asks the same question as, "Ely what manber must 2 be multiplied 
to give 8?" 

The dividend is 8, the divisor is 2, and the answer is called the 
quotient, as in arithmetic. Zero may not be used as a divisor* 
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The division sign ( ? ) is seldom used in algebra* The problem^ 

10 divided by 2, or 10 f 2 is more often written with the help of 

10 

a fraction line as follows: ^ 2 must be multiplied by 5 

to obtain the product ^ 10^ we have 5* Because of the use of 
the fractional form, the word numerator is used for the dividend, 
and the word denominator for the divisor. 

3* Have pupils extend the definition of division (as the inverse of 
multiplication) to signed numbers. 



Division 




£&ilt inli cat ion 


Answer 


+ 5 


means 


(?)(+5) = +15 


+3 




means 


(?)(-*4) = -12 


-3 


+ 4 






-10 


means 


II 

CM 

1 


+5 


- 2 






46 


means 


1 

II 


-3 


-2 







Pupils observe from a consideration of the signs of the answers to 
the foregoing examples, that the signs follow the rules for the 
multiplication of signed numbers. 

4* On the basis of these developments, have pupils formulate the following 
rules for the division of signed numbers: 

a. The absolute value of an indicated division of numbers is the quotient 
of the absolute values of the numbers. 

b. The sign of a quotient follows the rule of signs when multiplying 
signed numbers. 

B. Suggested Practice 

1. Perform the indicated operations: 






ss *> 



-60 - o 

-20 



+1B 
+ 3 



(+2L) 

— 6 

-8)1^ 

(-33) f (+3) 



(-i) T (4) 

(-50) i (+2) 

(-2) T (-1) 
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Perform the indicated divisions: 




a* 

+12 


. + 1 . 8 - 


b. _i 2 


. +28 
+.7 


=i_ 
«• +16 


j* - .2 




k. ^7 5 


a 

«• -50 


1 .+ ^- (-4) 


- 

f+ 420 


m* — 6 7 (”^) 


g. - 6 ysr 


=5^1 2 i 

n . 47 ^® 


, Divide: 




a. 24 ty -S 


e. 3 3 by2 ^ 


b. -36 by -20 


f . - 1.6 by 4 


c. 100 by -20 


g. 41.44 by +1.2 


d. 100 by i 


h. 6.4 by .08 


• Perfom the indicated divisions: 




a.£(+4)(+3)J T (■^ 2 ) 


d. [(+ 2 )(-t^)] 7 (- 2 ) 


b. [(-9)(-Hf)] i (+J2) 


e. [(-ti){4)] T (-|) 


0 . ^(-2.5)(”4^7 (-5) 


f. (+12)t [(+3)(-H2)J 
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0. Using Directed Numbers to Find an Average (optional): 

1. Have pupils compute an average. 

Problem: Jack received marks of 90, 85, 90, 95 on a series of 
mathematics tests. What is his average mark? 

2. Ask pupils to study the numbers and see idiether they can find the 
average in a shorter vra,y. 

a. Have pupils consider what the average 90 implies. If everyone 
of the numbers was the same number, that number iijould be 90. 

b. Have them note that the numbers 85 and 95 each deviates by 5 
from the average (90). 

c. ESLicit that instead of adding and dividing, they can pair the 
excess of 5 in 95 iidth the insufficiency of 5 in 85, getting 90 
in each instance as a result. 

Thus, for the purposes of obtaining an average, 90 85 90 95 
may be considered as 90 90 90 90 

3. Have pupils see that the concept of deviatioifif can be used to find 
the average (90). 

a. Have pupils express the deviations of 85 and 95 from 90 by 
signed numbers. 

95 deviates from 90 by +5 and 
85 deviates from 90 by (-5) 



b. Set up a table: 
Test Marks 



Deviations from average (90 ) 



90 

85 

90 

95 



Sum of deviations 




c. The Slim of the deviations of the score from the average is zero. 

Therefore, the average of the marks is 90 as they found in 1. 

4. Pose question: Suppose we did not have the average as at the 
beginning, lifould it be possible to find the average by the use 
of deviations of the scores from some assumed average? Guide than 
to see that th^ can use the concept of deviations to find the 
average . 



a 



. Have pupils study the numbers and choose a reasonable assumed 
average^ 37 • 

b. Have them set up a table as in 3b« 



Test Harks 


Devi.ations from Assumed Average (37J 


90 


+3 


35 


■ -2 


90 


+3 


95 


+3 




Sum of deviations +12 



c. Have them consider: 

What is the relation of +12 to the assumed average? 

(+12) is the sum of all the deviations. Therefore, the average 
deviation is (+12) f 4, or (+3). Then 37, the assumed average, 
plus (+3) does give the true average, 90. 

The pupils see that by dividing the sum of the deviations by 
the number of deviations, they find the average deviation, vdiach 
^en added to the assianed average vdll give the true average. 



Assumed average plus the average deviation is true average. 
37 + (+3) = 90 



d. Guide pupils to see that they can assume any average and obtain 
the same result. For the same scores assume an average of 92. 



Test Harks 



90 

35 

90 

95 



Average Deviation from 
Assumed Average (92) 





-2 




-7 




-2 


Sum of deviations 


dj 


Average deviation 


(-2) 



Assumed average pl\is average deviation is time average. 
92 + (-2) = 90 
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5* Have pupils use this method of finding the average* 

Problem: Laura *s marks on a series of five tests were 82, 72, 76, 84, 91* 
Miat is her average mark? 

a* Have pupils study the marks and assume an average* Assume 80* 

1) Set up table: 

Test Marks DeviatiOiis from Assumed Averaige (80) 



82 +2 . 

72 -8 

76 -4 

84 ^ 

91 

Sum of deviations +5 

Average of deviations is +1 



2} Then the true average is 80 + (l) or 81* 

b* Have pupils check this average by assuming another average and 
computing* Aesimie 84* 

1} Set up table: 



Test Marks Deviations from Assumed Average (84) 

82 -2 

72 -12 

76 —8 

84 0 

91 JL 

Sum of deviations -15 

Average of deviations is -3 



Asexmed average average deviation •* true average* 



84 + (-3) » 81 



2) Check with result in a* 

6* If there is sufficient time and pupils are interested, the following 
proof that the assumed average + the average of the deviation eqxials 
the true average can be presented* 
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Let X represent the assumed average 

the deviation of the first score from the average 

d the deviation of the second score from the average 
2 

d the deviation of the third score from the average 

3 

d the deviation of the fourth score from the average 

4 



d the deviation of the nth score from the average 
n 



Then 



first score 



X + d. 



second score 



X + d. 



third score 



X + d- 



fourth score 



X + d. 



Adding 



nth score 



= X + d 



n 



Sum of scores = nx + ( d^^ + dg + + ••• + ) 



Dividing 

by number Sum of scores 
of scores — 



Simplify- 

ing 



n 



Sum of scores 



n 



nx + ( d + d + d + d + • • • + d ) 

1 2 3 4 n __ 

n 



(d +d +d +d+*»*+d ) 



= X + 



-2 L 



XL 



n 



Interpretings The average of the scores eouals the assumed average, x, plus the 

sum of the deviations divided by the number of scores. 

6. Practice: Finding the averages in the foUoiming examples by the method 
of deviations: 

a • The boys on a team weigh 120 lbs • , 134 lbs • , 13S lbs • , 115 lbs • and 
117 lbs. What is their average weight? 

b. Three boys each measured a line. Their measures were 3*5 cm., 3*55 
3.41 cm. What is the average of their measures? 



er|c 
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c* The average barometric pressiire on five successive days was: 
30.23 in., 30.20 in., 29.95 in., 29.82 in. and 29.75 in. What 
was the average barometric pressure for the five days? 

d. Four boys each measured the length of a room. Their measures 
were 12 ft. 6 Inches, 12 ft. 5 inches, 12 ft. 7 inches, and 
12 ft. Inches. Find the average of their measures. 

e. The temperature at noon on four successive Januaiy days was: 

8® , -5°> -3° > 4®. What is the average of the temperatures? 



1. Use the discovery method to elicit from pupils whether the follow- 
ing properties hold for the operation of division. 

a. Commutative 



XII. Properties of Division 
A. Suggested Procedure 



Compare: 

2 7 A = i 
4 T 2 2 



J 2. Therefore, the commutative 



property does not hold for 
division. 



b. Associative 



Compare: 



(8 f 4) T 2 = 1 

8T(4T2) = 8i2 = 4 



1 Therefore, the associative 



property does not hold for 
division. 



c. Distributive (division over addition) 



1) (8f4)T2 = 12T2«6 



(8 f 2) + (4 f 2) = 4 + 2 or 6 
Then (8 + 4) 7 2 = (8 f 2) + (4 f 2) 



2) Does 24 (8 + 4) - (2 4 8) + (2 4 4)? 
24 (8 + 4) =2412 =1 

(2 4 8 ) + (2 4 4) = i + i •= i 



Then 24 (8 + 4) (2 7 8 ) + (2 -f 4) 



On the basis of this and several similar examples, pupils 
conclude that division may be distributed over addition, 
provided the addition is in the dividend. When the addition 
is in the dividend, the division may be expressed as a 
corresponding multiplication. The distributive property 
holds for multiplication* 



Since the associative principle does not hold for division, we 
must perform the divisions in order from left to right. 



2 . Use the distributive principle of division over addition to show 
how the following quotients may be obtained. 

Illustration: 



B. Suggested Practice 

1. Perform the indicated divisions 



Illustration: 



(-16) i (-4) T (+2) 



Then (-I 6 ) 4 (-4) 4 (**2) *= (+4) 4 (**2) = +2 
a. (428 ) 4 (-2) 4 (-17) 



b. (-*i) 4 (- 4 ) 4 (^) 

c. (-1.5) 4 (-*3) 4 (+5) 



K +25 because (4600 ) 4 (42^i 





+ 




a. * -11 

44 




d. ^^»+125 

+50 
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CHAPTER III 



THE USE OF LETTERS IN ALCEBRA 



This chapter contains material v^ich may be used by the teach- 
er to reinforce and esctend the pupils' understanding of the mean- 
ing of variable. In addition^ teaching procedures are suggested 
to help the pupils develop an understanding of: the meaning of 
factors and exponent s^ how to evaluate fomulas and algebraic 
expressions^ and how to translate Shglish i^rases and sentences 
into algebraic expressions and open sentences. 



I. The Letter as a Variable 

A. Suggested Procedure 
Review with pupils 

1. Sets and set elements 

2. Statements and open sentences 

3* Meaning of variable ^ replacement set^ domain 
4* Meaning of solution set 

B. Suggested Practic!^ 

1. A nathematical sentence^ like an English sentence^ expresses a complete 
thought. Tell idiether each of the following is a sentence. 

a. 3 - 7 = -4 d. 5 + (-8) 

b. 2 + 9 e. 1 + 6 < 10 

0. 4 + 10 >12 

2. Tell whether each of the following sentences is true^ false^ or open: 

‘ a. There is one child in every family. 

b. 6 + 5 » 10 

c. 8 + 3> 10 

d. His book is on the shelf. 

e. It is an even number. 
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t 



t. 4 + 2<4 + 2 



g. This nuiii>er is an odd number. 



h. □ - 10 - 5 

i. 2 + 2f< 3 



j.n+i=-5 

3. Vlhich of ihe following are open sentences and which are statements? 
Explain. 



a. It was a great football team. 

b. He invented the cotton gin. 

c. x*4 = 12 

d. 5 + (-2) = 3 

e. 4x3>5x2 

4* Circle the variable in each of t 

a. He is a policeman. 

b. It is made of carbon. 



f. All cats have two legs. 

g. 4 + 7 * 9 

h. X - 5 *= 13 

i. (+2) - (-1) - +3 
J. 13 - n> 10 

following open sentences: 

f. She is wearing a red dress. 

g. y X 5 = 25 



c. 3x = 12 



d. n< 4 



h. n+2 = 7 

i. J of “10 



e. 3 + a = 15 j. 12 > n + 3 

5. Indicate an appropriate replacement set for each of the variables 
in the open sentence s in 3 • 

Note : The solution set consists of all the numbers in the domain 
of the variable idiich will make the sentence true. For example, 
in 12 a 5, the solution set is the set of numbers vftiich vdien 
added to 5 will give a sum less than 12. 

If the ^placement set of a is j^2, 3> 7, C, 9^, the solution 

set is ^2, 3, 5|* 
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6* Indicate the solution set for each of the following inequalities where 
the replacement set of each variable is the set of all natural numbers: 

a. U>6 + r d„ll-m<H 

b. n + 4<7 e.5+x^8 

c. 8 + y < 10 

II. Using Variables in Fomulas 
A. Suggested Procedure 

1. Have pupils recall that in the formula p ~ 4s> the letter p represents 
the number of imits in the perimeter. The same letter p appears in 
the formula i *■ prt. Here again the letter p represents a number - 
the manber of dollars in the principal. Pupils should be led to 
realize that in each case the letter represents a number drawn from 
an appropriate replacement set. 

2. Have pupils consider the formulas ^ 

d*2r d=rb i=* prt 

Beinforce the pupils* understanding that while r is used in each of the 
formulas with a different meaning^ in each case r represents a number. 

In d e 2r^ r represents a number from the set of all numbers which 
express the number of units of length of the radius. 

In d = rt^ the domain of r is the set of all numbers ifdiich e: 3 q>ress the 
number of units of distance traveled in a unit of time . 

In i “ prt, r represents a number from the set of all per cents » 

3* Guide pupils to realize that a formula is an example of an open sentence. 
Thus, the formula 

d = 2r 



is an open sentence with two variables, and the formula 
d = rt 

is an open sentence with three variables. 

Whereas the formula d « rb is a correct expression of a relationship 
among distance, rate and time, it becomes a true statement only vtien 
appropriate replacements are made for d, r, and t. 

If in the formula d = rt, we replace r by 40, t by 2, and d by 80, the 
resulting statement 80 = 40*2 is true. 



o 
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B* Siiggested Practice 

!• Vtrlte an appropriate replacement set for the underlined variable in 
each of the foUondng formulas: 

a. p = 4s Answer: [ij or |l, 2^ etc. 

b. A « Iw e. c « 2 ifr 

c. i = 36z f . A « ^ 

d. F = 1.8C + 32 g. c ■= np (cost ■= number x price) 

What is the largest possible replacement set for each of the above?. 
(The largest replacement set in example a is ] all positive numbers [• ) 

2. Choose a replacement for each variable idiich will make the formula a 



true statmnent. 


Replacement Sets 




a. p » 4s 


ps [6, 7, e ] 


s: 1, 2, 3 ^ 


b. A -£w 


A: {5, 6, 7, 8 ] Ul, 2, 3} 


w: 1 1, 2 1 


c. i = 36y 


is [ 72 , 108 1 


ys ^ 1 , 2 ^ 


d.d»2r 


ds \ u, 5, 6} 


rs [ai, 2, 2j, 3j} 


e. P = 1.8C + 32 


Fs[23, 82, 164 } 


Cs [-5, 10, 20 ] 


in. Factors and Ebqponents 






A. Suggested Procedure 







1. Have pupils use sgrmbols to indicate the product of the following: 



two and three 2x3 
five and two 5x2 
seven and one 7x1 
three and three 3x3 



Have them recall that product implies multiplication and that 2 and 3> 
for example^ are called factors of the product. The number 6 also 
represents the product of t>ro and three. 
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2. Have pupils note that 3 x 3 or 9 represents a product in which the 
same factor has been used twice, "niey already know that 3 x 3 can 
be written as 3^ which is read as ”3 squared,” or ”3 sqtjare.” 

Have pupils read the followings 

5 X 5 or 5^ = 25 7 x 7 or 7^ * 49 

Have pupils express both 5^ and 2 x 5 in another form and compare the 
values obtained. (5^ 5*5 and 2x5“5 + 5) 

Elicit from pupils that 5^ means 5 is taken as a factor twice. To 
avoid a common error, do not permit pupils to say, ”2 times 5" or 
”5 is multiplied by itself twice. * 

Have pupils note that 2 x 2 x 2 or 8 represents a product in which 
the same factor has been used three times. The product 2x2x2 
can be written as 2^ which is read as "2 cubed” or ”2 cube.” 



Have pupils read the following: 

4x4x4 or 4^ ~ 64 6x6x6 or 6^ 2l6 

Have pupils express both and 3 x 4 in another foim and compare the 
values obtained. Have them do the same for (r and 3x6. 



After several similar examples, have the pupils consider the familiar 
formulas: 



A * 



2 

s 




Elicit that s^ means s is used as a factor twice. 



Have pupils compare s^ and 2s when s is replaced by 5* 

Elicit that e^ means e is used as a factor three times. Have pupils 
compare e^ and 3o >hen e is replaced ty 2. 



In the following examples, have the pupil state how many times y 
is used as a factor: 

y2 y’ 

3. Lead the pupil to see that in an expression of the form y7, we need 
some way of describing the numbers involved. The y, iidiich indicates 
the number we are going to use as a factor several times, is called 
the base: the 7, which indicates how many times the factor y is used, 
is called the exponent . Thus, y*^ means a number consisting of seven 
equal factors y. 



A number which can be e:q)ressed by means of a base and exponent is 
called a power . The exponent 1. which is rarely written, means the 
base is used Just once. Then yA, the first power of y, is the same as y. 



Have pupils practice reading the following expressions: 
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"the fourth power of y" also, "y to the fourth power" or 
"y to the fourth." 



2 

4* Crulde pupils to see that in an expression such as 5*3 > the 5 is the 
exponent of the base 3* Its value is 5*9 or 45* In an expression 
such as (5*3)^, the 2 is the exponent of the base 5*3# because the 
expression has been enclosed in a s^onbol of grouping. Its value is 
15^ or 225. 



Have pupils compare the following: 

4-2^ and (4*2)^ 

5*62 and (5*6)2 



Have them compute the value of each of the above. 

B. Suggested Practice 

1. Express each of the following as the product of two or more factors: 

18 X4 5 36 

2. Bewrite each of the following in a shorter fom: 



a. y.y 

b. x*x*x 

c. 4 cubed 

d. 13 squared 

e. S used as a factor 5 times 



f . p used as a factor 8 times 

g. 2*a*a 

h. 10»b»b»b 

i. the sixth power of x 

j. rtr 



3. Fill in the columns for each of the following expressions: 



Power 

2^ 



ExTX>nent 

4 



Meaning 

2 * 2 * 2*2 



Value (where possible) 



uf 
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4. Have the pupil find the value of each of the foUovang: 

26 (i)^ 

62 (- 5 )^ 

54 4x3^ 

10 ? ( 5 * 2 )^ 



5, Ebcpress in another foim: 

a. 1002 (Elicit answer: ICX) x lOO) 

b. 2 X 100 (Elicit answer: 100 + 100 ) 

0 

Ce a (a*aea) 
de 3a- (a + a- + a) 



6 . 



State whether each of the following is true 
be determined e 



(.2)2 . .4 




= 3.3 



or false, or cannot 



IVe Evaluating Formulas and Algebraic Expressions 



A. Suggested Procedure 

1, Have pupils review the evaluation of simple fonnulas previoiisly 
learned. 



a. Find the value of d in the formula for the 

d = 2r, when the variable r is replaced the element 12 from 

its domain. 



b. Using the fomula p - 4e, find the value of p, coi^spondlng to 
each value of s, if the domain of s is ^2, 7, 10^ • 

c. Using the formula A ® /.w, find A vrtienyi= 6 and w = 5* 

d. Using the formula i = pit, find i T»dien p = 200, r = .04, and t « 2 
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2. Have the pupils review that when several operations are involved 
in evaluating a number expression^ we follow an agreed-upon order 
of operation: 

Multiplication and division are to be performed in order^ from 
left to right, before addition and subtraction. 

Note : See Chapter I, Section III, pages 4-6. 

a. 6 + 2*5 means 6 + 10 or 16 and not 8*5 or 40 

Ask the pupils how they would write 6 + 2*5 if they wanted the 
answer 40. They will suggest using a symbol of grouping such as 
(6 + 2)5. 

b. The pupils should also be reminded that operations in parentheses 
are to be evaluated first. For example, 

2(5 + 3) » 2*8 ** 16 (4 + 3)^ “ 7^ 49 

c. Have pupils do several examples such as: 

1) 3 + 7*4 4) 5*6 + 4*3 

2) (3 + 7)-4 5) ^ * 

3) 3*7 + 4 6) 12 i 2 X 3 - 1 

3. Have pupils consider the formula p * 21 + 2w. 

Elicit from the pupils that if we reiQace the variable 1 by 8, 
m yjl bhe variable w by 4, we obtain the following: 

p = 2*8 + 2*4 

, • ,p « 16 +8 

,*.p « 24 

. 1 

4. Tell pupils that the process of finding the value of an expression 
for particular values of the variables is called evaluation. 

5. Have pupils evaluate the following expressions by replacing the 
variables as indicated. 
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a« 21 + 2W 



where 1 =» 10 and w « 8 



b. 3x - 2 
c* mn *1* n 
d.| + b 



where the domain of x is 
ifdiere m « 7 and n “ 3 
idiere a « 10 and b » 2 



^3$ 6> 12HFlnd value of expression 

^ for each element in domain.) 



6« Have pupils evaluate the formulas: 

A a s^ idiere s « 3 
V a e? where e = 4 

7* Have them consider the formula s » l6t^. 

Remind them that t is the base to which the exponent 2 belongs^ * so that 
t is the factor that is taken twice^ and not l6t« 

If we wished to express l6t as a factor twice^ we would write it as 
(l6t)2. Therefore^ in evaluating the fozmula for t « 3> we would write 



s s* l 6 t^ 

4 

8 - 16.32 

8 -IM 

8 . In a similar way^ have the pupils 

a. 3 & idien a a 10 

b. 3 a^ nhen a « .4 

c. X + 4 idien x *= 12 ; x » 4 

d. ^)(x + 4 ) idien x « I 6 , y * 4 

e. x^y^ when x « 3 and y a 2 

f . TT*^ idienTt^ ^ ^“d r *» 7 



evaluate the following expressions: 

g. a 7 b + y when a^, bp« 3 , y ®5 

h. m^^ Tdien m ** 2 , n « 4 

i. (ab)^ idien a a 3 , b « 2 

3 (a + b)2 when a a 2 , b a -3 

k. (a + b)^ when a a 4 ^ b a 1 

!• a^ + b^ 'dien a * 4, b a 1 
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B* Suggested Practice 
1. Evaluate: 

a. Find the Srailues of A in A « s^ if the domain of s is *[6, 15, 20 J. 

b. Find the value of A in A if TT^^ “ 7 * and r is 14* 

c. Find the values of V in V « e3 if the domain of e is [5, 

d. Find the values of 5x + 6 if the domain of x is [“7, 9, 12 J • 

e. Find the values of xy + y for the following values of x and y: 



X _ . xy J?: 



-4 


7 




8 


-6 




10 


12 





f . Find I in I « R if B « 2-7 and r « 3. 

g. Find AinA«P-fPrt ifP« 200, r » .04, t « 2j 

h. Find s in s B i at^ if a » -32 and t “ 4* 

i. Find the value of 7x - 4 and of 7(x - 4) when x ■» 5* 

2. Solve the following problems by making the proper substitutions 

in the correct fomulas. 

a. How much fencing is needed to build a fence around a lot 47i feet 
wide and 123 feet long? 

b. Find the area of a baseball diamond which is a square 90 feet on 
each side. 

c. A piece of luggage is 24 inches long, 16 inches wide and 8 inches 
deep. Find the volume of the l\:iggage. 

d. Which is larger, a circular rug with a radius of 3 feet, or a 
rectangular rug 6 feet by 4^ feet? 

e. How many gallons of oil will a cylindrical oil tank hold if it is 
20 feet long and 7 feet in diameter? 

V. Translation of Shglish Phrases and Sentences Into Algebraic E]q>re8sions 
and Open Sentences 

A. Suggested Procedure 

1. Have pupils review distinction between a sentence and a phrase. 
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The following are sentences because each expresses a complete 
thou^t : 

**He has brown hair*** **12 + 9 * 21** 

idiereas the following are phrases s 

**Three coins** **2 + 4** 

2* Review the translation of English sentences and phrases in idiich 
variables were not involved* (See Chapter Section IV^ pages 7* ) 



3* Have pupils translate the following: 

a* seven more than five translated as 5 + 7 

Ijote * Have pupils observe the difference between the phrase 
**seven more than five** (5 + 7) and the sentence **Seven is more 
than five*** (7 > 5) 



two jmcre than eight translated as S + 2 

three more than fifty translated as 50 + 3 



Have pupils use a variable, such as n, to translate: 



two more than any number 



ti^slated as n + 2 



b* two increased lay fiv® translated as 2 + 5 

si x increased by three translated as 6 + 3 

any number ^creased by two translated as n + 2 

4* In a similar nanner, develop decreased by* less than* t^ce a number, 
aum. difference, product* etc* 

5* Bnphasize that addition and multiplication are coinnutative operations, 
but subtiaction and division are not* An expression such as 
**6 added to 7** written 7 + 6 gives the same result as 6 + 7 became 
addition is commutative* An expression such as **the product of 6 and 7 
written as 6*7 gives the same result as 7*6 because multiplication is 
coBBLUtatlve* 

However, an expression such as **6 less than 7" written 7 - 6 is not 
the as **7 less than 6** idiich is written 6 - 7* Subtraction is 

not commutative* An expression such as **12 divided ly 2**, written 

^ is not the same as **2 divided by 12** idiich is written because 
division is not commutative* 
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6. Have pupils learn to translate esqpresslons using a grouping s^bol 
( } ^en necessaxy* 

a* twice the sum of 4 snd 5 ^(4 + 5) 

fifteen decreased ly the sum of 6 and 9 15 - (6 + 9) 



c* twice a number, increased by the differ- 
ence of the number and 6 



2n + (n - 6) 



d* half the sum of a number and 4, de- 
creased by the difference of the nuniber 

and 1 + 4) - (n - 1) 

7. Have pupils use y as the variable and translate open sentences 
expressed in English into equations* 

a* A number increased by Id is 36* 



b* Twice a number, decreased by 6 is 14* 

c* A number increased by three times the sum of 3 and 5 is 30 • 

d. The sum of throe fourths of a number and 7 is 27. 

e* Pour increased by a number is twice the difference of 8 and 3* 

B* Suggested Practice 

1. Use X for the variable and write each of the following in mathe- 
matical symbols. Tell which are sentences and vdiich are phrases* 

a* The sum of 4 and a number 

b* A number decreased by 4 equals 2 

c* 6 is less than a number 

d. 6 less than a number 

e. 12 divided by a number 

f * 5 multiplied by a number is 10 
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Translate the following verbal expressions into algebraic language: 
if n represents a certain number ^ esi^ress in terms of n 

a. 5 times the number e. six less than twice the number 

b. the number increased by 4 f • the product of 5 and the number 

c* the number diminished by 8 fi* 7 added to the product of 3 times 

the number 

d. 1.5 divided by the number 

h* 4 times the s\un of the number and 
3 

3* ibcpress each of the following in symbols: 
a* 20 divided by 4 and the result added to 15 
b. the result obtained when the sum of 7 and 8 is divided by 4 
4« Hbcpress in terms of n 

a. twice a number added to 15 

b. 18 less than 4 times a number 

5* If g represents the larger of two numbers and s represents the smaller > 
express in terms of g and s: 

a* 5 times the larger increased by twice the smaller 
b* the sum of both numbers multiplied by 5 
c* the square of the sum of the larger and the smaller 
6. Sxercises similar to V-A-7* 
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CHAPTER IV 



USING VARIABLES TO EXPRESS NUMBER PROPERTIES 



In this chapter the teacher will find stiggested procedures 
for helping pupils develop understanding and skill in: using 
variables to express number properties, using the distributive 
property to simplify expressions and to solve simple linear 
equations, using equations to solve verbal problems* 



Properties of Addition and Multiplication 
A* Suggested Procedure 

1* Using variables to express the commutative property of addition 

a* Review commutative property of addition* 

Have pupils study the following and recall the property that is 
involved: 

e + 5- 5+ 8 4 + (-3)- (-3) + 4 

b* Ask pupils how we could express the property illustrated by the 
above equations by means of a single equation* 

Have them arecall that a letter is used to represent some unspecified 
number drawn from a set* 

Pupils may suggest the sentence x + y = y + x, idiere x and y repre- 
sent any two numbers* 

Have them consider whether this expresses the commutative property 
of addition by tiying various replacements for x and y* 

If X *= 5 and y 2, then 5 + 2 « 2 + 5 tarue 

If X « -3 and y *= -8, then (-3) + (-8) ■» (-8) + (-3) true 

^ “ 4 and y *= then ^ + (-i) *= (-i) ^ true 

c* Have pupils attempt to find a counter-exsuuple (one that will disprove 
it)* 

Note : Point out to pupils that although one counter-example may 
disprove a stat^ent, the jn*esent lack of such a counter-example 
does not prove a statement because a counter-example may be found 
at a later date* 
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d* Have pupils realize that therefore it is reasonable to assume 
that 

x + y= y+ x is true for all numbers x and y. 

Have them see that variables have been used to state the 
commutative property of addition* 

2. Using variables to express the commutative property of multiplication 

a* Review commutative property of multiplication* 

b* In a similar fashion, develop with pupils a generalization of 
the commutative property of multiplication* 

Have them realize that it is reasonable to assume that 
xy ■* yx is true for all numbers x and y, and that variables 
have been used to state the commutative property of multiplica** 
tlon« 

3* Using variables to egress the associative property of addition 

a* Review associative property of addition* 

Have pupils study the following and recall the number property 
that is involved: 

(4 + 7) + 8 - 4 + (7 + 8) (-3 + 5) + 8 - -3 + (5 + 8) 

b* Have pupils suggest the following symbolic statement of the 

property: 

(x + y) + z * X + (y + z) idiere x and y and z represent any numbers* 

Have them consider whether this expresses the associative property 
of addition* 

Have them try various replacements and vejpify that true statements 
result* 

If X « 2, y ■ 3> z “ 4, then (2 + 3) + 4 ■= 2 + (3+4) true 

If X « -8, y ** 5, z “ 3> then (-8 + 5) + 3 “ + (5+3) true 

If X *= 8 , y = 2 > * * 4 > ( 8 *^) + 4 “ i‘^( 2 '*'4) true 
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c. Have pupils attempt to find a counter-example. 

d. Have pupils realize that it is reasonable to assume that for all 
nimbers, x, y, z, (x + y) + z - x + (y + z) is tnie. 

4. Using variables to express the associative property of nniltiplioation 

a. Review associative property of multiplication. 

b. In a similar fashion, develop with pupils a generalization of the 
associative property for multiplication. 

Have them conclude that for all numbers x, y, z, (xy)z * x(yz). 

5. Using variables to express the distributive principle of multiplication 
over addition 

a. Beview the distributive property of nmltipUcation over addition. 

Have pupils recall the linking together of the opciatioira of 

and addition by observing the pattern in the 

following: 

6*(4 + 3 ) ® 6*4 + 6*3 
-2(9+6) = (-2)(9) + (-2)(6) 

+ 8) = i(-4) + i(8) 

b. Have pupils suggest the following symbolic statement of the 
property: 

x(y + z) = xy + xz ^diere x, y, and z represent any numbers. 

Have them consider idiether this expresses the d^tribirtive 
inoperty of multiplication over addition by trying various 
replacements for x, y and z. 




c. Have pupils attempt to find a counter-example. 
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d* Have them realize that it is reasonable to assume that 
for all numbers and z 

X (y + z) =s xy + xz is true 

e* Have pupils realize that since multiplication is commutative^ 
other forms of the distributive property can be derived: 

(y + z)x =s 3gr + xz for all values of x, y and z« 

(y + z)x = yx + zx for all values of x, y and z. 

B. Suggested Plactice 

1. Use the commutative principle to write another name for each sum 
and product. 

Illustration ; 2 + 5 Solution ; 5+2 

a. 4 + y d. 3*2 g. 3.5 

b. z + 9 e. 6*6^ h. 12 + 7 

c. a + b f, 2^*3^ i* a*b 

2. State the commutative principle for addition, and for multiplica- 
tion in terms of x and y. 

a. Illustrate the properties with these numbers: 

X * 15 and y * 7 x = 4.I and y = 9.3 

X = 35 and y * 29 x * -10 and y = 18 

b. Each of the following equations is true for all possible 
replacements of any indicated variables, because of the 
commutative or associative principle, or both. 

Answer each part by writing ‘*A'* for associative, ''C for 
coranutative and both '‘C” and "A” for both commutative and 
associative principles. 

6 + (9 + 2) = (6 + 9) + 2 Solution ; A (a + b) + c = (b + a) + c 

4 + (x + y) ■= (4 + x) + y 4 + (x + y) * (x + 4) + y 

4 + (x + y) = 4 + (y + x) (9 + a) + b = a + (9 + b) 





ERIC 
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3 * Use the comubative and associative principles to simplify the 
following expressions: 

a. 3(2x) Solution : 3(2x) = (3*2)x or 6x 

b. 4(3y) 

c. -i(2x) 



d. .d(.2b) 

e. 3n(4) Solution: 3n(4) *= 3(n.4) « 3(4*n) 

f. 8z(6) 

g. fr(4) 

h. -15m(3) 



i. 3a(4b) = 3(a«4)b 
- 3(iia)b 
= (3*4) (ab) 



associative 

commutative 

associative 



(3.4)n = 12n 



= 12ab 



(-2m) (-6n) 

k. (4p) (-9q) 

l. (2ab) (4bc) (Sac) 

Solution : the commutative and associative properties of ^ 

multiplication, we may arrange the factors in this expression 
in any order we wish without changing its value* Then we may 
write: 



2*4*8*a*a*b*b*c*c as an expression equivalent to the above* 
using superscript notation (exponents), we then widte this as 



64a^b^c^ 

4* Which of the following are illustrations of the distributive property? 



a* x(4 + 23) « x(4) + x(23) c* 3(x + y) = 3x + y 

b* 25Qy + 75y * (250 + 75)y d* (500 + 9)b = 500b + 9b 

5* Fill in the blanks so that each statement is an illustration of the 
distributive property: 

a* 6(8 + 9) Solution : 6 x 8 + 6 x 9 



b* 



7.2 + 7.6 
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c. 4* C + ) = *5 + *6 

d. 2(a + b) = 

e. 2(15 + IQx) = 

f . 12x + 35x = 

g* * xy + iy 

h. 9*2x + 9»2y = _ 

II. Identity Elements and Inverse Elements 
A. Suggested Procedure 

1. Help pupils reach a generalization concerning the additive 
identity (additive property of zero). 

a. Have pupils review that when zero is added to a number^ 
the sum is the number itself ^ e*g*> 

22 22 

5+0*5 (-2) + 0 = -2 -f + O^Y .8 + 0 * .8 

b. The number to which zero is added keeps its identity under 
this addition. Iberefore^ zero is called the identity 
element of addition or the additive identity . 

c. Have pupils suggest the following symbolic statement concern- 
ing the additive identity: 

x + 0 = x or 0 + x«x 

trying various replacements for x^ pupils see that these 
appear to be true statements for every possible replacement 
of the variable. 

2. Help pupils reach a generalization concerning the multiplicative 
identity (multiplicative property of one). 

a. Have pupils recall that there is a number vAiich preserves 
the identity of every other number under multiplication. 

Have them recall that the product of one and any other number 
is the other number^ «*g*> 

1x3-3 8x1 = 8 (-9)xl--9 IxJ-i 
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b. The nximber by i^ich 1 is nrultiplied keeps its identity. 

Tlierefore, 1 is called the identity element of multiplica- 
tion^ or the multiDJlcative identity. 

c. Have pupils suggest the following symbolic statement conceniing 
the multiplicative identity: 

l»x * X or x*l * X 

trying various replac^ents for x, pupils see that these appear 
to be true statements for every possible replacement of the 
variable. 

3. Help pupils reach a generalization concerning the addi^j^ye inverse 
(opposite). 

a. Have pupils consider 



b. Have pupils recall that the sum of a number and its oppsite 
is zero. 

c. Have pupils suggest the following symbolic statement concerning 
the additive inverse: 

X + (-x) ** 0 For which values of x does this hold? 

d. trying many possible replacements, have them realize that this 
is a true statement for every possible replacement of the variable, 
(positive, negative, or zero) 

e. Tell pupils that if the sum of two numbers is zero, they are called 
additive inverses. Each is the opposite of the other. 

4. Help pupils reach a generalization concerning the pijltiplic^tiyg. 

inverse (reciprocal) . 

a. Have pupils recall that a number multiplied by one is the number 
Itself. 

b. Have them consider idiether there is a number, which when multiplied 
by another will yield a product of one. For example, given the 
number 6, is there some number N such that 



1 + (- 1 ) = 0 
2 + (-2) = 0 
3 + (-3) “ 0 



(- 1 ) + (+ 1 ) = 0 
(-2) + (2) = 0 



(-3) + (3) 



N X 6 « 1? 
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c. Have them realize that ^ x 6 s 

d. Tell pupils that ^ is called the reciprocal or multiplicative 
inverse of 6; 6 is also the multiplicative inverse of 

e« Tell pupils that two numbers idiose product is one (l) are 

called multiplicative inverses. Ehch number is the multiplica- 
tive inverse of the other. 



f . Have pupils state the multiplicative inverse of each of 
several numbers^ e.g.^ have them tell by what number each of 
the following is multiplied to give a product of one. 



1 

3 



1 - 1 -1 

2 8 4 




-6 



g. Have pupils consider idiether zero has a multiplicative inverse. 



If zero has a multiplicative inverse^ we could represent it by 
N. Then N x 0 must equal 1. Can we find a replac^ent for N 
idiich will make this statement true? 

1) Have pupils consider how 0 acts under multiplication. 

Have them recall that multiplication involving zero results 
in a product of zero^ 

2x0 = 0 Ox (-10) ="0 1x0 = 0 1x0 = 0 

2) Have them suggest the following synbolic statement concern- 
ing multiplication involving zero. 

O.N * 0 or N.O « 0 

trying various replacements for pupils see that these 
appear to be true statements for every possible replacement 
of the variable. This property of zero is called the 
multiplicative property of zero . 

3) Bipils should realize that since the open sentence N*0 « 1 
can never be true for any replacement of N by a number, 
zezn does not have a multiplicative inverse. 



h. Have pupils suggest the following symbolic statement concerning 
the multiplicative inverse: ~ . x = i 

X 

Have them realize, by trying different replacements, that this 
is a true statement for every replacement of the variable x 
by a number except the number zero (o). 



Mote : Since N*0 « 0 for any value of N, we must exclude division 
by zero. 
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OPTIONAL - Proofs of Some Basic Nuinber Properties 

On the basis of several properties concezning mnnbers^ viiich 
the pupils have accepted, they may be guided to see that 
other truths follow from these properties by logical reason?- 
ing. The process of reasoning from some accepted properties 
to other truths is called i>roof » 

5* Help pupils prove the multiplicative property of 0* That is, 
prove x*0 =» 0. 

We would proceed as follows: 



Since 0 is the additive identity, that is, the only number which 
idien added to another number preserves the other number's identity, 
then x*0 =* 0, 

6. Help pupils prove that the additive inverse of 1 multiplied by x 
is the additive inverse of x. That is, prove (-l)x « -x. 

We would proceed as follows: 



Since x + (-l)x = 0 and we assume each number x has one and 
only one additive inverse (-x), then -l(x) -x. 

This is often referred to as the property of -1 ^hiltiplication • 

7* Help pupils prove (-x)y = -(xy). 

We proceed as follows: 

(-x)y = (-l*x)y (Property of -1 Multiplication) 



x(l + 0) 
x(l + 0) 



x*l + x*0 



X + x*0 



= x.l (1+0 = 1) 

= x*l + x*0 (Distributive property) 

= x*l (Both are equal to x(l + O) ) 

= X (Jfiiltiplicative property of l) 



xQ. + (-1)] - 0 



(Multiplicative property of O) 
(Distributive piToperby) 




= l(x) + (-l)x (Commutative property) 

= X + (-l)x = 0 (Multiplicative property of l) 



= (-l)(xy) (Associative property) 

“ “3{y (Property of -1 Multiplication) 



Thus (-x)y = -xy 
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8* Help pupils prove (-x) (-y) *■ 

Vife proceed as follows: 

-x[[y + (-y)] “ 0 (Haltiplicatlve p3«perty of O) 

-x[^y + (-y)] ** (-x)y + (-x)(-y) (Distributive property) 

« -xy + (-x)(-y) « 0 (Property of -1 Multiplication) 



Since -xy + (-x)(-y) *> 0 and we assume each number has one and only 
one additive inverse^ then (-x)(-y) « xy. 






Guide pupils to see that the rule for multiplying two negative 
numbers is a special case of the above generalization^ idien x and y 
are restricted to positive numbers. 



B. Suggested Practice 

1. What is the additive Inverse of each of the following? 

-3 b. hi c. 0 d. - .6 

2. Complete by writing x or -x. 

a. The additive inverse of x is . 



b. The expression 



+ X = 0. 



c. The additive inverse of -x is 



3 c What is the multiplicative inverse of each of the following ? 



a. 3 



b. 



c. -3 



d. 1 



4. Name the property of numbers idiich justifies each step in the 
following : 



6 X (3 X J) = 6 X (| X 3) 



(6 X ^) X 3 



-1x3 



-5x(4 X -^) 



-5x (-i X 4) 



(-5 X -^) X 4 



1x4 
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Ill, Distributive Property of Multiplication Over Subtraction 

A, Suggested I^cedure 

!• Have pupils consider the following: 

Does 3(7-4) “ 3*7 - 3-47 
3(7-4) = 3*3, or 9 
3.7 - 3.4 « 21-12, or 9 

Thus 3(7 - 4) = 3*7 - 3*4. 

2, After several such illustrations, have pupils realize that multiplica- 
tion appears to be distributive over subtractioz^* 

3, Help pupils reach a generalization concerning the distrilcutive property 
of multiplication over subtraction, 

a. Have pupils suggest a symbolic statement concezning the distributive 
property of multiplication over subtraction: 

x(y - z) = 3cy - xz 

b. After trying many replacements, they should realize that this is a 
true statement for every possible replacement of the variables. 

Note : The proof of the symbolic statement in 3a will be found as an 
optional exercise in the Suggested Practice which follows, 

B, Stiggested Practice 

1, Which of the following are illustrations of the distributive property? 

a. (100 - XO)a - 100a - 10a d. (1.5 - c)1.3 “ (l.3)(l.5) - (l.3)c 

b. 4(20 - b) = 4(20) - (b) e.l67 -y»(l 6-l)y 

c. 16 - 53C = (16 - 5)x 

2, Fill in the blanks so that each statement is an illustration of the 
distributive property, 

a, 5(3 - 2) = . c, a(6 - 4) * -• 

b. - 9.8 - 9.2 d. 9* - 97 - 9 ( ). 



- 71 - 









opTiom 



3* Plove x(y - z) *» xy - xz 
Solution: 



« xjj 


r + (-z)J 


« xy 


+ x(-z) 


« xy 


+ x[(-l)zj 


= xy 


+ x[z(-l)] 


= xy 


+ (xz)(-l) 


* xy 


+[]-(xz)3 


*xy 


- xz 



(Definition of subtraction) 
(Distribubive property) 
(Property of -1 Multiplication) 
(Commutative property) 
(Associative property) 

(PlToperty of -1 Multiplication) 
(Definition of subtraction) 



1V« The Distributive ^inciple of Division Over Addition; Over Subtraction 
A* Suggested ftocedure 

!• Have pupils consider the example 



14 



6 2 



2* Have them recall that division by 6 is equivalent to multiplication 
by J and therefore^ ^ may be expressed as ^*(2+1) . 

Thu., » I (2H ^(1) or 1 + 1 



Thus^ division seems to be distributive over addition provided the 
addition is in the dividend* 

In the same way, g " g “ ^ ^ *® ^(7 - 3) 

ttus, |(7 - 3)^(7) - |(3) or 2 - I 

Thus, division seems to be distributive over subtraction, provided 
the subtraction is in the dividend* 

3* Help pupils reach a generalization concerning the distributive 
property of division over addition; over subtraction* 

Have pupils suggest a symbolic statement concerning the distaributive 
property of division* 
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4* 



2L±i = x + 3L x..r..Z = X , £ 

z z z z z z 

After trying many replacements, they should realize that these 
are true statements for all values of x, y, z except z = 0. 

5* Since subtraction can be expressed as addition, and since 
division can be expressed as multiplication, distribution of 
division over addition or subtraction can be justified by the 
distributive principle of multiplication over addition* 

B. Suggested A:uctice 

1. Which of the following illiistrate a correct use of the distributive 



property? 

a b _ a + b 

“•4^4 4 


£ _ i _£-;lZ 
c* 6 6 6 


x,+ y + z 
b. 5 5 5 


. b 

d* X X 




«• 4 4*4 


Note: It should be pointed out to the pupil that division is not 
distributive over multiplication. Althou^i the open sentence 
In example 1-e is true when x « 0 or y = 0, it is not true in 
general* 


Fill in the blanks so that each statement is an illustration of 
the distributive property. 


X.+ 4 X , 


1 (x + y) _ + 


a. 3 3 3 


2 2 2 


_ a _ b 

^•2 2 2 


a . b a + b 
o* X X 



V. Using the Distributive Property to Simplify Ibcpressions 
A* Suggested Procedure 

1* Have pupils consider how the distributive property could be used to 
facilitate the following computation: 

18 X 7 + 12 X 7 *= (IS + 12)7 = 30 x 7 or 210 

12x3-Sx3* (12 - 8)3 = 4 X 3 or 12 



2 . 



Hare pupils consider the algebraic expression 3a 4- 5a 

a« Have them realize that bgr the distributive property the 
sentence 

3a + 5a • (3 + 5)a is true for every number a 

b« !^erefore> 3a + 5a may be replaced ty the shorter expression 
(3 + 5)a or da. This is a simplification of 3a + 5a • 

3* Have pupils consider the algebraic es^ession: (2x + 8) + 3x. 

Have pupils understand the simplification of the expression 
as follovrs: 

(2x + 8) -f 3x » 2x + (8 + 3x) 

* 2x + (3x + 8) 

“ (2x + 3x) + 8 
- (2 + 3)x + 8 
« 5x + 8 

B« Suggested Itectlce 

!• Which of the following open sentences are illustrations of the 
distributive property? 

a* x(3 + 4) “ 3x + /ix 

b. 10a - 10b » 10(a - b) 

c. 2(x + y) « ^ + y Since the multiplication by 2 has not 

been dietribubed, this is not an illus- 
tration. 

d. 2x(x + y) “ 2x^ + xy 

.. 3»b - + (3a - b)b 

f. 5xy + icyz « 5y(x + 2z) 

g. (2a + 5)b « 2ab + 5 + b 

h. 7x(y + z) *» Txy + z 
!• 6n - mn * (5 - m)n 



Jlssociatlve principle 
Commutative principle 
Associative principle 
Oistribubive principle 
Arithmetic fact 
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2* Apply the distribative property and write each of the following 
in a form without parentheses: 

c. 



a, 3(a + b) 

b, (2 - ipc)y 



d* .5n(9 + l*2n) 



e* -2(x + y) 

t. -3(2 i* - y) 



3, Apply the distributive property and express each of the following 
as products: 



a. 3y + 2y 

b. 5r - 2r 

c. 2xy + 2x 



d. Abe - 2bc 

e, 5(x + y) + 2(x + y) 



4* Use the associative, commutative and distributive properties to 
write the following expressions in simpler form: 

/I j. or ^ 



Ix ‘I’ 2x 
*•2 4 



b. fix + iiy + 4 + 3x 

c. ^ + 5y+^ 



Solutions (2 + 4)* " 4 ' 

Solution: 8sc + 3ic + 4T + 4 or Ux + 4y + 4 



d* 96 a + 42b + 4a + 3b 

* 1 ^ + ^ 
t. 2.4* + 6.ey + 4.9 + 1.6* 
g* 4(2x + 3x) 
h* 30a -f 10a 
io 2s • 4s 
J . X + 3x - /ix 
k. 4 (a + 1) - 4 
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VI* Using the Distributive Property in Solving Simple Ei^uatlons 

A* Suggested Procedure 

1* Have pupils review: 

Meaning of equations 
Equivalent equations 

Solution or root of an equation; solution set 

Principles of equation solving - Addition, Subtraction, Multiplication, 
Division 

Note : See Chapter X of Mathematics Grade 8. Ciunriculum Bulletin 
I96I-I962, Series No* 4 

2* Have pupils consider the equation 3& « I6* 

* ' , I 

Have them recall that the distributive property may be used to obtain 
a simplification of the left member* That is, we may write 

(3 + 5)a « 16 or 

Sa =* 16 

a « 2 (Division principle or multiplication by reciprocal) 

2 is the root of the equivalent equation, a « 2, whose solution is 
obvious * 

Ihe solution set is ^ 2 ^ * 

Have pupils check to see whether 2 is a root of the given equatiofi 
3a + 5a « 16* 

Check 

3*2 + 5*2 » 16 
6 + 10 « 16 

16 * 16 True 

3* Have pupils use the principles of equation-solving to think through 
the solution of an equation which uses more than one principle* 

a* Consider the eqmtion 3x + 4 » 22* 

Have pupils observe that more than one operation is needed to 
find the simplest equivalent equation in which the root is 
obvious* Have them see that both subtraction (addition) and 
division (multiplication) are needed* 
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Ihus^ 3x + 4 ® 22 

3x « IS (Subtraction principle or addition of additive 
inverse) 

X “6 (Division principle or multiplication by- 
reciprocal) 

Therefore, 6 is the root of the equivalent ’equatioj^ x « 6, 
iMhose solution is ob-vious* The solution set is |> • 

Have pupils check to see %diether 6 is a root of the given 
equation 3x + 4 ** 22* 

b. Have pupils consider whether it makes any difference if the 
subtraction (addition) principle is applied before or after 
the division principle. To determine this, have them solve . 
the equation 3x + 4 = 22, by reversing the order in which 
the principles are applied. 



Thus, 

3x + 4 « 22 



cr ^ (Division Principle) 

j 22 

32^ 4 . 4 ss (Distributive property) or * + 3 3 

3 3 3 



X 




or 6 (Subtraction Principle) 



Have pupils observe that the same root was obtained as before. 
Have them discuss which order of operations is easier for 
solving equations of this kind. 



c. Have pupils use a similar procedure to find the root of each 
of the following: 

1) 2x + 4 » 10 4) Jb + 8 «• 14 

2) 3y - 9 = 15 5) - 4 = 9 

3) 7a + 10 = 59 6) 1.5x + 3 - 7.5 



4. Have pupils consider the equation 2x + 4x + S ® 3S. 
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Help them organize the solution of the equation as follows: 



2x + Ax + 8 


- 38 




(2tA)x +8 


« 38 


(Distributive property), or 6x + 8 « 38 


6x 


« 30 


(Subtraction principle or addition of additive 
inverse) 


X 


» 5 


(Division principle or multiplication by 
reciprocal) 



nierefore^ 5 is the root of x = 5* solution set is|^5^ • 

Check (to see whether 5 is a root of 2x + Ax + d = 3H) 

2*5 + 4*5 + 8 i 38 
10 + 20 + 8 ^ 38 

38 « 38 True 

5* Have pupils consider the equation 2(x + l) + x » 8. 

The distributive^ commutative^ and associative properties may be used 
to obtain a simplification of the left member as follows: 

2x + 2 + X = 8 (Distributive property) 

2x + X + 2 =■ 8 (Commutative property) 

3x + 2 = 8 (Associative^ Distributive) 

3x = 6 

X « 2 

Therefore, 2 is the root of x = 2. The solution set is|^2| . 

K«»ve pupils dheck to see whether 2 is a root of the given equation 
2(x + 1) + X ** 8. 
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B* Suggested Fk*actice 



Solve the following equations by writing simpler equivalent equations. 
Check your solutions. 


1. 2x + 3x » 20 


9. .lx + ^9x + Sx = 81 


2. ^ - 5y 33 


10. + 3- 


3. 11a + a = 48 


U. 9y + 2y - 10 « 12 


4. ^ ^ ^ 


12. 4(a + 1) + a « 19 


5. 2 • 4 ^ 


13. 3(x - 2) + X « 14 


6. .5a -1- .2a • 1.4 


14. 2y + i(2y - 4) ® 7 


7. I6y + ;^ + 3 - 39 

8. 44 + 9* - 3* = 8 


15. .Oltx + .06(1500 - x) « 80 



VII. Solution of Verbal P5x)blems 
A. Suggested Procedure 

Note ? Help pupils develop skill in solving problems. Before doing 
aiQr problem tdiere letters are involved^ have the pupils solve 
arithmetic problems involving the same situation. 

Problems are introduced at this time because the techniques needed 
for their solution have now been developed. However, it is intended 
that the teacher should distribute the work in problem solving 
throughout the remainder of the course. 

1. Review translation of Ehglish phrases into algebraic fom. (See 
Chapter Section V) 

2. Help pupils think through and express relationships involving 
number problems as follows: 

a. One number is 14* Another is tvdLce the first, fiftiat is the 
second number? What is the sum of the numbers? 

One number is x. Another is twice the first. The sum of the 
numbers is 45* What is the second number in teniis of the first? 
Bxpress the sum of the numbers in terms of x. 
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b» Two times a number is subtracted from eight times the number, 
increased by 3* The difference is 27* What is the number? 

Illustrative Solution 



Let X the number 

2x » two times the number 
dx + 3 ^ eight times the number, increased by 3 
(8x + 3) - 2x = 27 (the difference is 27) 

- 2x + 3 27 

6x + 3 = 27 
6x =24 
X = 4 

The number is 4* 

Check result with the problem. If the number is 4> then 
two times the number is 2 x 4 or 8. Eight times the number 
increased by 3 is 8 x 4 + 3 or 35* The difference is 35 - 8 or 27* 
True. 

c. Have pupils practice similar problems. 

1) A number increased by 3 times itself equals 8.4* What is the 
number? 

2) Ann weighs 7 po\mds more than Masy. Their combined weight is 
213 pounds. How much does each girl wei^? 

3) Jane's mother is 9 times as old as Jane. Together their ages 
total 30 years. How old is each? 

4) A family's vacation budget allows a certain amount for camp- 
ing expenses, three times this amount for food, and four 
times this amount for travel. If the total spent is $320, 
how much is allowed for each item? 

3* Help pupils think through and express relationships involving 
consecutive number problems as follows: 

Note : Heview Chapter II of Mathematics Grade 8. Curriculum Bulletin, 
1961-62 Series, #4* 

a. Develop meaning of consecutive numbers; consecutive even numbers 
consecutive odd numbers. 

b. Solve problems 

1 } Thirteen is the first of three consecutive numbers. What are 
the next two? What is the sum of the first and third? 
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The first of three consecutive nimbers is x« ESjcpress the 
next two in terns of x* Express the sum of the first and 
third* 

2 ) The sum of the ^rst and last numbers of 3 consecutive 
numbers is 28* What are the numbers? 

Ili^luatrative Solution : 

Let X = the first number 

X + 1 ss the second number 

X + 2 «= the third number 

X + (x + 2 ) = 28 (the sum of the first and third numbers) 

2 x + 2 =28 (Distributive property) 

2 x =26 

X «13 

The first number is 13> the second 1/|,> the third 15* 

CSheck result with the problem* 

Three consecutive numbers: 13> 14> 15* 

The sum of the first and third 13 + 15 = 28* True* 

c* Have pupils practice similar problems* 

1 ) The sum of two consecutive numbers is 89* What are the numbers? 

2 ) The first of two consecutive numbers is 13* What is the next 
odd consecutive number? What is their difference? 

3 ) Select ary two consecutive odd numbers* What is their differ- 
ence? 

4 ) X represents an odd number* Express the next consecutive odd 
number in terms of x* Show that their sum must be even* 

5 ) The sum of two consecutive even numbers is 50. What are the 
numbers? 

6 ) The sum of three consecutive even numbers is 48* What are 
the numbers? 

4 * Help pupils think through and express relationships in verbal 
problems Involving coins as illustrated: 

a* Andy has 4 dimes and 2 more nickels than dimes (and no other 
money)* How many coins does he have? (lO) What is their value 
in cents? 
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Value of 1 dime is 1 x 10 or 10 cents 

2 dimes is 2 x 10 or 20 cents 

3 dimes is 3 x 10 or 30 cents 

4 dimes is 4 x 10 or 40 cents 

Value of 1 nickel is 1 x 5 or 5 cents 
2 nickels is 2 x 5 or 10 cents 

• 

6 nickels Is 6 x 5 or 30 cents 
The value of the ten coins is 70 cents* 

If Andy has x dimes and 2 more nickels than dimes, how would you 
represent the number of nickels? the total number of coins? 

How would you represent the value ^ cents of the dimes? 

Bepresent the value ^ cents of the nickels* 

Bepresent the total value ^ cents of all his coins. 

b. Marilyn has a collection of dimes and quarters* She has 8 quarters 
and twice as many dimes* How many coins does she have? What is 
the value (in cents ) of all her coins? 

If Mariiyn has q quarters and twice as many dimes, how would you 
represent the number of dimes? the number of coins? 

How would you represent the value in cents of the quarters; of the 
dimes? ^ 

How would you represent the total value (in cents) of all the coins? 

c. A jar of coins contains twice as many nickels as dimes and -^ree 
times as many quarters as dimes* The total value of the coins in 
the jar is $4.75* How many nickels are there in the jar? 

Mote * Bie teacher should elicit vAiat the domain of the variable 
will be in the equation* 

IHuatrative solution : 

Let X represent the number of dimes, 2x the number of nickels and 
3x the number of quarters* 

Then, IQx « value of the dimes (in cents) 

5(2x) value of the nickels (in cents) 

23 (3x) *= value of the quarters (in cents) 
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lOx + 5(2r) + 25(3x) 475 (the total -value is 475 cents) 

10k + ICbc + 75x = 475 

95x - 475 

X - 5 

The number of dimes in the jar is 5* 

The number of nickels is 2x or 2 x 5^or 10^ and 

The number of quarters is 3x or 3 x 5«or 15* 

Check results with conditions in the problem « 

If there are 5 dimes ^ there are 10 (twice as many) nickels ^ and 

15 (three times as many) quarters* 

The value of 5 dimes is 50 cents^ the value of 10 nickels is 

50 cents^ and the value of 15 quarters is 375 cents* 

Therefore^ the total value is 475 cents or $4*75* 
d* Have pupils practice similar problems* 

1) Bob has in nickels and dimes* He has twice as many dimes 
as he has nickels* How many coins of each kind does Bob have? 

2) A jar full of pennies and dimes contains 3 times as many dimes 
as pennies* The total amount of money in the jar if $6*20* 

How many coins of each kind are there in the jar? 

3) larzy has 2 more nickels than pennies* If he were to spend 
one of his nickels and three of his pennies^ he would have 
6S cents left* How many nickels and how many pennies does 
he have? 

4) A piggy bank contained 3 fewer dimes than quarters and B more 
nickels than dimes* The total value of the coins was $5 •95* 
How many dimes were there? 

5) Amy has $4*08 in pennies^ dimes and quarters in her coin 
bank* If the number of quarters is 4 more than the number of 
pennies and the number of pennies is 2 less than the nuinber 
of dimes^ find how many coins of each kind Any has* 

5* Help pupils think through relationships in verbal problems involving 
investments as follows s 

Note : Beview meaning of interest ^ investments^ income^ and i “ prt* 
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a. Mr, Snith invests $4000 at yH and $2500 at What is the 
total amount he invests? What is the incone on the $4000 
investment? What is the income on the $2500 ^vestment? 

What is the total income on the investments? (income per year; 

If Mr, Smith invests $6500, part at % and the remainder at 5^, 
how would you represent the part he invests at 5^? How would 
you represent the part he invests at 3^? What is the income 
on the 3^ investment? What is the income on the investment? 
What is the total income? 

b, A man invests $10,000, one part at 6^ and the other part at 2^, 
His total income on the investment for one year is $320, How 
much has he invested at each rate? 



Illustrative Solution 



Note s Reasons are indicated for the steps in the elution of the 
equation. Teachers ^ould not require their pupils to give a. 
reason for each step in each problem. 

If we let X designate the number of dollars invested at 6^, then 



10,000 - X designates the number of dollars invested at Z% 

,06x is the income on the investment 
,02(10,000 - x) is the income on the 2% investment 

320 (the total income is $320) 

320 (Distributive property) 

320 (Comnutative property) 

320 (Associative and distributive properties) 
120 (Subtraction princi|^e) 

3000(Division principle; 

7,000 



,06x 

,06x 

,06x 



,02(10,000 - x) 
200 - ,02x 
,02x + 200 



,04x + 200 
,04x 



X 

10,000 



- X 



The amount invested at 6^ is $3000, 
The amount invested at 2% is $7000, 



Check results with conditions in the problem 

The two amounts of $3000 and $7000 total the investment of 

$ 10 , 000 , 

If $3000 is invested at 6^, then the income on this part of the 
investment is ,06 of $3000, or $180, 

If $7000 is invested at 2Jg, then the income on this part of the 
investment is ,02 of $7000, or $140, 

Then the total income is $180 + $140, or $320, All conditions 
of the problem have been checked. 






mmm * 
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c* Nave pupils practice similar problems* 

1) A man has loaned $4400 to tT(«o persons* His income from the 
two investments is $192* One note (a written promise to pay) 
bears interest at 5 %, and the other bears interest at 4^* 

What is the face of each note? 

2) Tom*s father has $18^500 invested in two pieces of rental 
property* One yields 12^ on the investment ^ and the other 
yields 10^* His total income from the two properties is 
$2080* How much is Invested in ^ach property? 

3) One sum of money is invested at a second sum that is 
twice as large as the first sum is invested at 3 %» The total 
interest from the sums is $210* How much is invested at each 
rate? 

6* Help pupils think through relationships in verbal problems involving 
geometric figures as follows: 

Note ; It is helpful to use diagrams for geometric problems* 

The domain of a variable representing a geometric length is the set 
of positive numbers* 

a* The length of a rectangle is four inches more than its width* 

If the width is 3 inches ^ what is the length? What is the perimeter? 

If the width of a rectangle is represented by x and the length is 

four more than its widths how would you represent its length? How 
would you represent its perimeter? 

b* The width of a rectangle is 5 inches* The length of the i^ectangle 
is 3 less than twice its width* What is the length of the rectangle? 
What is its perimeter? 

If the width of a rectangle is represented by w^ and its length is 

3 less than twice its widths, how would you represent its length? 

H ow w^uld you represent its perimeter? 

c* One leg of an Isosceles triangle is 7 inches in length* The base 
is 3 ^ches longer than the leg* What is the length of the base? 
What is the length of the other leg? What is the perimeter of 
the triangle? 

If the length of one leg of an isosceles triangle is represented 
by X inches 9 and the base is 3 inches longer than the leg^ how 
would you represent the length of the base? How would you 
represent the length of the, other leg? the length of the perimeter? 



d« The length of a rectangle is 5 times its vddth* The perimeter 
is 48 inches* Find the dimensions of the rectangle* 

Illustrative Solution 

Let w be the number of inches in the vddth of the rectangle. Then 
the number of inches in the length is 5w* I«t us draw a 
picture to help us analyze and solve the problem: 



5w 

w 



5w 



The number of inches in the perimeter is w + 5w + w + 5w* 

Ihen^ w+5w+w+5w = 48 

12w s 48 (Distributive property) 
w « 4 

Therefore^ the rectangle is 4 inches wide and 20 inches long* 

Check results with conditions in the problem 

The length is 5 times the width because 20 * 5 4* 

The perimeter is 20 + 4 + 20 + 4 or 48 inches* 
e* Have pupils practice similar problems* 

1) How long and how wide can a garden be made if it is to be 
20 feet longer than it is wide, and its perimeter is to be 
680 feet? 

2) A triangle that draftsmen find useful has one angle that is 
twice as laige as the first angle, and the third angle 30° 
more than the second* How large are the angles? 

3) A rectangle has a pleasing appearance if its width is a 
little more than one-half its length* What dimensions will 
satisfy this condition if the width is 5 feet more than 
one-half the length, and the perimeter is 310 feet? 
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?• Help pupils review relationships in problems involving distance^ 
rate^ and time* 

a. Have pupils determine distance a boy walks in 4 hours if he 
walks 3 miles per hour* From this and similar problems^ the 
pupil should gain an understanding of d » rb (distance fomula)* 

b* Have them practice solving distance problems involving only X 
object or vehicle* (if a plane averages 530 miles per hour^ 
how far will it go at this speed in 4 hours?) 

l) Have them solve problem as illustrated below: 



2) Have them solve problem by formula: 

d * rt 
d * 580 X 4 
d « 2320 

c* Have them solve distance problem involving 2 objects or people* 

1) larzy and Jennie on bicycles start from the same place at the 
same time and ride in opposite directions* Larry races at the 
rate of 5 mph and Jennie at 8 mph* How far apart are th^ 
in one hour? in 2 hours? in 4 hours? 

Shcourage the pupils to use a diagram: 



Start 



1 hr 



2 hrs 



3 hrs 



4 hrs 






580 mi* 1160 mi* 1740 mi* 2320 mi 



Jennie 

2 hr* 1 hr* Start 






1 hr* 



2 hr 




5imi* lOmi 



26 miles apart 
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2) Two cars start from the same place at the same time and 
travel in opposite directions* One travels at 40 miles per 
hour and the other at 30 miles per hour* What distance will 
the first car have traveled in x hours? What distance infill 
the second car have traveled in the same time? They are 350 
miles apart in x hours* Express this fact in terms of x* 

3) Jennie and Larry are 45 miles apart* They start toward each 
other at the same time* Jennie rides at an average speed of 
9 m{^ and Larry rides at an average speed of 6 mph* In how 
many hours after they start will they meet? 

Jennie starts 

Distance apart at end of 1 hr * 

^ 9 mi. 30 mi* 6 mi.J 

I I 

i L 

Distance apart at start: 45 mi* 

How much distance did they cover together in one hour? 9 + 6 « 15 mi 




Larry starts 

I 



Jennie starts 



Larry starts 



Dist ance apart at end of 2 hrs* 

L ! 1 

. _J- I 

{ 18 mi* 12 mi* 

I 

Distance apart at start: 45 mi* 

How much distance did th^ cover together in 2 hrs*? 18 + 14 « 30 mi 

Ck}mplete the problem* They meet in 3 hours* 

Jennie starts Larry starts 





They meet 




27 mi* 18 mi* 



I 

I 



Instance apart at start: 45 mi* 



4) Flane A starts from City A for City B traveling at 450 miles 
per hoiir. Plane B starts at the same time from City B for 
City A traveling at 500 miles per hour* In how many hours 
will they pass each other if the distance between the cities 
is 2850 miles? 

Let X ■* number of hours it takes for the planes to meet* 

Each plane travels the sdime number of hours* 



Distance plane A travels in x hours is 450*x 



Distance plane B travels in x hours is 500*x 



City A 

45Qx 



I 



50Qx 

^ 

2850 mi*5 



City B 



I 

I 



The facts in the problem nay be organized in table form* 



Plane A 


450 


X 


45Qx 


Plane B 


500 


X 


50Qx 



Set up equation: 450x + 50Qx = 2850 

95Cbc = 2850 
x = 3 

They will pass each other in 3 hours* 

Check results with conditions in the problem* 

The plane from City A traveling at 450 miles per hour will 
cover 1350 miles in 3 hours* The plane from City B travel- 
ing at 500 miles per hour will cover 1500 miles in 3 hours* 
Together they will cover 1350 + 1500 or 2850 miles in 3 hoiu*s* 

d* Have pupils practice solving problems* 

l) Two trains are traveling on parallel tracks toward each other* 
The slower one travels at 40 miles per hour^ the faster at 
60 miles per hour* What distance do the two trains cover in 
one hour? in two hours? If they start at the same time from 
towns which are 500 miles apart^ in how many hours will they 
pass each other? 



- 89 - 



2) Frank and Sam leave school for home* Ihey go In opposite 
directions* Frank walks at a rate one mile an hour faster 
than Sam^ who walks at 3 miles per hour* In how many hours 
will they be 3*5 miles apart, the distance between their 
homes? 

3) A bus leaves Boston for New York City 250 miles away travel- 
ing at 35 miles per hour* At the same time, another bus 
traveling along the same route leaves New York City for Boston 
traveling at 40 miles per hour^k In how many hours will they 
pass each other? 

4) Other problems may be found in any 9th year textbook* 

S* Help pupils think through relationships in verbsOL problems involving 
mixtures as follows: 



a* If a certain grade of coffee costs 75 cents a pound, how much will 
10 pounds cost? 15 pounds? 

b* What is the total cost of 20 pounds of 75*cent coffee and 35 pounds 
of descent coffee? 

c* How would you express the cost of x pounds of 75-cent coffee? 
of (50-x) pounds of 90-cent coffee? 

d* Of 100 poixnds of tea, x pounds are sold at 55 cents a pound 
and the remainder at 63 cents a pound* Express the nuoiber of 
pounds sold at 68 cents a pound* Express the amount of money 
received for the cheaper tea; the more expensive tea* 

e* A grocer has two kinds of coffee, one priced at 80 cents a pound 
and the other at 70 cents a pound* How many pounds of each should 
be used to make a mixture of 120 pounds to sell at 74 cents a 
pound? 



Illustrative solution 



Guide pupils to see that the basic assumption of the situation 
is that the grocer receives the same amoimt of money after 
mixing the coffee that he would have received without inlying it * 



Let X 
120-x 
80 X 
70(l20-x) 



« number of pounds of 80-cent coffee 
= number of pounds of 70-cent coffee 
* value of X pounds of 80-cent coffee (in cents) 
value of 120-x pounds of 70-cent coffee (in cents) 
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Have pupils see that 8Qx + 70(l20-x) represents the value 
(in cents) of the coffee without making a mixture. Have 
them see that the amount of money (in cents) received 
after m-i-iring the two kinds of coffee is 74(120 )• 



80x + 70(120 - x) = 74(120) 
8Qx + 8400 - 70x = 8880 


(Distributive property) 


8Cbc - 70x + 8400 - 8880 


(Commutative property) 


ICbc 8400 = 8880 


(Distributive property) 


ICfec e 480 


(Subtraction principle) 


X =48 


(Division principle) 


120- X = 72 





The grocer needs to mix 4^ pounds of 80~cent coffee with 
72 pounds of 7O— cent coffee. 

Check resu lts w ith con ditio ns in t he problem 

The two amounts^ 46 pounds and 72 pounds^ total 120 pounds. 

The money received for selling 46 pounds of 60—cent coffee 
and 72 pounds of 70-*cent coffee is .60(46) + #70(72) or 
$36.40 + $50.40 or $66.60. The value of 120 pounds of 
74-cent coffee is .74(120) or $66.60. All conditions of 
the problem have been dtiecked. 

f. Have pupils practice s imi lar problems. 

1) The G.O. store at a certain school sold 240 notebooks the 
first day of school^ some at 30 cents each and the rest 
at 45 cents each. If a total of $65*50 was collected, 
how many of each kind were sold? 

2) Sally bou^t some five-cent stamps and some two«cent stamps 
for $1.79. She bought 55 stamps altogether. How many of 
each kind did she buy? 

3) A confectioner mixes two kinds of candy obtaining a mixture of 
30 pounds worth 40 cents per pound. If the costs per pound of 
the two kinds of candy are 50 cents and 35 cents, find how 
many pounds of each kind he should take. 

B. Suggested Ftactice 

Problems similar to those in section VII-^-2c, 3c, 4d, 5c, 6e, 7d, and 6f • 






CHAPTER V 
FOLYNOMULS 



In this section the teacher will find suggestions for 
procedures to help pupils develop an understanding of the 
meaning of a polynomial^ and understanding and skill in 
operations with polynomials: addition, multiplication, 
subtraction* 



I* Meaning of Polynomials 
A* Suggested Procedure 

1. Have pupils review the meaning of base, exponent and power. 

(See Chapter III) 

2 

Consider 5 • What is the base, eajponent, and power? 

2 

2* Have pupils consider expressions such as 2x + 2 and Ax +1; guide 
them to see that these expressions cannot be the names of numbers 
since they involve variables. Have pupils see the need for 
investigating the set of all such expressions. 

3* Have pupils recall that each time a new set of numbers was con- 
structed, it was done by expanding an old one, e.g., the set of 
fractions includes the whole numbers, the set of signed numbers 
includes the numbers of arithmetic (positive numbers), etc* 

We are going to construct a set of expressions such as 2x + 2 and 
+ 1 ^ The new set will contain all the numbers already worked 

with as well as expressions like 2x + 2 and Ax? + 1. Every member 
of this set will be called a pniynomia.!. 

4* Have pupils construct polyncmdals* 

a* Have them select any base x and write some powers of x (the 
exponents are limited here to the positive integral values}* 

X, x^, x?**.idiere a specific mmber may be substituted for x* 

Mote : The letter in our polynomials will be considered, for our 
purpose, a variable with a domain* 
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b. They may now select any numbers they know 

f... -5, ...-ai, ...0, ...1, ... Jand use these to moltlply with 

X, X?, x3... . 

They will create expressions such as the following: 

7*x or 7x5 12*x^ or 12x^j -2»x^ or -2x^ 

c. Have pupils take sane of their creations and them. 

They may also add some of the numbers. Thus, they may have: 

7x + 12x^ i -2x^ + 17; 3x + iix? + (-3x3 ) + (.7 ) 

Tell pupils that any such sum is called a polynomial. 

Have them suggest other polynonials. 

5. Have pupils consider the polynomial Ax^ + 3x + 6. What is 
contained in it? 

a. It has the single variable x, which has some set as its domain. 

b. It contains the numbers A, 3, and 6. These nmbers are called 
the numerical coef f ic ient s of the polynomial (usually called 
simply the coefficients ) . 

c. Certain operations are used: we multiply A and’x? and 3 and xj 
we add Ax^, 3x and 6. Each of the three expressions t^t are 
added is called a term of the polynomial. The coefficient 

6 is given a special name. It is called a constant term. 

d. Have pupils examine the polynomial -2x? + 6 x^ + 2x + 1. 

They observe that this, too, contains a variable x which has 
some set as its domain. It contains some coefficients 

(-2, 6, 2, 1). The variable and coefficients and terms are 
coaobined by the operations of addition and t.-i pi i cation . 

e. Guide pupils to see that every polynomial (in one variable) 
has the same three characteristics: variable, coefficients, 
and operations. 

6. Develop with pupil the understanding that a polynomial (in x) is 
an expression that can be constructed from the variable x and from 
some coefficients by means of addition and multiplication. 

The variable in a polynomial need not be x. For ex^ple, 4y^ + 6 
is a polynomial in y, and 3a^ + 2a + 5 is a polynomial in a. 
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7* Ghiide pupils to observe the foUovdng about notation: 

a* We usually do not write a coefficient of 1* For example^ 
we write Ax^ + x instead of bs? + lx. 

b* When a term has a negative coefficient ^ we do not write a 
plus sign to indicate addition* Thus^ instead of writing 

3x^ + (-2)x + (-6), we write 3x^ - 2x - 6* 



8* Have pupils examine the following to see if th^ are polynomials: 
5x^ + 3x - 7 is a polynomial. 

Jx^ ■** 4 + ^ * polynomial. 



9 



1 + 9 

X 



This is a polynomial for the set of 
polynomials is an e3q)ansion of the set 
of directed numbers* 

This is not a polynomial since it 
involves division by x. 



9* Develop with pupils an understanding of the degree of a polynomial* 



a* Have pupils consider the two polynomials: 
2x^ - 3x + 2 
2*5 - 3x + 2 



Have them compare the coefficients and exponents of comparable 
terms* How are they different? The first one is said to bo 
of degree 5 . the second one, of degree 2 . 

b. Have pupils evaluate each polynomial by replacing x by 3 s 
2 x^ - 3x + 2 = 2.3^ -30+2-11 
2 x^ - 3x + 2 = 2*3^ - 30 + 2 = 479 



They observe that the value of the polynomial of degree 5 
is very different from that of degree 2* 

c* Develop with pupils the \inderstanding that the degree of a 
polynomial is the number which is the highest exponent of 
the variable appearing in the polynomial* 
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+ Ax - 9 is of degree 3 

2p - 8 is of degree 7 

5 - 6a is of degree 1 

8 is of degree 0 

Note : The degree of a non-zero constant polynomial is 
defined to be zero. 

10. Discuss with pupils the desirability of arranging the terms 
in some definite order when operating with polynomials. 

Consider the poijmomlal 3a2 + 5xA_2E? + 6+x. The teims 
may be rearranged in any order using the associative and 
comnutative principles. However, it is customary to rearrange 
the terms of a polynomial in one of two ways: 

5 x^ - 2x? + + X + 6 

Have pupils look at the exponents. Beading from left to rigiht 
they are: A> 2, 1. (x^ =* x by definition) 

Since the exponents become progressively smaller, this arrarige- 
ment is called "descending order." 

6 + x + 3x?-2x3 + 5x4 

Reading from left to right, the exponents are: 1, 2, 3, 4. 

(x = X?- by definition) Since the exponents become progressively 
larger, this arrang«nent is called "ascending order." 

11. Tell pupils polynomials may contain two or more variables such as: 

a. 3x^ 2x^y - 

b. X + y 

c. X? - y2 

In a the polynomial is in descending order of exponents of x 
and in ascending order of exponents of y. 

12. Have pupils consider the individual terms of a pol^omial 
as for example, the terms of the polynomiai^ 2x-^ + 6x-<^. 

The individual terms, 2x^ and 6x2, are called monomials. 

The number 2 in 2x^ is the coefficient of the monomial and 
the 3 in 2x^ is called the exipnent of the monomial, or the 
exponent of x in the monomial. What is the coefficient and 
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the exponent of the monomial x^? of the monomial -8x? Guide 
pupils to see that the degree of a monomial in one variable is the 
number which is its exponent. 

13 . Guide pupils to see that eveiy polynomial is either a monomial or 
a sum of monomials. If a polynomial is a sum of two monomials^ it 
is called a binomial; if it is a sum of three monomials, it is 
called a trinomial . 

3 

a + 9 4 - y are binomials 

6 y^ + 14 - lOy is a trinomial 

B. Suggested Practice 

1. Which of the following are polynomials? 

,2 2 1 - 

6x-5 Jx-8 11 

2. Write three polynomials in x; three polynomials in y. 

3. Identify the various coefficients, exponents, constant terns, and 
degree of each of the following: 

a. 3x^ + 2 + 4x d. l + a^-2a + 5a^ g. 6 - 3x 

b. y^ + 2y + 6y^ + 5 e. x^+^-9 -2a 

c. 32 + a^ - 7a f . r^ - 2r^ - 7 i. 12 

4* Arrange each polynomial in ^ in descending order and in ascending 
order. 

5 . Evaluate the polynomial 3y^ + y - 4 for each of the following 
replacements for y: 

20-41 

II. Addition of Polynomials 
A. Suggested Procedure 

1. Review the use of the distributive property to simplify expressions, 
a. 2x + 3x = (2 + 3)x, or 5x 
5a + 2a = (5 + 2)a, or 7a 
5a^b + 7ab2 = (5 + 7)ab2, or 12ab^ 

Have pupils recognize that this results in a procedure for adding 
monomials. 
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b. Does the distributive property help us to simplify the following 
expressions: 

3x + 2y 

ya + 2 

5a^b + 2ab^ 

Are 3x and 2y monomials in the same variable and of the same degree? 

Are 3b^ and 2 monomials in the same variable and of the same degree? 

Are 5a^b and 2ab^ morwinials with the same literal factors? 

c* In addition of two (or more) monomials with the same literal factors, 
the sum can be expressed as a monomial through the use of the dis- 
tributive property* 

d. Have pupils circle the monomials in the same variable and of the 



same degree: 






1) 2a 


5c 


-3a 


7d 


2) 3x^ 


-2x 


1 


5x2 


3) 4 


3m 


-5 





Tell pupils the terms of an expression which have the same variables 
and the same exponents for corresponding variables are called similar 
teims or like terms* 

e* When possible, write a monomial for each of the following: 

1) + 7:^ 3) a - 6a 5) 3x^ + ^ 

2) 13n? + 4^) -3“ + 4“ 6) 7x + 

2. Using the Commutative, Associative and Distributive properties to add 
polynomials of the first degree* 

Note : Since a polynomial has been defined in terms of a variable, with 
some set as its dcanain, the number properties which hold for variable 
e:q>ressions will hold for polynomials as well* However, in hi^er 
mathematics a polynomial may be regarded as a form* with x as an 
arbitrary symbol to itdiich no meaning is attached* If this meaning of 
a polynomial were adopted, it would then be necessary to establish 
the Conmutative, Associative and Distributive properties for polynomials* 



a* (x + 7) + 2x =» (x + 2x) + 7 Commixbative, Associative properties 

* (l + 2)x + 7 Distributive property 

or 3x + 7 

(Ax + 2) -H (3x + 5) “ (Ax + 3x) + (2 + 5) Commutative, Associative 

properties 

* (4 + 3)x + (2 + 5) Distributive property 
or 7x + 7 

Have pupils observe that the sum of two polynomials in x is also 
a polynomial* 

b. Have pupils checdc to see whether (Ax + 2) + (3x + 5) and 7x + 7 
name the same number >hen x is replaced by a paiticular value, 
say 2. 

(4*2 + 2) + (3*2 + 5) = 7*2 + 7 
10 + 11 ^14+7 

21 = 21 True 

3* Using Number f^perties to add polynomials of degree greater than one* 
a* (2x^ + Ax + 3) + (3x^ + 5x + 6) 

2 2 

«(2x + 3x ) + (Ax + 5x) + (3 +6) Comnutative, Associative properties 
*=(2 + 3)x^ + (a + 3)x + (3 + 6) Distributive property 

r 2 

or 5x + 9x + 9 
Similarly, 

(Ax - 6x^ + X + 1) + (-2x^ - 5x^ + 2x - 2) 

=(Ax^ - 2x?) + (-6x2 - 5x^) + (x + 2x) + (l - 2) Commutative, Associative 

properties 

=*(4 - 2)x^ + («$ « 5 )x 2 + (i + 2)x + (l - 2) Distributive property 
or 2x^ - ih? + 3x - 1 

Have pupils realize that in adding polynomials of degree greater 
than one, we combine similar terns and thereby obtain a simpler 
but equivalent expression* This is accomplished by adding the 
numerical coefficients of similar tenns* 
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b. Have pupils realize that it may be helpful to arrange the work 
vertically* For example^ the sum of 

3a^ + 4a + 5 and 2a^ + 3a 

may be arranged as: 

(3a^ + 4a + 5) + (2a^ + 3a) or + 4a + 5 

9 0. V 2a2+3a 

- (3a^ + 2*2) + (A* + 3a) + 5 5 ^ 2+7475 

= 5 a^ + 7a + 5 

c* Have pupils learn to check the addition of polynomials by 
assigning a numerical value to the 'variable and evaluating the 
^pressions • For example^^ 







Check: Let a « 2 


3 a* + 4a + 5 


> 


3»4 + 4*2 + 5 * 25 


2a^ + 3a 


> 


2*4 + 3*2 * ^ 


5a^ + 7a + 5 


> 


5*4 + 7*2 + 5 - 39 






39-39 



Discuss the disadvantages of selecting 1 or 0 as numbers for 
checking* 

B* Suggested Practice 

Add the following polynomials* Give the degree and coefficients of 
each result * 

1* (x^ + 2x + 3) + (4x^ + 6x + l) 4 , (-6t + 4) + (2t^ + ®t - 7) 

2. {5t2 _ 7 J- + 3 ) + (y^ + 7y - 2) 5. (5r^ + 2r + 12) + (-6r - 3) 

3. {-3b2 + 2b + 8) + (b2 + 5) 6. Bafer to pages in various 

textbooks for additional 
examples* 



III* Multiplication of Polynomials 
A* Suggested Procedure 

1* The product of monomials 

a* Review with pupils use of the commutative and associative 
principles in simplification* 
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1) 3x*4x = 3*4*x*x Commutative and Associative properties 

2 

or 12x (superscript Notation) 

2) 37*2y 5xy = 3*2*5*x*yyy Why? 

3 

or 3Qxy Why? 

3) Have pupil practice multiplying monomials* 

2a*2b*6*ab 6r*Jr.8rs 

5®*3n*mn /pc(-3y)-5z 

b* Have pupils consider the meaning of products such as* 
a^*a = (a*a)*a = a*a*a = a^ 
x^*x^= (x»x*x*x*x) (x*x) = x*x*x*x*x*x*x = sP 



Guide pupils to see that in multiplying two powers of the 
same base, the product has the same base. The exponent 
of the product is foimd by adding the ozdginal exponents* 

Have pupils realize that this rule of exponents applies 

only when the bases of the powers are the same* It cannot 

be used, for example, to write a simplification of the 

product because the bases of the powers x3 and- y^ 

are. different* This is known as the rule of exix>nents for 
multipli ca tion . " 

c* Have pupils use the rule of eacponents for multiplication 
together with the Commutative and Associative properties 
to express the product of monomials* 

l) (iix^)*(3x^) = 4*3 x^*3j 4 Why? 

« 12x^ Why? 



Have pupil examine 4x^* Is it a monomial? 

Have pupil examine 3x^. Is this a monomial? 

Have pupil examine the product 12x^ * Is this a monomial? 



The answer to all 3 questions is, "Yes*” 



Have pipils conclude that multiplying a monomial by a 
monomial results in a monomial* 
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2) (x^)(8x)(^x^)(-3x^) =6*^*(-3)*x .x.x'.x 

= 8x9 

Have pupils notice that the product of any number of 
monomials is also a monomial* 

3) Have pupils consider the difference between the two 
expressions: 

3x^ and (3x)^ 

3x^ = 3*x*x 

(3x)^= 3x*3x = 3^*x^ = 9x^ 



Have pupils note that in raising a product to a power 
each of the factors of the product is raised to that 

power* 



d 



, Have pupils practice multiplying monomials* 

1 ) (3x2)(7x3) 5) (-3x)(-5x^)(8x^) 



2) (-2Qx^)(6x) 6) (/pc)2 

3) (-10y5)(_6y3) 7) 

4 ) 8 ) {-yo9 

3 



2* The product of polynomials by monomials 



a. Have pupils examine the diagram at 
the right* They should notice that 
the area of the large rectangle 
(A3) equals the sum of the areas of 

rectangles and A£, or A3 = ^i+A2* 




Rectangle 




b. Have them consider each of the 
smaller rectangles separately 
and find the area of each* 




(5x)(2x) = IQx^ 




Ag = 7*2x 



= lAx 



5x 



7 



c. The pupils now find the area of the large rectangle by- 
adding the areas of the other two rectangles* 

A3 = + Ag = IQx^ + lAx 



d* Have pupils express the area of 
the large rectangle (A^) in 

terms of its dimensions. 



A3 = Iw 

A^ = (5x+7)(2x) = (2x)(5xH7) 



5x + 



7 




e* Have pupils discuss (2x)(5x+7) and decide viiich liroperty may 
be applied to polynomials to find an equivalent e3q)ression* 

It is the distributive property of multiplication over addition. 

(2x)(5x<7)=(2x)(5x) + (2x)(7) = + Ihx DistributiTO property 

They should check this with the area found in 2-c. 

f. Have pupils substitute numerical values for x in (2x)(53cf7)=lQx^+l4x. 
For the domain of x use 3!* (Also substitute values of x in 

^ 1 > ^ 3 ^ 

Have pupils detennine whether or not true statements result. 

g. After several similar examples, have pupils realize that to 
multiply a binomial by a monomial, we use the distributive 
property: we multiply each term of the binomial by the 
monomial and add these products. 

h. Use a procedure similar to 2a-2g to have pupils ?.eam to find 
the product of a monomial and any polynomial* 

i. Have pupils practice finding products such as: 



1) 2(5x + 4) 

2) -3(2a + 1) 

3 ) 5x(x^ + y) 



4) -3x(2 - x) 7) -7y^(2y2 + 3y) 

5 ) x2(7x - .4) 8) _2(a2 _2a + a) 

6) S^(2 - 4 ay) 9) b(6b^ + 4b - 8) 



10) - Ux + 6) 
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j. Have pupils practice solving equations such as: 

1) 2x + 3(x + 2) = 16 4) + *5(3 - y) * 4.5 

2) 4n + 3(n - l) = 18 5) (2x + 4) + 3(x - l) « H 

3) -2a + 5(a + l) = 20 6) 10(x - 2) + 4(2x - l) = 12 

k- Have pupils practice solving problems such as the foUow^g ty 
representing each answer as a polynomial or as a directed number. 

1) IT X represents the length of a certain rectangle and if 

2x + 7 represents its width, how would you represent its areaf 

2) A man drove for 3 hours at (x + 30) miles per hour, then at 
(x + 40) miles per hour for 6 hours. Represent the total 

distance traveled. 

3) An automobile traveled at x miles per hour for 5 ho^s, then 
at (x + 15) miles per hour for 2 hours. It traveled a total 
distance of 310 miles. What was its rate during the five-hour 
period? the two-hour period? 

4) Mary earned y dollars on each of three days and (y “ l) 
dollars on each of the following two days. How would you 
represent her total earnings? 

5) In the preceding problem, if Mary's earnings total ^3, what 
were her daily earnings? 



3, The product of two binomials 



a. Have pupils examine the diagram 
at the ri^t. They should 
notice that the area of the 
large rectangle (A^) equals 
the sum of the areas of 
rectangles ^ 1 * ^ 2 * ^ ^4* 




X 

+ 

2 



-1P3- 



o 



I 

I 



b* Have them consider the smaller 
rectangles separately and find 
the area of each* 




2x 



3 




2x 3 

c. Ibe pupils now find the area of the large rectangle. 



« A. + A + A + A 
5x234 



= 2x^+3x + hx +6 




+ 7x +6 



d. Have pupils express the area of the large rectangle in terms of its 
dimensions. 



= (2x + 3) (x + 2) 

e. Have pupils discuss (2x+3.)(x+2) and decide which property may be 
applied to polynomials to find an equivalent expression. first 
treating 2x + 3 as a number by idiich the binomial x + 2 is multiplied, 
we obtain: 

(23c+3)(x+ 2) = (2x+3)(x) + (2x+3)2 Distributive property 



Have pupils check this with the area found in 3-c. 

f. Have pupils illustrate geometrically the product (x+2)(x:43) and find 
an equivalent expression for the product. 

g. Have pupils multiply using the associative and distributive properties 
as reasons. 



a Iw 



= 2x^ + 3x + 4x + 6 
= 2x^ + 7x + 6 



Why? . 



Why? 
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Sample : (x+2 ) (x-1 ) 



Expression 


Reasons 


l) (x+2)(x-l) = (xrb2)x + (xt2)(-l) 


Why? 


2) =x^+2x-x-2 


Why? 


3) = x2 + (2x - x) - 2 


Vftiy? 


4) = x2 + (2 - l)x - 2 


Why? 


5) = X? + X - 2 





Have pupils realize that the distributive property of multiplica- 
tion over addition is used several times to find a single poly- 
nomial that is the product of two binomials. 

h. Have pupils decide whether or not the binomials (x+2)(x— 1) would 
yield the same product ^ x^ + x - 2, as (x-l)(x+2). Check by 
carrying out the multiplication. 

i* Have pupils learn to multiply the binomials v^en they are in a 
vertical arrangement. 

1) From 3-e, (2x+3)(x+-2) * 2x^ + 7x + 6 



2) Have pupils let x = 10 and examine the following: 



If X 



(2x23) 

(10x23) 



10, 2x + 3 = 23, X + 2 = 12, and 2x^ + 7x + 6 = 276 



23 


= 20+3 


X 12 


= xlO + 2 


46 


40 + 6 


23 


200+ 30 


276 


200+ 70 + 6 



2 ( 10 ) + 3 

X 10 + 2 

4 ( 10 ) + 6 




3) Now have pupils follow the pattern in i— 2) and multiply the 
binomials from right to left: 

2x + 3 

X + 2 

4x + 6 2(2x + 3) 

2x^ x(2x + 3) 

2x2 +7x + 6 
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4) Tell pupils that in multipQJLcation of binomials it is eustomaiy 
to proceed from left to right. 

2x + 3 

X + 2 

2x^ + 3x x(2x + 3) 

+ + 6 2(2x+3) 

2x^ + 7x + 6 

J. Have pupils practice multiplication of binomials. Use both 
horizontal and vertical fonn. Have them check the accuracy 
of the multiplication by evaluating the factors and their 
product^ using any nunibers except 0 and 1. 

Guide pupils to see that multiplying two binomials will result 
in four partial products. Since similar terms may be combined, 
the final product may contain fewer than four terms. 

k. Have pupils realize that we use a similar procedure to multiply 
polynomials which contain three or more terms. They should 
realize that the number of terns in the multiplicand times the 
number of terms in the multiplier detezmines the number of 
partial products. For example, how many partial products are 
there when the multiplicand is x^ + 3x + 5 and the multiplier 
is X + 5? 

l. Have pupils try various ezamples so that they will discover: 

1) The product of tw monomials is a monomial. 

2) The product of a monomial and a binomial is a binomial. 

3) Tie product of two binomials containing similar terms is 
generally a trinomial. 

(2x + 3)(x + 2) » 2x^ + 7x + 6 

Have them try to find a case in vdiich the product of two 
binomials is a polynomial of four terms. 

Have them try to find a case in which the product of two 
binomials is a binomial. 

Have pupils realize the product of any two polynomials is a 
polynomial. 
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B. Suggested Fmctice 



Ibcpress the product in each case as a monomial. 



1. (3x)(7x) 

2. (2x)(5x^) 

3. (3x2)(7x3) 

4. (-4y)(77^)(3) 

5. (^)(-Ax^)(x) 



6. (58^)(^)(-2s^) 

7. (2xy)(5x^) 

8. (.5a^b)’(2h?) 

9. (-7x^)(2y)(-3y) 

10. (2r)^ (3r) 



Have pupils perform the following multipOication. (Illustrate 
examples 11 and 12 geometrically • ) 

11. (4a + 6)(3a) (2^(4x - l) 

12. (6b + 7)(3b) 16. (.7)(2b + .3) 

13. (5y)(6y - 3) 17. (ix)(4x - 6) 

14. (-3a)(2a + 3) 18. Refer to textbook for 

additional practice. 



Multiply the following polynomials using the horizontal form. 
Give a reason for each step. 



19. (x + 3)(x + 4) 



23. (x + 5)(x - 2) 



20. (x - 2)(x + 6) 

21. (2a - l)(a - 2) 

22. (3y + 2)(iiy - 1) 



24, Illustrate geometrically and 
then express the area of a 
rectangle whose dimensions 
are (x + 5) and (x - 2), 

25. Check examples 19 and 20 by 
substituting 3 for x. 
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Multiply vertically: 



26. 


(a + 3)(a - 


2) 


31. 


(a + 3)(a - 3) 




27. 


(x + 5)(x - 


3) 


32 . 


(x^ - 3x + l)(x 


+ 7) 


2d. 


(2sr + 3)(3y 


- 7) 


33. 


(.3ac? + 2)(.4x^ 


- 3) 


29. 


(3m - 8) (2m 


- 6) 


34. 


(a + b)(a + b) 




30 . 


(3x - .7)0pc + .3) 


35. 


(c + d)(c - d) 





360 (m + 3n)(m + n) 



OPTIONAL 

Use the properties of numbers to prove that each of the following 
is a true statement for all values of the variable. 

37. (a + b)(c + d) = ac + be + ad + bd 

3 B 0 (x + y)(x + y) = x^ + 2xy + y^ 

39* (x + y)(x - y) = x^ - y^ 

IV. Subtracting a Polynomial from a Polynomial 
A. Suggested Procedure 

1. Review the uses of the sign. 

a. Signed or directed number: 1 t 1 1 1 i 1 

-3 -2 -1 0 1 2 3 

b. Sign of the binary operation of 
subtraction: (S) - (5) =* 3* 

c. Indicating additive inverse or ODTx>site (or negative of ) 

Have pupils recall that the sum of a number and its additive 
inverse (opposite) is zero. 

Thus, the additive inverse of 3 is -3 because their sum is zero. 
«(«3) s ? -(->3) means additive inverse of -3 which is 3# 



2. Meaning of additive inverse of a polynomial 

a. Have pupils review that subtraction of a number is perfonned 
by the addition of its additive inverse. 

(+6) - (+2) = W) + (-2) since -2 is opposite of +2 

(+3) - (^) « (+3) + (-Wf) since 44 is opposite of -4 

Ihus^ for any number a and b, a - b = a 4- (-b^ 

The opposite of b is (-b) where b may be positive,negative, or 
zero. 

b. Have pupils consider what we shall mean by subtracting poly- 
nomials. 

Note: Since the set of polynomials is an expansion of the set 
of signed numbers, we would like the meaning of subtraction 
of polynomials to parallel the meaning of subtraction of 
signed numbers. Therefore, let*s agree that subtracting a 
polynomial shall mean adding its additive inverse. 

c. Finding the additive inverse of any polynomial 

l) Have pupils realize we need to know how to fojid the additive 
inverse of a polynomial. Does every polynomial in the set 
of polynomials have an additive inverse? For example, 
can we find a polynomial and add it to i»x and get a sum 
of zero? 

Guide pupils to see that 
Z|X 4- (-lis) 

= (4 - 4)x (Distributive property) 

« 0*x = 0 (Multiplicative property of O) 

Then and -4!*x are additive inverses. 

NgiYo pupils practice finding the additive inverse of each 
of the following: 

7 6a 2x^ -5y^ 

The additive inverse of a term of a polynomial is another 
term such that their sum is zero. Pupils should realize^ 
that to find the additive inverse of a term, the coefficient 
of the term is replaced by its additive inverse. 
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2) Have pupils observe that in the same may: 

(2x + 5) + (-2x - 5) 

=(2x - 2x) + (5 - 5) Why? 

={2 - 2)x + (5 - 5) Why? 

Then 2x + 5 and -2x - 5 are additive inverses. 

(-4y^ + 3y) + (4y^ • 3y) 

= (-4y^ + 4y^)+ (3y - 3y) 

=(w^ + 4 )y^ + (3 - 3)y 

» 0 

Then -4y^ + 3y and 4y^ - 3y are additive inverses 

(3a2 - 5a + 2) + (-3a2 + 5a - 2) 

=(3a^ - 3a2) + (-5a + 5a) + (2 - 2) 

=(3 - 3)a^ + (-5 + 5)a + (2 - 2) 

= 0 

2 o 

Then 3a - 5a + 2 and -3a^ + 5a - 2 are additive inverses. 

The additive inverse of a polynomial is another polynomial 
each of vdiose terns is the additive inverse of the corres- 
ponding tern of the original polynomial. 

Have pupils realize that to find the additive inverse of 
any polynomial, we replace each coefficient by the additive 
inverse of the coefficient. 

Have pupils practice finding the additive inverse of each 
of the following; 

7x + 5 -6c + 4d 3b^ + b - 2 -3x^ - 12x 



-llOu. 



3) Have pupils recall that the additive inverse of a number 
may be indicated ty writing a in front of the n^ber. 
The additive inverse of a polynomial may be indicated 
in the same way* 



Polynomial Its Additi ve Inverse 

3x - 2 (-3x + 2) or -(3x - 2) • 

lOx^ - 5x + 3 (-IQx^ + 5x - 3) or -(iCb^ - 5x +3) 

Have pupils realize that whereas a polynomial has only one 
additive inverse, this inverse can be written in mow than 
one way* Sometimes it is more convenient to have the in- 
verse written in one way, sometimes in another. 



Subtracting a polynomial 

a* Guide pupils to subtract a polynomial from a polynomial, as 
follows: 

1) (5x + 7) - (ipc - 2) = (5!c + 7) + (-4X + 2) Why? 

= (5* - isx) + (7 + 2) Why? 

- X + 9 

2) (2x^ + 7x - 8) - (6x^ - sac -5) = (2x2 + 7x - 8) + (^,^2 + 8x + 5) 

= (2x^ - 6«?) + (7x + fix) + (-8 + 5) 



= -lix^ + 15x - 3 

3) (Aa^ - 3a + 2) - (2a^ + 7) = - 3» + 2) + (-2*2 - 7) 

» (4a^ - 2*2) - 3a + (2 - 7) 

- 2*2 - 3a - 5 

pupils perform the following subtractions* 

1) (3a - 2) - (4a + 3) 5) (3*b2- 4*^ + 6ab)-(7ab2- 2*2b + 6ab) 

2) (6b + 3) - (5b - 7) 6) (4x2y^ - 2xy + 7) - OxV - 9) 

3) (4x? - 3y) - (T3 c 2 + jy) (5a^b2 - 7*2b2 + 3ab)-(4a^b + 6ab2 - 7) 

4) (2x2y - 4x) - (3a^ “ 8*) 






c. Subtracting polynomials in vertical arrangement. 

1) Have pupils subtract 2t? - 3x from Ax? + 5x 

2) Have them rearrange their example as follows: 

Horizontal Form Vertica l Form 

(Ax^ + 5x) - (2x^ - 3x) Subtract: Ax^ + 5x 



The vertical form 



Subtract 
Ax^ + 5x 
2x^ - 3x 



Add 

ipc^ + 5x 

becomes 

“ 3x 

2x^ + 8x 



3) Have pupils check this example by substituting a numerical 
value for x in the minuend^ subtrahend^ and difference. 



For example, when x = 2 

4(2)^ + 5(2) - A(A) + 10 = 26 Minuend 

2(2)^ - 3(2) = 2(4) - 6 * ^ Subtrahend 

2(2)^ + 8(2) = 2(4) + 16 ^ 24 Difference 

8 + 16 i 24 



24 * 24 Tme 



4) Have pupils also check by adding the difference and the 
subtrahend to see Aether the sum is the same as the minuend. 

2 

Add 2x - 3x Subtrahend 

2x? + 8x Difference 

Ax^ + 5x Minuend 

5) Have pupils practice subtracting the following polynomials 
vertically. Check each example in two ways. 

a) 3a + b b) -4c + 7d c. 6b^ - 8c d) 3x^ - 

2a + b _ -3c - kC Ulr 6c 2x^ - 



^2 2 2 

e) From the sum of (3x + 2x) and (2x - 3x) subtract (6x - 

f ) Other examples from textbook. 
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B. Suggested Practice 

1, What is the additive inverse (opposite) of each of the following? 

a. -3x d. 6x^ - 7 



2 

b. 2y^ 

c. 3y - 4 

2. 6x - (2x) = 7 

3. 7n2 - (-3n2) « ? 



e. - c^ 

f . 6x^ - 3x + 4 

6. (8a^ - 7a) - (-3a) = 7 

7. (,2x^ - x) - (•3x^)= ? 



4. -4x - (-8x) “ 7 

5. (7x + 2x) - 4x = 7 



S. (iy^ + Jy) - {-iy)“ ^ 
9. (6y^ - 7z) - (+3y^)“ ’ 



10, Do in horizontal fom: 

a* What must be added to 3x^ — 2x to give 5x^ — 3x7 

b. Subtract 3x^ - 4x from 4x? - 3x. 

c. From 2a^ - 3a + 4 subtract 2a^ - 2a - 3« 

d. Subtract 2x^ - 3x + 4 from 2x - 1. 

e. Subtract 3 ^ - 2x + 2 from /»x2 - x + 2. 

f . Subtract 5b^ + 7b from 9b^ - 8b. 

g. Select other examples from textbook. 



11. Do in vertical forms 

Check by evaluation: x 

Subtract 

a. Ax^ - 3x 
2 

2x^ + 5x 



= 2, a = 3, b = 4, c = 5 
Subtract 

b. 3x^ - 7x - 4 



Subtract 
c. 8a - 6b - 2c 
-f 6b - 2c, 



12. Other examples from textbook. 



- 3x^^3 



13 • Solve each of the equations 

a. i!ix - (x + 2) *= 10 

b. 8r - (6r + 5) =* 7 

c. 5x - (2x - 6) « 20 

d. 3y - (4 - 2y) = 21 

e. X - (.4 - x) = 1,6 

f. (6x + 3) - (3x + 5) *= 13 

g. (2a + 6) - (a - 7) = 10 

h. (|x - 2) - (|x + 5) = 1 
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CHAPTER VI 



equations and inequalities 



In this chapter are contained suggested procedures for 
ing pupils develop understanding and facility in solving fJV^tions 
v^ch have the variable in both members, and in applying th^ skill 
to the solution of verbal problems. Here, too, are present^ 
suggestions for developing pupil understanding and ability in the 
solution of literal equations and simple inequalities. 



I. Equations with Variables on Both Sides of the Equal Sign 
A. Suggested Procedure 

1. Have pupils solve equations with variables on both sides of 
the equals sign by trial and error. 



a. Pose problems 

If three times a number is increased by foi^, the result is the 
same as the original number increased by sixteen. 



b. Have pupils translate the Eiglish sentence into a mathematical 
sentence. If n represents the number, 3n + 4 - n + lo. 

c. The pupils should realize that 3n + 4 = n + 16 (the domain of n 
is the set of signed nmbers) is an open sentence. 

Review meaning of open sentence. Have them notice that ^ this 
tte^rSble a^rs both the left and ri^t memtors 
of the equation. Have them select numbers from the domain and 
tiy to discover the value of n which makes the sentence true 
(if such a value exists). 

d. Have the pupils try to solve other equations with variables on 
both sides by trying to discover the value of the variable 
which makes the sentences true. 



2. Have pupils realize that a more systematic procedure is needed to 
solve equations having the variable in both members. 

a. Have pupils recall the use of 

inverses in transforming an equation such as 3* + 5 17 P 

equivalent equations. 



1 



32 + 5 = 17 



3x + 5+ (-5) = 17 + (-5) 



3x = 12 



|(3x) = I (12) 



^ ^ 4 4 is a root of x *= 4 



Check to show that 4 is also a root of 3x + 5 = 17 

b. Have pupils try to discover vdiether the principles used in 2a 
will be helpful in obtaining simpler equations equivalent to 
3n + 4 = n + 16. 

c. The discoveries of the pupils should lead to the following form^ 

3n + 4 “ n + l6 

3n + 4 + (-4) = n + 16 + (-4) Addition principle 



Have pupils check to see that 6 is a root of the equation 3n + 4 « n + 16 
and that 6 satisfies the conditions of the given probl^. 

Have pupils realize that it would be perfectly correct to add -n to each 
member as the first step in obtaining an equivalent equation with the 
variable In only one member. 

B. Suggested Practice 

Solve each of the following eqmtions: 

1. 9x = 3x + 18 7. 2x + 4 = 1 + X 



3n » n + 12 «iy? 

3n + (-n)= n + 12 + (-n) Addition principle 



2n = 12 



Why? 

Multiplication principle 
Why? 



i(2n)= J(12) 

n = 6 



2. 3a + 18 = 6a 



8. 3x - 4 = 11 - 2x 



3. 3n + 6 = 2n + 10 



9. 3x + 5 « 7x + 33 

10. 2(2y - 4) = y 

11. /|X = 2(x - 4) 

12. 27 - 4b « 15 + 3b 



4. 2 + 5b = 4b + 8 




5. ?y + .5 « 2.5 + y 

6. .1 + 7itt — .25 *5“ 6m 
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13. 

14. 

15. 

16 . 



2(x + 3) = 3(x - 2) 


17 


5r - .3 = l.S - 2r 


18 


-25x = 90 + 5x 


19 


1 + 3x “ X + J 


20 



X = 2(90 - x) 

3(3x + 1) = 4(2x + 2) 

- 10 ) + 16 = ^ + 12 
2x - 4(x + 2) = 5(x + 4) 



Note; 1. When pupils show \inderstanding of the “proof” in 2-c, the 
arrangement of work may be condensed as follows; 

3n + 4 n + l6 

3n = n + 12 

2n = 12 

n s= 6 

CJheck; 3(6) + 4 * (6) + l6 

22 = 22 True 



2. When using condensed form for solving an eqatuion, occasio^lly 
have pupils state how they arrive at each equivalent equation 
and the justification therefor. 



II. Verbal Problems 



A. Suggested Procedure 

1. Solve ; Nine more 
number decreased 

Solution ; Let 

then^ 2x 

and 6x 

then^ 2x 

2x 



than twice a number is the same as six times the 
by three. 

X » the number 

+ 9 ~ nine more than twice the number 
- 3 s six times the number decreased by 3 
+ 9 = 6x - 3 
+12 = 6x 



12 = 4x 

3 SB X The number is 3 . 

Check results with conditions in the problem. 

If the nusiber is 3, then nine more than twice the number is 
2 X 3 + 9 or 15. This is the same as six times the number de- 
creased three, that is, 6x3-3 or 15. 



■' o 

ERIC 
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2* Sglv^! A dealer has 10 radios on sale. Some of these radios were 
sold for $25 each and the remainder for $20 each. The total sales 
value of the $25 radios exceeded the total sales value of the 
$20 radios by $160. How many radios were sold at each price? 

I^t n = number of radios on sale at $25 

then 10-n= number of radios on sale at $20 

25n = sales value of all radios sold at $25 each 

20(10 - n) = sales value of all radios sold at $20 each 

then 25n = 20 (lO « n) + 160 (equation) 

25n = 200 - 20n + 160 

45n = 360 

n = 8 8 radios sold at $25 each 

10 — n = 2 2 radios sold at $20 each 

Qieck results with conditions of the problem. 

^ 8 radios sold at $25 each, their total sales value is $200. 

If 2 radios sold at $20 each, their total sales value is $40. 

It is true that $200 exceeds $40 by $160. 

3. In the figure at the right, the length 
of the rectangle is five times the 
width . ^ 

If the length is decreased by 4, 
and the width increased by an equal 
amount, the figure becomes a square. 

Find the dimensions of the rectangle. 



Elution ; Let x = width of the rectangle 

then , 5x = length of the rectangle 
and, 

X + 4 “ the length of one side 
of the square 

5x - 4 * the length of an adjacent L 

side of the square 5x — 4 



Since all sides of a square are equal, we write 

X + 4 = 5x - 4 
Then, 8 « 4x Why? 

2 « X 

10 ^ 5x Dimensions of the rectangle are 

Width = 2; Length * 10 
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X + 4 
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p j^^eck. using the conditions stated in the problem. 

The length, 10, of the rectangle is 5 times the width, 2. 
If the length is decreased ty 4, we have 10 - 4 or 6. 

If the width is increased by 4, we have 2 + 4 or 6. 



The resulting figure is a square. 

Solve : A freight train starts out at 12 noon and is 
by a passenger train which goes 6 mph faster. 
passenger train overtakes the frei^t train at 5 P*m* find 
rates of the two trains. 

Let X = rate of freight train in mph 

IT + A ss rate of oassenger train in mph 



Have pupils organize the facts in table form; 



Bate * Mme ” Dist^ce 
(in mph) (in hours) tin miles) 



PT»elffht train 








Passenger train _ 


•>“ 6 _ 







Have pupils draw a distance diagram* 



12 Noon 
1 p.m. 



5x 



^ Freight train 
L(x + 6) ^ Passenger train 



Since each train covered ttie same distance, we have 

5x = U(x + 6) 

5x =* 4x + 24 (Why?) 

X ss 2k (Why?) The rate of the frei^t train is 24 

X + 6 = 30 The rate of the passenger train is 

results with conditions in the problem. 



B. Suggested Practice 

1. If I subtract 15 from six times a certain number^ the result ^11 be 
three times the mamber. Find the number 

2« Four times a certain number ^en increased by three is equal to three 
times the mamber increased by five. Find the number. 

3* John is now twice as old as Peggy. Ten years ago, John was four times 
as old as Peggy. What is the present age of each person? 

4. Michael is 2 years older than Barry. Twelve years ago Michael was 
twice as old as Barry. Find their ages. 

5* Train A leaves a station at a certain speed and travels for three 
hours. Train B leaves the same station one hour later, traveling 
at a rate 20 mph faster but in the opposite direction, for two hours. 
Upon arrival at their respective destinations, the trains have 
traveled the same distance. Find the rate at which each train 
has traveled. 

6. Car C arrives at a destination after traveling for four hours at a 
constant speed. Car D leaves two hours later, traveling at a rate 
20 mph faster than Car C. How fast was each car traveling, if, at 
the end of two hours. Car D is still 6 miles from the destination. 

7. Two angles \diose sum is 90® are said to be complementary. If one 
of the two complementary angles is 30® more than twice the other, 
how many degrees are there in each angle? 

8. George invested $500 in two parts. One part is invested at 6 % and 
the second part at 2 %» If the interest on the part invested at 6^ 
exceeds the interest on the part invested at 2 % by $14, find how 
much money was invfssted at each rate (interest per year). 

9* A man invested $4,200^ part at 5 % and the remainder at The 
annual interest on the money invested at 5 >% is $24 less than the 
annual interest earned on the money invested at 4^* find how much 
money the man invested at each rate . . 

10. Mr. Jones made a mixture of 100 pounds of candies. Some of the 
candy was worth 80^ per pound and some was worth 60^ per pound. 

The value of the 80^ candy in the mixture exceeds the value of the 
60^ candy in the mixture by $45* How many pounds of each kind of 
candy went into the mixture? 
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11. If, in a square, one side is increased by l6, the new figure 
has a length 8 inches greater than twice the side of the 
original square. Find the length of a side of the original 
square. 

12. If, in a square, one side is increased by 6 and the adjacent 
side decreased by 3> the newly formed rectangle has a length 
viiich is 4 more than twice its width. Find the length of a 
side of the original square. 

13. A dealer blends 100 pounds of coffee using coffees worth 60^ 
and 40^ per pound. If the total value of the 40^ coffee is 
twice the total value of the 80^ coffee, how many pounds of 
each kind of coffee were blended in the ndxture? 



III. Fomulas 

Note : Equations containing more than one variable occur frequently 
in algeb» as well as in the application of mathematics to science 
and business. 

A. Suggested Procedure for Fonnulas Having Two Variables 

1. If the equipment can be obtained, the teacher can have the pupils 
assist in performing the following simple experiment: 

Attach a series of graduated weights to a spring and measure and 
record the corresponding stretches in the spring. Thus, vdien 
there is no weight attached to it, the spring reaches a point 
that we let correspond to zero. When a weight is attached, the 
spring stretches, and the distance it stretches may be measured 
using an appropriate vertical scale. A table such as the follow- 
ing can be constructed: 



W (weight in pounds or grams) 


0 


1 


21 3 


4 


5 


S (stretch in inches or centimeters) 


0 


2 


4 I 6 


8 


10 



Have pupils examine this data in search of a pattern. They shouW 
be able to reach the generalization that the number of inches (S) 
that the spring stretches is equal to twice the number of pounds (W) 
in the weight attached to the spring. (Since different springs and 
wei^ts may be used, the coefficient may be different. However, 
the relationship will always be of the first degree.) Have pupils 
express this relationship mathematically as: S = 2W 

2. P6se question: How does this equation differ from those idiich have 
been studied previously? 

Elicit: This equation has two variables, one of which is expressed 
in terms of the other. 
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Have pupils suggest at random possible values for S and VT. 
Substitute these pairs of values to determine whether the 
statement vAiich results is true or false. Since in some 
cases a false statement will result, pupils conclude that 
S = 2W is like an open sentence m that it is true for 
certain selections of S and W and not true for others. Ihus, 

S = 2W is true if W is 3 and S is 6, but false if W is 3 and 
S is 8. 

4. Discuss the solution set of S = 2W. Have pupils observe that 
the solution set consists of elements idiich are pairs of numbers 
such that the value for S is always twice the value for W. 

For exaiiple, (1,2), (2,4), (4>S) are elements of the solution 
set where the first number of the pair indicates a number of 
pounds and the second number indicates a number of inches# 

5* Discuss the domain of W from the standpoint of meaningful 
replacements for W, Guide pupils to see that it is reasonable 
to limit the replacement set for W to non-negative numbers 
(positive numbers and zero). Suppose, too, the spring cannot 
withstand a weight of more than 10 pounds. Then it would be 
meaningless to state that the number pair (11,22) is an element 
of the solution set. 

6. Have pupils consider that sometimes we would like to know vdiat 
weight will produce a certain stretch. Iiftiat weight must be used 
to obtain a stretch of 2 inches, 3 incdies, 5 inches, 8 inches? 

Have them realize that we divide the given value of S by 2 to 
obtain the corresponding value for W. 

That is, W a I 

Gid.de pupils to see that in S = 2W, S is stressed in terms of 

but in W s W is expressed in terms of S. The latter arrangement 

of the fomula is called the solution of the equation S = 2W for 
V in terms of S , 

Solving an equation for one variable in terms of the other is a 
convenient way of determining the value of that variable vhen 
values of the other are given. 

7. Have pupils realize that since formulas are equations, the rules 
for solving equations may be applied to the solution of formulas. 

In applying these rules, it may be helpful at first to have pupils 
replace the variables other than the one to be solved for by any 
numberals other than 0. The form of the equation then becomes 
recognizable. Example: Solve p = 4s for s. 

ir p is replaced by 8, we have 8 = 4s ^ich is solved by using 



1 



the division (or multiplication by reciprocal) principle. 

P 

Then dividing both members of p « 4s by 4s 7 « s. 

4 

B. Suggested Practice 

Solve for the variable which is underlined. 

1. d « 2£ (Diameter of a circle) 

2. I ** .06 P (Interest for 1 year at (>% on P dollars) 

3. F » 6a (Force — mass times acceleration where the mass is 6) 



4. PV = 6 (Boyle *s Law. P and V must be positive) 

C. Suggested Procedure for Formulas with More Than 2 Variables 

1. Follow the procedure suggested in IIl-A and discuss the meaning of 
the variables Wiose possible values have limitations. For example^ 



a. I « P R T 

R - often has statutory limitations 

P - discuss F.D.I.C. limitation of $15,000 on deposits 

T - pension systems limit number of years for which interest is 
paid to one who has resigned 

h £S = .08 (Charles law) 

IJI 

T^ temperature^ must be positive (measured on the absolute scale) 
P^ pressure, must be positive 
volume^ must be positive 
2. Solve p « 2^ -f 2w for w. 

If we replace the other letters (p and £) by any numerals other than 
0, say by 24 and 3, we h?ve 24 “ 6 + 2w (a fom recognizable by 
the pupils). 

Subtracting 2 n(or adding the additive inverse of 2 ) from both 
members: p - 2jL» * 2w. 

Divid:^ both members by 2 (or multiplying by the reciprocal of 2): 
xs w 

2 
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3. Have pupils solve in similar fashion for the imderlined variable 
in equations such as: 

1) A =^w (Area of a rectangle) 

2) p = % + b (Perimeter of an isosceles triangle) 

3) V = ^h (Volume of a cone) 

4) B = R I (Ohm*s Law) 

Note : When dividing by a variable^ zero must be excluded from its 
domain. 

D. Suggested Ft^ctice 

Solve for underlined variable. Discuss the meaning of each of the variables. 



1. A = bh 


6. A = JWi 


2. d = 


7. V = bS» 


3. I = P R T 


8. V -Tfr\ 


4* p = a + b + c 


9. s = 


5. p = 2 2w 


10. H = 2b - I6t 


IV. Inequalities 





A. Suggested Procedure 

1. Review meaning of statements of inequalities; symbols ^ 
open sentences expressing inequalities; order on a number line^ 

(See Mathematics Grade S. Curriculum Bulletin #4, Series 1961-62, 
pages 62-64, 130-140, 156-157). 

2. Review graph of equation in one variable on a number line. 

a. ^ve pupils solve: x + 7 *= 12 vrtxere the domain of x is 
|1, 2, 3, 4, 5^ . Solution set of x + 7 = 12 is 5 • 

b. The graph of the solution set is i i i i x 

the point corresponding to its only 1 2 3 45 

member, 5* 

jfote : The graph of the solution set is also called the graph 
of the eqmtion. 

3* Have pupils graph inequalities in one variable on a number line. 

a. Have them solve: x >2 \ihere the domain of x is f 1, 2, 3, 4, 5 ) , 
Solution set isf 3, 4, 5 ) • ^ 
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b* ,* 

O 

FRir 










b. The graph of the inequality is the 
graph of its solution set* 

The graph of x>2 for the indicated 
dc^in appears at the right. 



J I 

1 2 



c. Solve and graph: x<2 when the domain is j signed numbers 1 5 
the pupils shoiild r^lize that 2 is not jin the solution set. 
The solution set is [ all signed numbers less than 2 L • 



The graph of this solution set is 






-J I 1 

-3 -2 -1 



0 1 



f 



X 

3 



i. 

4 



This is also called the graph of the inequality x < 2. 



Not,e : 1* The ”open circle*’ at 2 indicates that 2 is not a member 
of the solution set* 



2. The heavy arrow extending to the left indicates the 
graph extends indefinitely in that direction. 

d. Ejy testing various elmnents of the replacement set for x, 

have pupils solve and then graph several inequalities such as: 

1) x>5 3)3c + 2>4 

2) x>0 4)x + l<-3 

The domain of x in each case is the set of signed numbers. 

4. Have pupils learn the meaning of the symbols: »* < ** and ** >" 



a* Bose problem: 

To vote in New York State, one condition a citizen must meet 
is that he or she must be 21 years or older. How would you 
represent this condition with the use of algebraic symbols? 

If a represents the number of years in the age, then 



Qj. Why are the two sentences needed? 

2) a > 21 

b. If the two sentences, a = 21 or a > 21 are graphed on the s^e 
number line, the condition for voting may be shown graphically* 
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l) Sentence l) a = 21 



2) Sentence 2) a > 21 

3) Combining l) and 2) 



■i 1 1 4 J u. 

0 7 21 28 35^ 

0 7 U S. " k 

J 1 L 

0 7 04 




Bien the graph of a = 21 or a > 21 consists of the point 
which corresponds to 21 and also all points to the right. 

4) Have pupil select any number associated with any point 
of the graph and check to see if this number satisfies 
the condition for voting. For example, point A has the 
number A2 associated with it. 42 satisfies the condition. 

Tell pupi^ that the sentence a = 21 or a ^ 21 is conventionally 
written a^ 21 (read ‘*a is greater than or equal to 21”) • 

d. Similarly, the symbol ^ can be used to express the following 

statement: The speed limit on the New York State Thruway is 
60 mph. 



If s = the speed of a car in mph 

1) s =* 60 is legal 

2) s < 60 is legal 

3) Statements l) and 2) can be combined s ^ 60. 

Have pupils graph sentences l), 2) and 3). 

e. Suggested l^actice 

1) Express each of the following as a mathematical sentence: 

a) n is greater than or equal to 5. 

b) y is less than or equal to 2. 

2) Suppose a represents any number in the set of integers. 
Name two replacements for a that will make the sentence 
av 6 true. 

Name one replacement that will make it false. 

3) Wiat is the meaning of m^ 35> idiere m is the greatest 
number of pupils pemitted in the mathsiaatics club? 

4) Graph the components of m < 35 (m = 35 or m < 35), then 
draw the graph of m < 35. 
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5. The meaning of combined inequalities such as 2< x < 4. 



a. The graph of 2< x is 







b. The graph of x < 4 is 




c. Have pupils suggest 
numbers >ihidi satisfy 
both ineqiialities, for 
example, 2i, etc. 

Have them locate these 
numbers on a number line 
where x satisfies both 
conditions. 



I 

1 

1 

\ 

I 

1 

\ 




Then the giaph of x and x< t consists of aU_^e points 
between the points idiich correspond to 2 and 4. The points 
corresponding to 2 and 4 <re excluded. 

d. Have pupils see that 2< x and x <L4 may be written as 2 < x^ > 
dud msky b6 read is grsatcr than 2 and less than 

e. Suggested Practice 

1) Combine m and m<. S into one ^ression. 

2) What is the meaning of -5 < y < 2? Grajii the tvgo parts of 
-5<y<2. Graph -5< 7< 2. 

3) Draw the gwiph of 0 < m <6. Discuss the values of m that 
satisfy this inequality. 

f. Have pupils consider the meaning of 1< m^ 4. 






“i -1 i f M t i 

It consists of the points itdiich correspond to 1 and 4 and also 
all the points between these points. 

g. Suggested Practice 

l) What is the meaning of -3^ m S 0? Draw the graph of -3^ “ 1 



1) The grajdi of 1 ^ m is 

2) The graph of m£^4 is 

3) Bie graph of 1 S ® ^ 




• 
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2) What is the meanins of 2 £ j < 9? Draw its graph. 

3) Which two sentences form the single sentence:- -4< k£.4? 
Draw the graphs of the individual sentences. 

Draw the grai^ of -4 < k ^ 4. 

4) V^ite in mathematical sjmibols: 
b is greater than or equal to a and less than c. 

5) OPTIONAL 

What is the meaning of each of 

a) |x|^ + 5 (means - 5 ^ 

b) |x|> + 5 (means x> + 5 
Draw the graphs of each of the 

6. Inequalities related to equations 

a. Review meaning of inequality by 
reference to order on the number 
line. 

4 > 1 because ^ is to the right 
of 1 on the nionber line. 

4> 1 means the same as 1 < 4. 

b. Have pupils consider 1^4* Which is the smaller number? (l) 
What must be added to the smaller number to make it equal to the 
larger number? (3) 

Therefore, 1 3 = 4. 

0 ^ 4> Tdiat must be added to 0 to make it equal to 4? 

In -3 < -2, idiat must be added to -3 to make it equal to -2? 

Do you think it is always possible to find a number that can be 
added to the smaller number to yield a number that will be equal 
to the larger number? 

What can you say about the sign of that number that is added to 
the smaller number in each case? (It is positive.) 

c. Have pupils consider the inequality x y. If the numbers x and 
y are represented by points on the number line, then the jioint 
representing y lies to the right of the one representing x. 

-i -a i i t i i t~ 
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the following ineqimlities? 
+ 5) 

or x< -5) 
above. 

J I I I t » 

0 1 2 3 4 5 










How can we get from x to y? (We move to the right.) This 
means that y can be obtained adding some positive number 
to X, since a move to the right on the line corresponds to 
the addition of a positive number. 

Have pupils realize that this gives us a way of defining 
the relation “greater than” and “less than” in terms of an 
equation. 

1) If x^ y, there is a positive number £ such that x + p = y. 

2) If X >y, there is a positive number £ such that x = y + p. 

These are summarized: Ihere is a positive mmber, p, which 
when added to the smaller number will make it equal the 
larger niunber. 

d. Suggested Practice 

l) For each pair of numbers ^ determine their order and find 
the positive number £ which when added to the smaller gives 
the laz^ger: 



a) -15 and -24 

b) 1 I and ^ 



^ and — ^ 

CJ 5 10 

d) -.3 and .05 



2) Use a + b = c where a and b are positive numbers to suggest 
two true sentences involving “ ^ ”, relating pairs of 
the numbers, (a cj b<^ c). 

Can we conclude that a b? 

7. Principles (postulates) for operating on inequalities 

a. Review with pupils the meaning of equivalent equations, i*e., 
two equations are called equivalent if they have the same 
solution set. 

Thus, 2x + 5 = 17 and x = 6 are equivalent equations. Tlie 
latter equation is one whose solution is obvious. 

b. Have pupils understand the meaning of equivalent inequalities. 

1) Consider the inequality x + 5 < 9. What is its solution set? 
Cerbain]y, 4 cannot be a solution, since 4 5 equals 9* 

Nor Cr^n any number greater than 4 be a solution, since the 
sum of that number and 5 would be greater than 9* 

However, every number less than 4 is a solution, since the 
sum of such a number and 5 is bound to be less than 9* For 
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example, statements such as the follovdng vrould all be 
true: 

1 + 5<9 3j + 5<9 -10 + 5<9 

Then the solution set of x + 5 ^ 9 is ^all numbers < 4^ • 

2) Consider the inequality x< 4* It is obvious that its 
solution set is Fall numbers <. 4> • 

3) Inequalities such as x + 5 ^9 and x <4 are called 
equivalent inequalities because th^ have the same 
solution set. 

c. Recall with pupils the principles used in solving equations. 
Mill similar principles hold true for inequalities? Since, 
as we have seen, inequalities can be related to equations, 
there is good reason to explore the possibility that similar 
principles will hold true. 

Let us experiment to discover idiich, if any, will preserve 
the order of inequality and result in equivalent inequalities: 

l) Consider the inequality 18 

A d ding 5 to each number 6 + 5 < 18 + 5 true 

Again, 6 ^ 18 

subtracting 5 (adding -5) 6 - 5 ^ IS - 5 true 

These two cases can be illustrated by two men walking along 
a number line, carrying a 12 unit ladder, one man at each 
end. If they move 5 imits in either direction, they will 
still be 12 units apart. The man originally to the right 
will still be to the ri£^t . The order or the sense of 
the inequality is preserved. 

It appears then that: If the same number is added to or 

subtracted from both members of an ineqiality, the 
resulting inequality has the same order as the original. 

2} Now examine the inequalities: x + 5 ^9 and x < 4 

We have already seen these are equivalent. If we add «5 
to both sides of the first, we get the second. After 
examining many such illustrations, it appears that the 
following principle holds for inequalities: 

Adding (or subtracting) any number (or polynomial) to both 
sides of an inequality results in an equivalent ineqtiallty, 
with the order preserved. This is called the Addition 
Principle of Inequalities . 
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3 ) Consider the inequality 6 < 18 

Multiplying by 2, 12< 36 true 

Again^ 6 < 18 

Multiplying by -2, -12 ? -36 

Since —12 is greater 

than -36 “12 > -36 

In the last illustration, what has happened to the order o'f 
the original inequality? Is this an accident? Try some 

more. 

It seems reasonable to conclude thats 

a) If both members of an inequality are multiplied by the 
same positive number, the resulting inequality has the 
same order as the original. 

b) If both members of an inequality are multiplied by the 
same negative number, the order is reversed. 

Similar experimentation with division leads to the conclusion 
that: 

c) If both members of an inequality are divided by the same 
positive number, the resulting inequality has the same 
order as the original. 

d) If both members of an inequality are divided by the 
ssjns nggatiye number, the order wi.ll be reversed. 

e) What happens when both sides of an inequality are multiplied 
by 0? (The inequality beccsnes an equality: 2<,75 2x0 — 7 

4) Consider the inequalities: 3x< 9 and x< 3 

By procedures similar to 7-b l)-3)> these can be shown to be 
equivalent. If we multiply each side of the first inequality 
by 1 , we get the second. Examination of many such illustra- 

tlona makes it appear that the following principle holds for 
inequalities : 

Multiplying (or dividing) both sides of an inequality by the 
same positive number results in an equivalent inequality wi 
the order preserved. 

Multiplying (or dividjjig) both sides of an inequality ^ the 
same negative number results in an equivalent inequality with 
the order reversed. 

This is called the Multiplication Principle of Iny|ualiti^. 
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e. (OPTIONAL) 

The approach used in 7 is designed to have pupils suggest propositions 
which appear to be reasonable. %ese propositions can be proved as 
illustrated below. 



This proof is reccaamended for enrichment only. 

Proposition: If x< y, then for any signed number b, x + b<y + b. 



Proof: l) x< y 

2) X + n = y 

3) x + n + b = y + b 

4) (x + b) + n = y + b 

5) X + b< y + b 



1) Given 

2) Definition of x y, where n is 
positive 

3) Addition principle for equations 

4) Associative principle, CJonmutative 
principle 

5) Definition of Inequality 



9. Solution of open sentences involving inequalities 



a. Have pupils give the solution of inequalities in one variable when 
the variable alone is on one side of the inequality sign . For 
example, (the domain is the set of signed numbers in each case) 

n<3 x>4 3<y -l>n 

They will realize the solutions are obvious ^ the case where the 
variable alone is on one side of the inequality sign. 



b. Have them use the principles to solve inequalities such as 



1) y + 2 > 5 

y + 2 + (-2) > 5 + (-2) Why? 

y y 3 The solution set is ^all numbers > 3|. 

2) -3x< 15 

-j(-3x)^- 5(15) Why? 

X ^ -5 The solution set is{ all numbers^ - 5 } • 

B. Suggested ^actice 
1. Solve and graph 
a. b - 3 >7 
d. B< d - 6 



b. d + 4 < 15 

e. 5 > 1 - y 
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c. m + 2 < 0 
f. 4b> 8 



h. 



g. 3d <9 
j. -2b >-6 
m. 4a - 1 > 1 
p. iy - 2 < -8 



-4y > 8 . 
k. -4y <. -8 
n, 2r r + 4 
q. 3b - 4 < b - 2 



i. -2b > -6 
1. .Ir >-6 

o. 5 + 3 



r. 8 - 2y > 16 - 6y 



2. Verbal expressions involving inequalities* Use iDathematical symbols 
to indicate these quantitative situations* Indicate what the 
variable represents* 

a. Applicants for a certain job must be (a) more than 21 years of 
age: (b) at least 21 years of age* 

(a) m > 21 (b) m > 21 where- m = number of years 



b* The speed lioiits on this highway are: minimum 30 mph and maximum 
60 mph (30^ s ^60) 

c* It takes me from 15 minutes to ^ hour (exclusive) to do my 
homework* ^ o 



side* If two sides are 10 and 15^ write an inequality describing 
the third side* 

(m<10 + 15) 

3* Verbal problems involving inequalities 

a* Assume 120 pounds as an average weight per pupil* If we are 
told that the total weight of pupils in the elevator of a 
building at one time must be less than 2400 pounds^ iidiat 
is the largest number of pupils permitted in the elevator 
at one time? 

Solution: Let n - the largest mmiber 
Then 

120 n < 2400 
n< 20 

The donain of the variable is the set of positive integers* 

Since n must be an integer, the answer is 19 pupils* 

b* The post office requires that the length and girth of a 

package, under certain conditions, must not exceed 72 inches* 

If the girth is 40", find the number of inches that the length 
may be* 



in age* 



(15< m< U5 or ^ <t< 



The sum of two sides of a triangle is greater than the third 
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Solution: Let n = the number of inches in the length 
Then 40 + n C 72 or 
n< 32 

The length may be any positive number less than or equal to 
32 inches^ since the problem implies that the replacement 
set for the variable must be a positive number. 

N2^: The solution set may have an infinite number of elements 
as in example b^ or it ma^ have one element as in example a^ 
or it may conceivably have tvro or more^ or even no elements. 

c. Betty and Alice were collecting money in a fimd-raising 
campaign. At present th^ have collected less than $15. 

Alice said she had collected twice as much as Betty. How 
much had Betty collected? 

Solution: Let b « the number of collars Betty had collected 
Then 2^.s the mmiber of dollars Alice had collected 
3b < 15 
b< 5 

Betty collected an amount less than $5* We cannot tell how 
much Betty collected until we have more information. We 
can only state one fact; that it is an amount less than $5. 

If the question were; "What is the largest amount Betty 
might have collected?" we could definitely say $4*99« 

d. For enrichment only: 

A trip will be arranged for a minimum of 10 pupils in a group 
and a maximum of 30 pupils in a group. 

How many groups might have to be scheduled idien 65 pupils apply? 

Some pupils may discover the solution: Any nuzz^er between 
2 and 7; where the domain of the variable is the set of 
positive integers 2 ^ x ^ 7« 
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CHAPTER VII 



SYSTEMS OF EQUATIONS AND GRAPHS 



This section contains siiggested procedures for the teacher 
to help pupils develop the follovdng understandings and skills: 

!• Graphing a linear eqtiation 
2, Graphing an inequality 

3* Solving systems of equations by means of a graph 
4* algebraic solution of systems of equations 

5. Application to problems 

6. Graphing systems of inequalities 

— 



I. Open Sentence in Two Variables 



A, Suggested Procedure 

!• Have pupils learn that solutions of sentences in two variables 
are number pairs* 



Pose problem: Pupils of the Longview Hi^ School sold tickets 
for a music festival and collected $50 in the first two days* 
Pupil tickets were sold at $1 each, and adult tickets at $2 
‘each* How manj' of each kind were sold? 



Guide pupils to describe the above problem as an open sentence 
in two variables as follows: 



If X = number of pupil tickets 
y = number of adult tickets 
then X + 2y = 50 

What are some possible values of x? ^0, 
Ir/hat are some possible values of y? < 0, 




** *, 



1 , 



2 , 



•••> 



50} 

05} 



Have pupils tiy various replacements for x and y* 



X 


Y 


X + 2y - 50 




4 


23 


4 + 2(23) - 50 


true statement 


6 


22 


6 + 2(22) = 50 


true statement 


22 


6 


22 + 2(6) = 50 


fSalse statement 


10 


20 


10 + 2(20) = 50 


true statement 
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a* Pupils viill realize that whereas a solution of an 
open sentence in one variable is a number^ a solution 
of an open sentence in two variables is a number pair* 
Thus 9 some possible solutions to the problem are 
4 pupil tickets and 23 adult tickets^ or 6 pupil 
tickets and 22 adult tickets^ or 10 pupil tickets 
and 20 adult tickets* 

b* Tell pupils that number pairs such as 4 (the replacement 
for x) and 23 (the replacement for y) are conventionally 
written (4> 23 }• 

e* Have pupils see that if we agree that the value of x is 
to be given firsts then the pair (4^ 23) makes the sen- 
tence X + 2y B 50 true 9 bub the pair (23, 4) makes it 
false* 

d* Tell pupils that a pair of numbers in which the order 
is important is called an ordered number pair * 

e* An ordered pair of numbers which makes an open sentence 
true is called a solution of the open sentence. The 
solution set of an open sentence in two variables is the 
set of all solutions of the sentence* 

2e, After several problems in which pupils find the solution 
set of an open sentence in two variables by trying various 
replacements for each variable ^ guide them to realize that 
this is time-consuming and that a more efficient method is 
needed* Help pupils find the solution set of an open 
sentence in two variables as follows: 

Find the solution set o^ 2x + y » 8 when tl\e replacement 
set for both x and y is 0^ 1^ 2, 3» 4 }* • 

a* Change 2x + y » 8 into an equivalent equation with y 
alone as one member: 

y e 8 - 2x (Addition principle of equations) 

b* Replace x by each element of its replacement set^ in . 
tum> and determine the corresponding value of y. 



X 8 - 2x . y 



0 


8 - 2(0) 


8 


1 


8 - 2(1) 


6 


2 


8 - 2(2) 


4 


3 


8 - 2(3) 


2 


4 


8 - 2(A) 


0 
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c. Observe which values of 7 in the above table are members 
of the replacement set for 7. These ax« 0^ 2 , 4* ^an 

the ordered pairs (2,4), (3,2), (4,0) are the solutions of 

7 B 8. The solution set is 



d. Have pupils realize the solution set ma7 contain an unlimited 
number of number pairs* For example, v^en the replacements 
for X and 7 are the signed numbers, the solution set of the 
equation 2x + 7 «= 8 contains an unlimited number of ordered 
number pairs* 

Note : If the open sentence contains variables other than x and 
7 as, for example, a and b, the replacement for a is usuall7 
given first in the ordered number pair ^presenting a solution* 
That is to sa7, the first number of the ordered pair is the 
replacement for the variable which is first in alphabetical 
order* 

3* Have pupils find the solution set of an inequalit7 in two variables 
as follows: 

a. Pose problem: The pupils in Miss Andrew* s class decided to sell 
boxes of cand7 to raise mone7 for some library eq\aipment* Ehch 
pupil was asked to take as man7 boxes as he thou^t he could 
sell* Bob took 2 boxes, and Harry took 6* If, together, they 
sold more than 5 boxes, how many did each sell? 

Guide pupils to describe this problem as an open sent ©ice in 
two variables as follows: 

If X *= number of candy boxes Bob sold 
7 number of candy boxes Harry sold 
then X + 7 > 5 



b* Have pupils change x + y > 5 into an equivalent inequality 
with 7 alone as one member: 

7 > 5 - X (Addition principle of inequality) 

c* Have pupils replace x by each element of its replacement set, 
in turn, and determine the corresponding value of y* 
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in 



1 



liliiliiiii 






£ 



2L 



y > 



i 



£ 



0 

1 

2 



5-0 

5-1 

5-2 



y > 5 
y> 4 
y > 3 




d» Have pupils see that the solutions of the open sentence are 
the ordered nunber pairs: 

(0,6), (1,5), (1,6), (2,4), (2,5), (2,6) 

and the solution set Is 

[(0,6), (1,5), (1,6), (2,4), (2,5), (2,6)} 

e* Have pupils check each element of the solution set against 
the problem situation* 

Note : An equation (or Inequality) containing three variables 
has a solution set consisting of ordered triples* etc* 
Whereas there Is no limit to the number of variables an 
equation (or Inequality) may havs^ the work of this course 
will, in general, be confined to open sentences with no 
more than two variables* 



B* Suggested Practice 

1* If the replacement set of each variable Is the set of signed 
numbers, tell Aether the given ordered pair of numbers is a 
solution of the open sentence* 



X + y - 3} 


(2,1) 


Yes, because 2 + 1*3 


3x + y - 6; 


(1,3) 




a -Mib - 9: 


(3,2) 


No, because 3 + 4(2) 9 


2x -2y *<L0; 


(2,-3) 




aa +3n “ 2; 


(|.^) 




2x - y > 2j 


(2,1) 




a +3b < 7; 


a,3) 





2* Change each open sentence into an equivalent one >dilch has y 
alone as one member; x alone as one member; 



3x + y * 


8 


X - y 


■ 


-5 


X - y * 


12 


X + y 


> 


3 


1 

N 


0 


6x +3y 


> 


9 


Ay - 


8x - 4 


y - X 


< 


5 
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3» Find the solution set of eaclyof the following sentences* 

The replacemen()b set for x is {-3, 0, 3) and the replacement 
set for y is ^signed niinbers ^ • 

y » X + 4 
y “ 3 - X 
2x + y ■» 6 
y +5x « 9 
y ^ « d 

5x -2y -10 
2x +3y *<24 

4* Find the solution set* In each case the replacement set for 
X is indicated firsts and then the replacement set for y* 



X - y » 7 
X + 3y » 9 
6 - 3y - 2jc 
X + Ay * 10 - 
2 - X - 5y + 
y + 1 > 3x 
X + y > 9 
y <2x + l 

5* Describe each of the following word problems as an open 
sentence with two variable s* CyiTe replacement sets and 
solixtion sets for each* 

a* If peanuts cost 50# per pound and cashews cost 75# per 
pounds hoW many poiuodi of each can be purchased for $57 

b. A storekeeper has $200 to spend for sweaters and blouses* 
If sweaters cost $4 each and blouses cost $2 each> how 
many of each can he buy? 

e* I am t^jn^<d-n g of two positive integers* If the second 
number is added to twice the first number^ the result is 
always less than 11* Find the numbers* 

II* Coordinates in a Plane 
A* Suggested h:«eedure 

1* Beview with pupils the graphing of the solution sets of the 
following open sentences in one variable on a number line* 





integers j 


(o}. 


i integers } 


{ 0 . 9 } 


1 signed numbers } 




j signed numbers | 


3 ^ 0 , 5 } 


^ signed numbers | 


{o.i} 


[ 0 , 4 , 5 ] 


[ 2 , 4 , 6 ) 


( 3 , 5 , 7 } 


[-2,-X,0 


»)[-8, -5, 0 ) 
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x+4=9 x>5 

x-3=5 x-2<l6 

2x + 5«13 x< 4 

x*=7 2x-x>9 

2* KUelt that a solution of an open sentence in two variables is 
an ordered pair of numbers* 

3* Guide pupils to an understanding of hovr an ordered pair of numbers 
may be associated with a point In a number plane as follows: 

a* Have pupils examine a map of an imaginazy town such as the 
following: 
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^ 4-> -P +* -P 
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•Q 4^ C 
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^ iH tv 

• • • • 

3: W W 



Note to teacher : If preferred^ pupils may devise a map 
using local streets and places of interest* 



Have pupils observe that the streets and avenues cross 
at ri^t angles* Have them suggest the directions that 
must be given to find the following places in the town^ 
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using the intersection of Main Street and Broadvfay as a 
reference or starting point: 

A* Art Museum E* 

(2 blocks east and then 3 blocks P« 

north) G* 

B* Bayview High School H« 

C. City Hall 
D* Dan's Supennarket 

SLicit the number of directives (2) that must be given to 
find each place. Have pupils consider idiat is implied when 
only one directive is given. 

b. Guide pupils to see that )&in Street and Br^dway nay be 
thought of as a pair of number lines vAiich intersect at right 
angles. The point lAiere the two number lines meet is called 
the origin . 



Bsistem S.S. Office 
fbinnont Hospital 
General Host Office 
Hall of Records 
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Have pupils give instructions for finding the Art 
Museum (start at the origin^ go two blocks east, then 
three blocks north)* EULcit a method of recording 
these instructions very briefly using signed numbers* 

We write two blocks east” as 4*2, ”three blocks north” 
as 43 , and enclose them in parentheses (42,4-3)* 

Have pupils note that this is an ordered number pair 
which will locate the Art Museum correctly if the first 
number, 42, is used as an east-west directive, and the 
second number, 43, is used as a north-south directive* 
Have pupils try locating the Art Museum when thS order 
of the numbers is reversed* Elicit that if we agree 
that the first msuber is alviays to be an east-west direc- 
tive, and the second number a north-soixth directive, then 
each point on the map is associated with one, and only 
one, number pair* 

e* Have pupils state the number pair that descrlbe&^ the 
location of 

Oan*s Supennarket City Hall 

General Post Office ESalrmont Hospital, etc* 

d* Have pupils see that althou^ the number pair (5,*>l) 
carries the directives ”5 blocks east, then 1 Uock 
south,” it makes no difference in iidiat order we carzy 
out the directives* Ihat is, (5,*l) can be located 
Just as well by the directives ”1 block south, then 
5 blocks east*” We must remember, however, that the 
first number of the ordered pair is an east-west nunber, 
and the second, a north-south number* 

e* Have pupils realize that by means of two nunber lines 
drawn at right angles to each other, we can associate 
points in a plane with ordered number pairs* 

1 ) Have pupils consider the following: 

Suppose P is a point in a plane that is not on a 

number line drawn in the plane* 



eP 



- » - I t I 1 I I I I 

-4 -3 -2 -1 0 41 42 43 44 






Have them note that P is directly above (or below) 
some point of the number line. 

How can we find what point on the number line P is 
directly above? (Draw a line throu^ P perpendicular 
to the number line.) 

In the above diagram^ P is directly above the point 
on the number line idiidti corresp>onds to the number 2. 
Which other points in the plane are directly above 
this same point on the number line? (all other points 
on the perpendicular) 

How can we distinguish the position of P from that 
of all these other points? 

2) Have pupils see that we can solve this problem ty drawing 
a second number IJLne at ri^t angles to the first in such 
a way that their zero points coincide. 




Have them note that P is dii^v^ly to the right (or left) 
of some point on this second number line. 

How can we find what point on the second nunber line P 
is directly to the ri^t of? (Draw a line throu^ P 
perpendicular to the vertical number line*) In the 
foregoing diagram, P is directly to the rd#t of ^e 
point idiich corresponds to the number 1 on the vertical 

number line* 

3) Have pupils realize that point P, idiich is, two units to 
the right of the vertical line, and one unit above the 
horizontal line, may be represented by the ordered number 
pair (2,1)* The two numbers in a pair assigned to a point 
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are called the coordinates of the point* The first 
coordinate gives the directed distance of a point from 
the T^rtical number line^ and the second coordinate 
gives the directed distance from the horizontal number 
line* 

f * Have pupils state the coordinates of points C, D, E, 

F, G, H on the map (see page 7 • Point H has a first 
coordinate of +3 and a second coordinate of O)* Have pupils 
describe the coordinates of several points on the horizontal 
(E~W) number line^ on the vertical (N-S) mmiber line* Elicit 
which of the points A, B, ,** H have the same first coordinate 
the same second coordinate* 

g* Tell pupils that this system of assigning ordered number pairs 
to points in a number plane is called a cartesian coordinate 
system in honor of the 17th century French mathematician, 

Rene Descartes, who devised the system* 

h* Tell pupils that the symbol ”x" is used for the first 

coordinate and the symbol for the second coordinate of 
a variable point in a plane* The horizontal number line is 
called the x-axis and the vertical number line the y-axis 
of the cartesian coordinate system* The point of lnter» 
section of the axes is called the origin . The first number 
in each ordered pair is called the x»coordinate or abscissa *, 
the second number, the y-coordinate or ordinate of the corres- 
ponding point* The coordinates of the origin are (0,0)* 

1* Have pupils note that just as folding a piece of paper length- 
wise down the middle, and then horizontally across the middle 
divides the paper into four parts, so the x-axis and y-axis 



divide the number plane into four parts* Each part is called 
a Quadrant, and the Quadrants are numbered counterclockwise^ 
from I to IV, starting with the upper right quadrant, as 
Indicated in the figure* 


Quadrant II 


y 

Quadrant I 


•(-2,1) 

1 1 1 1 


1 • 1 1 V 


Quadrant III 


Quadrant IV 


•(■•4,-2) 


* (2,-lJ) 
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j. Have pupils see that a coordinate system enables us to find 
a particular point In a plane which corresponds to an ordered 
pair of numbers* The point is called the granh of the ordered 
pair. To locate the graph of the ordered pair (-2,1), we 
visualize a vertical line throug)i the graph of (-2,0) (a po^t 
on the x-axis) and a horizontal line through the graph of (0,1) 
(a point on the y-axis). The point of intersection of these 
lines is the graph of (-2,1). Locating the point and marking 
it with a dot is called "plotting" the point.* Several points 
are plotted in the figure above. 



B. Suggested Practice 

1. Name the quadrant containing the points v^ose coordinates are: 

(2,3), (4,-2), (-9,3), (-4,-5), (|,1), (-|^) 

2. Ifeme the quadrants in which the points described below are located: 

the abscissa is 5 (Quadrants 1 and 4) the abscissa is -1 
the ordinate is 7 (Quadrants 1 and 2) the ordinate is -S 



3. Graph each of the ordered number pairs: 



a. (l,4) c. (-3,3) 

b. (2,0) d. (-6,-9) 



e. (0,0) 

f. (7,J) 



g* 

h. 



(0,-2i) 



4. Plot each of the points: 

A(-3,-l), B(5,-1), C(5,2) D(-3,2) 

Connect the points A, B, C,, D, A in order. What is the perimeter 
of the resulting figure? What is its area? 



5. Plot each of the points: 

A(0,0) B(4,4) C(0,8) 

Join the points A,B,C,A, in order, and find the area of the 
resulting figure. 

6. The following are three vertices of a rectangle* Find the fourth 
vertex. 



(- 2 , 0 ), (- 2 , 2 ), ( 3 , 2 ) 

7. Determine, iy graphing, idiether the points (-1,1), (l,-l), (3»-3) 
lie on a straight line. If so, find the coordinates of three other 

points on this line* 

g. How would you describe the location of a point if 

a. its abscissa is negative? 

b. its ordinate is positive? 

c. its abscissa is positive and its ordinate is negative? 

d* its abscissa is negative and its ordinate is positive? 
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9* Describe the coordinates of a point If 

a. the point Is In Quadrant I 

b. the point Is In Quadrant II 

c* the point Is In Quadrant HI 

d. the point Is In Quadrant IV 

e. the point lies on the y-axls between Quadrant I and Quadrant II 

f • the point lies on the x-axls between Quadrant II and Quadrant III 

10. What Is the abscissa of every point on the y-axls? 

What Is the ordinate of every point on the x-axls? 

III. The Graph of a Linear Equation In Two Variables 
A. Suggested l^cedure 

1. Review the use of the number line to graph an equation In one variable. 

(The domain of the variable Is the set of signed number's*) 

x»3 x + l=»5 Ax = 2x + 4 2 x + 4“X-2 

a. Have pupils recall that the graph of an equation In cne variable Is 
the graph of Its solution set. 

b. Elicit that the graph of each of the above equations Is a unique 
point on the number line. 

2. Pose question: Consider the equation In two variables x + y = 3* What 

would Its graph look like on the coordinate plane? 

a. Review the understanding that, with the value of x given first, an 
ordered pair of numbers vdilch makes the sentence true Is called a 
solution of the open sentence. Thus, the ordered pair (1,2) Is a 
solution of X + y = 3> but the ordered pair (2,5) Is not. 

b. Have pupils understand that we also speak of the coordinates of a 
point as making a sentence true (or false) If, when the coordinates 
are substituted appropriately, the sentence becomes true (or false). 

c. Guide pupils to realize that the graph of the sentence y =* x + 2, 
for example. Is the set of all points on the plUine whose coordinates 
make the sentence true. That Is to say, the graph of an open sentence 
in two variables Is the graph of Its solution set . 

3. Have pupils learn how to use the coordinate plane to gz^ph simple 

equations In two variables. 

a. Rovlew method of finding solutions of an open sentence In two 
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variables 9 e.g., finding solutions of x + y = 3* (The 
replSLcement set for both x and y is the set of signed 
numbers • ) 

1) Change x + y * 3 into an equivalent equation vhich 
e 3 q)resses y in teims of x* y 3 — x* 

2) Vlake any signed number replacements for x and calculate 
the corresponding values of y* 



X 

-2 


3 - (-2]“ 


5 


-1 


3 - (-1) 


4 


0 


3 - (0) 


3 


1 


3- (1) 


2 


2 


3 - (2) 


1 



(-2,5), (-1,4), (0,3), (1,2), (2,1) are some solutions 
of the equation. 

Although we cannot find all the solutions, we would 
like to know what picture their graph presents. 



b. Have pupils plot the points which correspond to the solutions 
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Have them note that the coordinates of these points are 
solutions of the equation x + y = 3* Have them test a point 
such as midway between two points on the graj^ to 

see whether the number pair is a solution of x + y = 3* 

They find that it is. 

d. Have pupils pick several points that are not on the line^ 

(4>l)> For each such point have them test 

the coordinates to see whether they are solutions of the 
equation x + y = 3* They are not. Elicit that this line 
appears to be the set of all those points and only those 
TX)ints whose coordinates satisfy the equation. Tell pupils 
that this is actually so^ although we are not ready at this 
stage to prove it mathematically. 

Note : At present ^ pupils' knowledge is limited to the set of 
rational numbers. Ilie continuity of a line^ however^ implies 
the existence of the real number system^ including irrational 
numbers^ as well as rationals. 

e. Tell pupils that the line is called the grath of the equation 
X + y SB 3, The open sentence x + y = 3 is called an equation 
of the line. 

Note ; Each line has many equivalent equations: 

2x + 2y = 6, -3x -3y « -9, S + Z « 1 are all equations of the 
line in the figure. It should also^be emphasized that the 
drawings are incomplete pictures. The line should extend 
indefinitely in both directions. 

f. Tell pupils that an equation^ such as those we have been 
considering^ of the form ax 'f by » c^ >^ere a and b are not 
both 0^ is called a linear equation . Its graph is a strai^t 
line. 

4. Have pupils organize work in graphing a linear equation in two 

variables . 

a. One convenient procedure is as follows: 

Graph the equation x - y = -3 

1} Change x - y « -3 into an equivalent equation vdiich e 3 q>resses 
y in terms of x (or x in terms of y). 

X - y = -3 
- y = -3 -X 
y « 3 + X 
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2) Make several replacements for x and calculate y. 



X 

-2 


3 + (-2; 


J - 
1 


0 


3+0 


3 


3 


3+3 


6 


5 


3 + 5 


8 



(-2^1), (0,3), (3,6), (5,0) are some solutions of the equation. 

3) On graph paper, draw a pair of coordinate axes and plot the 
numLr^irs in 2). Note that they seem to lie on a strai^t 
line. Draw the line. 

b. Discuss with pupils the number of ordered pairs 

the giaph of a linear equation. Whereas onOy two points ^e 
reqilwd to determine a line, using three or four number pairs 
may help reveal an error in computation. 

Mote 8 To avoid having pupils think that the graphs of all 
Sqmtions are strait linos, have them tiy to graph 

y for X ■ 0, 1, 2, 3. 

5. Ottlds pupUs to realise that the graph of an eqwtion of the form 
y « b (x " a) is a line parallel to the x-axis (y-axis). 

a. Have pupils consider the open sentence y = 4. ^ 

Mritten as an open sentence in two variables, as f 11 

0*x + y =» 4 

Some of the solutions of this equatton are 

(-2.4). etc. Bach member of the solution set is of the form 

(x,4) ihere the replacement for x may be any signed number. 

b. Have pupils represent several solutions as po^ts to the coo^te 

l^ane. observe that each point has an ordinate of 4, no 

jnatter idiat the abscissa is. 



(-2,4) (-1,4 



-1 



-1 



(0,4) (2,4) 
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Hav« pupils note that the graph of y « 4 is a line parallel 
to the x-axis. The ordinate of every point on the line is 4* 

e* In a similar manner, guide pupils to realize that the graph 
of X • 2 can be obtained by considering it as an open sentence 
of the form x + 0*y 2» ®ach member of the solution set is 

of the form (2,y)# The graph of x 2 is a line parallel to 
the y-axis* The abscissa of every point on the line is 2* 

B» Suggested Practice 

1, In each of the following equations, solve for y in terms of xj 
for X in terms of y. 



X + y - 8 




X - y * 4 




2x + y » 10 




x^2y 




y + x» 0 




21 - 5 .- 




4 




whether the given 


point is 


y + X » 2 


(l,x) 


X +2y = 5 


(1,4) 


y = 9 


(4,1) 


3x + y = li 


(i.l). 


4x +2y *= 0 


(-1,2) 


f - y - 5 


(4,-3) 




(4,5) 


y = 2x 


(0,0) 



Yes, because 1 + 1 = 2 
No, because 1 - 8 9 



3* Describe in words, using teims abscissa and ordinate , the rela- 
tionship expressed between x and y in the following equations. 



a. 

b. 



f. 



y 

y 

y 



X (th@ ordinate equals the abscissa) 
X - 2 
X 

3 

y = 3x + 1 
y - x = 2 

x = 3C 
3 

g. X + y 0 



4. Write each of the following as an open sentence: 

a. the ordinate is three times the abscissa 

b. the ordinate is equal to 3 JRore than the abscissa 
e« the abecissa is one half the ordinate 

d. the sum of twice the abscissa and three times the ordinate equals 5 



- 150 - 



5. Graph each of the follovring equations: 



a. y » 2x 

b. X + y « 6 

c. y = X - 3 

d. y « 5 

e. y = 0 VIhat is the usual 

name of this line? 



f • = X 

g. + Ax = 8 

h. y = -X 

i. y =* 3x + 1 

j . X = -2 

k. X = 0 What is the usual 

name of this line? 



6. Tell, without drawing the graph, which of the following equations 
have graphs which pass through the origin: 

a, y = X Solution: Since (0,0), the coordinates of the origin, 

satisfies y = x, then the graph of y = x 
contains the origin. 



b. y * Ax 

c. X + y = 10 

d. 3y = X 



e. y *= 6 

f . X « -5 

g. X - 3y = S 

h. X + y as 0 



7. What are the coordinates of the point at which the graph of each 
of the following equations crosses: 

a. the x-axis b. the y-axis 

1) X - y *a 6 Solution: The ordinate of every point on the 

x-axis is 0. Then if we assign 
the value 0toyinx-y = 6, we 
obtain x *= 6. Then x - y *= 6 crosses 
the x-axis at (6,0). 

2) X - 2y *= 4 

3) 3y + Ax = 12 

4) X - y = 2i 
5 ) y = 2x 

8. Tell, without drawing the graph, whether the graphs of the follow- 
ing equations cross the y-axis above, throu^, or below the origin. 

a. X + 2y = 4 Solution: The abscissa of every point on the y-axis 

is 0. Then if we assign the value 0 to x 
in X + 2y = 4, we obtain *» 4> or y * 2. 
The graph of x + 2^ = 4 crosses the y-axis 
at (0,2) which is above the origin. 

b. y « Jx 

c. X - y “ 14 

d. y = -2 

e. y * **7 

f . 2x + 2y *= 0 
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IV. Graphing an Inequality 
A. Suggested Firocedure 

1. Beview the use of the number line to graph an inequality in 
one variable (the domain of x is the set of signed numbers): 

X 2 X < 3 

x>5 x+l>4 

a. Have pupils recall that the graph of an inequality is the 
graph of its solution set. 

b. SLicit that 9 depending on the domain of the variable ^ the 
graph of an inequality in one variable is represented by 
one or more points on the number line. 

2. Pose question: Consider an inequality in two variables ^ such as 
y > X + 1. What would its gra^ look like on the number plane? 

3. Have pupils learn how to use the coordinate plane to graph 
simple inequalities in two variables. 

a. Have them draw the graph of the related equality y » x + 1. 

The graph is made by finding several sample ordered pairs 
and plotting them on the coordinate plane. The points 
corresponding to the ordered pairs lie on a straight line. ' 
Elicit that all the points on the line^ and only these^ 
satisfy the equation y x + 1. Hie line divides the 
number plane into two half-planes . 

b. Discuss with pupils how we can graph the inequality y > x + 1. 
Can we find all the ordered pairs that satisfy the inequality 
and plot them on a coordinate plane? VQ.11 sample ordered 
pairs satisfying the inequality help us detennine the conH 
plete graph? 

e. Have pupils choose some sample ordered pairs satisfying the 
inequality y > x + 1, as, for eacample, 

(0,3) (-1,A) (-3,-1) (-2,1) 

Have them plot these sample ordered pairs on the same coordinate 
system that was used to graph the equation y » x *1' 1. 
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Have pupils note that all the sample ordered pairs which 
satisfy the inequality y > x + 1 are associated with points 
in the region of the coordinate plane "above” the line. 



Have them test other points above the line, as for example, 
the point corresponding to (1,4) • Substituting this ordered 
pair in the open sentence y > x + 1, we obtain k > 1 "t 1} 
idiich is a true statement. 

Have them observe that any point between (1,4) (i^ich is 
above the line), and (1,2; (which is on the line;, has 
coordinates vrtiich satisfy the inequality, e.g.. 




3 > 1 + 1 

a > 1 + 1 
>1 + 1 



true statement 
true statement 
true statement 
etc. 



Have pupils test points on the line, e.g., 

^^2) 2 > 1 + 1 false statement 

BLiclt that points on the line satisfy the eqqslity y «* * + 1* 
bub do not satisfy the lnequa:|.ltyf 



Havi3 pppilf tpst points belpw ths line I 




i4 > 1 + 1 
1 >1 + 1 
0 >1 + 1 



false statement 
false statement 
false statement 



Guide pupils to see that whereas the points above the ii*'J 
satisfy the inequality h those on the line, and those 

below the line, do not* 



d. To have pupils conclude that the graph of y > x + 1 i® **egi n 
composed of the set of ail jjoints that lie above the line 
y « X + 1, pose following questions? 



Choose ar^ point on the line y ■ x + 1. abscissa? 

What is its ordinate? What is the relationship between the 
ordinate and the abscissa for points on the Une? (The ordinate 
equals the abscissa increased by 1, l.s., y ■ x + 1.; 



- 153 - 




Consider the set of points nfhich have the same abscissa as 
the chosen pointy but vihose ordinates are greater than the 
ordinates of that point. Where are these points located? 
(above the line) What is the relationship between the 
ordinate and the abscissa of each point in this set. (The 
ordinate is greater than the abscissa increased bgr 1^ i.e.^ 
y > X + 1.) 

Pose similar questions for the set of points which have the 
same abscissa as the chosen point on the line^ but whose 
ordinates are less than the ordinate of that point. 



Have pupils realize that the graphs of y > x + 1 
composed of the set of all points that lie above 
y = X + 1. It can be represented by shading the 
shown. 




is a region 
the line 
region as 



Have pupils understand that the shaded portion representing 
y > X + 1 does not include the line y “ x + 1. The line 
serves as a boundazy for the region and is shown as a dashed 
line to indicate it is not included. 

Note ; If the graph is that of a combined equation and inequality^ 
y - X + 1, then the points of the line y = x + 1 are in- 
cluded with the points representing y > x + 1. In such a case^ 
a solid line is used to represent y » x + 1 and indicates that 
the shaded portion actually includes the boundary line. 

e. In a similar manner have pupilB choose sample ordered pairs vdiich 
satisfy the inequality y < x + 1 and plot them on the coordinate 
plane. Guide them to see^ using procedures analogous to IV-2-a-c^ 
that the graph of this inequality is a region composed of the 
sets of all points that lie below the line y » x + 1. 

f • Review with pupils that because two points detezmine a line^ we 
need only two number pairs which satisfy a linear equation to 
detezmine the graph of the equation, (ihree or four pairs are 
generally used as a precaution against error •} How many sample 
ordered pairs do we need to determine the region of the graph 
of an inequality? 
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Childe pupils to see that plotting one sample ordered pair 
\diich satisfies the inequality is sufficient to detexidne 
the region of the graph of the inequality. This is so 
because all ordered pairs which satisfy the inequality^ 
and only these ^ represent points on the same side of the 
line idiich is the graph of the related equality. However, 
it is advisable to use a second sample ordered pair as a 
check. 

g. using procedures similar to III-A-6, have pupils realize 
that the graph of an inequality of the form y > b(y < b) 
is the half-plane above (below) the line y = bj the graph 
of an inequality of the form x > a(x < a) is the half-plane 
to the right (left) of the line x = a. 

4« Have pupils summarize the procedures in graphing an inequality 

in two variables^ as follows: 

a. Replace the inequality symbol ( < or > ) with an equality 
symbol and then graph the resulting equation. Represent 
the line as a series of dashes. 

b. Choose two sample ordered pairs (one as a check) which 
satisfy the inequality. Plot these ordered pairs as points 
in the coordimte plane. Note on viiich side of the line the 
two points lie. The graph of the inequality is the half- 
plane lying bn that side of the graphed line. Shade this 
region. 

c. In graphing a combined equation and inequality ( — or — ), 
the graph is a half-plane and the boundaiy line (drawn as a 
solid line). 

B. Suggested Practice 

Graph the following inequalities: 

1. X + y < 5 

Solution 

a. Transform the inequality into an equivalent inequality having 
y as one member. 

y < 5 - X 
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b. CSraph y = 5 - x and show it as a dashed line. 




c. Choose two sample ordered pairs, e.g., (l,3) and (0,l) 
which satisfy the inequality. Plot these as points on the 
coordinate plane. Note on wiiich side of the line they lie. 



d. Shade the half-plane on this side of the line. The shaded 
region is the graph of the inequality x + y < 5. 



2. y > 2x - 3 

3. X > 3y 

4. y < 5x 

5. X < y + 8 

V. Meaning of Systems of Equations 



6. 2x + y > 3 

7. X ^ 3y 

8. y ^ 2x - 3 

9 . y 5 5x 



A • Suggested Procedure 



1. Meaning of systems of linear equations 

Have pupils understand the meaning of systems of linear equations. 

a. Pose problem; The sum of two numbers is 12. What are the 
numbers? 



Have pupils describe this condition as an open sentence in 
two variables. 



Let X = one number 
y = other number 
Then 

x + y = 12 
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b. Elicit that there are infinitely many pairs of numbers in the 
solution set of the sentence x + y 12* For a unique answer, 
a second condition must be imposed upon the numbers. 

c. Add a second condition (for example, the difference of the two 
numbers is 4). The problem now reads: the sum of two numbers 
is 12; their difference is 4. What are the numbers? 

Have pupils describe each condition of the problem as an open 
sentence in two variables* 

X + y « 12 
X - y *= 4 

d. Elicit that there are infinitely many mrniber pairs in the solution 
sets of each of the above sentences. 

Some of the number pairs in the solution set of x + y 12 are: 

(1,11), (4,B), (8,4), (6,6), (-2,lif), (l9,-7). 

Some of the number pairs in the solution set of x - y 4 are 4 

(9,5), (10,6), (8,4), (-12,-16), (-2,-6). 

e. Have pupils note, by considering these ordered pairs, that (8,4) 
is in both sets. We have “solved” the problem of finding a pair 
of numbers that satisfies both conditions. 

Note : It is not apparent from studying the solution sets above 
whether this is the only pair comnon to both sets. However, in 
this particular example it is. 

f . Tell p^ipils that vihen the conditions of a problem are e3q>ressed 
by two linear equations, and these conditions must hold simul- 
taneously, the set of equations is called a system of linear 
eouations. To solve such a system* i.e., to find its solution 
set, we want to find the set of ordered manber pairs, each of 
which is a solution of both equations. 

2. Have pupils realize that for certain systems of linear equations 
it is possible to find the solution set with very little work. 

a. Find the solution set of the following system: 

X = 2 

y = 5 

The only replacements that meke both equations true are 2 for x 
and 5 for y. Then, |<2,5)] is the solution set of the ^stem. 
Biis is a one^element set. 
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b. Solve the foUovdng system of linear equations: 

X +y = 3 
y « 1 

The only replacement for y that makes the second equation true 
Is 1. Ihen the only replacement for y that can make both equa- 
tions true is 1. fieplacing y by 1 in the first equation^ we 
have X + 1 - vdiich is an equation in one variable. 

Solving, ^ = 2. Then if y is to be replaced by 1 in the first 
equation, x must be replaced by 2 to make the equation true. 

The solution set of the system is <|^(2,l) j- . 

B. Suggested Practice 

Find the solution set of each of the following systems: 

1. X = 3 2. X = S 3. 

y « 1 y = 4 

4. X + y = 9 

x = 3 5. Ax-y = 7 6. 

y- 1 



VI. Gra^dilcal Method of Solving a System of Equations 
A. Suggested Procedure 

1. Lead pupils to see that in attempting to solve a system of linear 

equations by selecting sample ordered number pairs for two tables, 
we might not choose the ordered pair which is the common solution. 
For example, if the connon solution were we would not be 

likely to use this as one of the sample ordered number pairs. Have 
pupils see the need for solving systems by another method, e.g., 
graphing. 

2. Discuss with pupils the fact that, if we graph each equation of a 
system of two linear equations using the same coordinate plane, 
we get two straight lines. What are the possible relationships 
between the two lines? Elicit that: 

a. the two lines may intersect in one point, or 

b. th^ may be parallel and have no point in common, or 

c. the lines may coincide, that is, they have all points jn common 
(a single line). 



X = 4 
y = 0 
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3* Have pupils examine examples of these three situations. 




y 




Intersecting lines 
y = 2x + 1 
y = -X + 4 



Parallel Lines 
y = 2x + 1 

y = 2x + 3 



y 




Coinciding lines (Single line) 
y = 2x + 1 
2y = Ax + 2 



o 

ERIC 
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4. Have pupils study each of the three possibilities: 
a. Intersecting lines 

l) Have pupils recall that eveiy linear equation in two variables 
detemines an unlimited set of ordered number pairs. Have 
pupils find some samples of ordered number pairs which satisfy 
each of the equations of the two intersecting lines. These 
ordered number pairs are the coordinates of the points on the 
graph of each equation. 



y = 2x + 1: 



X 


-2 


-1 


0 


1 


2 


3 


4 


7 


-3 


-1 

1 


1 

u 


3 


5 


7 


9 



Thus, some solutions of y = 2x + 1 arr 1 - 2 , - 3 ), (-1,-1). 
(0,1), (1,3), (2,5), (3,7), (4,9). 



y = -X + 



-2 



-1 



Thus, some solutions of y = x + 4 are: (-2,6), (-1,5), (0,4), 

(2,2), (3,1), (4>0). 

Have pupils note that there is one ordered pair, (1,3), which 
is the same in both sets. 

2) Discuss the number of pairs that would be alike in both sets 
if all ordered pairs could be examined, instead of just a few. 
Have mpils realize that the solution set of the system is 

5 (1,3) j* , a single-element set. 

3) Guide pupils to see that the ordered pair ( 1 , 3 ) corresponds 
to the point of intersection of the two lines. Tell pupils 
that equations such as these, which have at least one common 
solution, are called consistent equations . We also label 
such equations independent because their solution sets are 
not identical. Their graphs are different straight lines. 

b . Parallel lines 

1) Have pupils find some samples of ordered number pairs which 
satisfy each of the equations of the two parallel lines. 

As already determined, some solutions of y = 2x + 1 are: 

(-2,-3), (-1,-1), (0,1), (1,3), (2,5), (3,7), (4,9). 
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y =* 2x + 3 i 



X 


-2 


-1 


0 


1 


2 


3 


A 


y 


-1 


1 


3 


5 


7 


9 


11 



Thus, some solutions of y *» 2x + 3 s^re: (-2,-1), (-1,1), (0,3)> 

(1,5), (2,7), (3,9), (4,11). 

Have pupils note that there is no pair that is the same in both 
sets. Disouss with pupils irtiether the infinite set of ordered 
pairs for each equation would ever have a pair in common. Have 
pupils conclude that because parallel lines never meet, there 
are no ordered pairs in common. If such an ordered pair existed, 
its graph would be a point on both lines, but this is impossible 
since the lines do not intersect and thus have no common point* 

The solution set of this system is an empty set. 

2) Tell pupils that equations of a system vAiich have no common solution 
are called inconsirtent equations. The graphs of these equations are 
parallel lines. 

3) Have pupils see that, without graphing, it is possible to tell vdiether 
the equations of a system are inconsistent, i.e., have no common solu- 
tion. For example, in the equations of the system 



J y = 2x + 1 
\y = 2x + 3 

the corresponding terms are alike, except for the constant term. It 
is not possible for a number (y) to be 1 more than tivice another 
number (x) and also to be 3 more than twice that same number. These 
equations are inconsistent . 

c. Coinciding lines (Single line) 



l) Have pupils find sample ordered number pairs which satisfjr each of 
the equatiozis of the two coinciding lines. 



As already determined, some solutions of y = 2x + 1 are: 
(-2,-3), (-1,-1), (0,1), (1,3), (2,5), (3,7), (4,9). 



2y = Ax + 2: 




Thus, some solutions of 2y = Ax + 2 are: (-2,-3), ("-l,-'l), (0,l), 
(1,3), (2,5), (3,7), (4,9). 



Have pupils note that the sets of ordered pairs for both equations 
are identical. Have them realize that when lines coincide, the 
set of ordered pairs which are the coordinates of points on the 
graph of one line must be exactly the same set as that for the 
other line. 
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2) Tell pupils that equations of a system whose solution sets aire 
identical are called dependent equations. IKie gra^ of a 
dependent system of two linear equations consists of two lines 
that coincide (a single line). 

3) Have pupils see that without dravdng a graphs it is possible 
to tell when the equations of a system are dependent. For 
example 9 consider the system 

y = 2x t 1 
Ux + 2 

Ask pupils how the two equations are related. The two equations 
are equivalent since the second my be obtained from the first 
by multiplying both members of the first equation by 2. Equiva- 
lent equations have the same solution set and are therefore 
dependent. Thus^ the equations of the above system are dependent. 

d. Have pupils realize that a system of linear equations can be solved 
(if a unique solution exists)^ by graphing the equations of the 
system on the same coordinate plane, and determining the coordinates 
of the point of intersection. 

5. Have pupils solve systems of linear equations by graphing, as follows: 

Solve graphically the system of equations: 

2x - y = 5 

X + 3y = 6 

a. Find several ordered number pairs (solutions) for each equation* 



2 


X - ] 


L-5 




X H 


3y 


* 6 




X 


0 


2 


4 


-2 




X 


0 


3 


6 


-3 


y 




-1 


3 


-9 




y 


2 


1 


b 


3 



(0,-5), (2,-1), (4,3), (-2,-9) (0,2), (3,1), (6,0), (-3,3) 

are some solutions of 2x-y=5 are some solutions of x+3y=6 

b. Graph each equation on the same coordinate plane. 




- 162 - 



c* the graph It appears that the ordered pair (3>l) is the 
common solution* 



d. Check the apparent solution (3,l) W verifying that the ordered 
pair (3>l) satisfies both equations* 

2x - 7 = 5 X + 3y - 6 

2(3) -1*5 3+3*6 

5-5 6 « 6 

We conclude the solution of the system is (3>l)* The solution 
set is {(3>l)^ • 

B* Suggested I^ctice 

1* Identify the equations in these systems as consistent or inconsistent^ 
dependent or independent* If possible, decide vdthout drawing a graph* 



a* X + y * 5 

2x 43y * 12 



d* 3x + 3y = 4 
2y = 3x - 4 



b* 2x - y * 7 
2x - y « 4 

c* 6x = 4y - 2 
3x - = -1 



e* X + y = 1 
2x = 3 

f * Jx + y - 3 = 0 
2x + /iy =12 



2* Solve the following systems of linear equations graphically* Check 
your answers* 



a* X - y = 3 
X + y = 5 



e* y = 2x - 6 

3x + 3y = 9 



b* X - 2y = 4 
3x - 5y * B 

c* X - 5 = 0 
y + 2 = 0 

d* y = 2x - 8 
X - 2y = 4 



f* 



g* 



X - y + 
X + 

£ . X » 
2 5 
2x + y * 



1 = 0 
y *3 

2 

-1 



h* 2x- y + l = 0 
3y - Ax =4 



3* WH.te a system of equations in two variables for each of the following 
problems, and then solve graphically* Check your answers* 



a* The sum of two integers is 14* When the larger integer is subtracted 
from twice the smaller, the result is 4* What are the integers? 

b* IWo times a number plus a second number is 13* Two times the second 
number plus the first is 17. What are the numbers? 
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c. A truck left a town and traveled eastward at an average speed 
of 30 mph. Two hour-s later, ? second truck left the town 
traveling 40 mph. in the same direction. In how many hotirs 
will the second truck overtake the first? How far from the 
town will they be? 

Illustrative solution: 

Let X = number of hours the first truck traveled 
y = number of miles traveled by each truck 

The conditions of the problem can be expressed by the following 
system of equations: 

30x = y 
40(x-2) = y 

The solution set of the system can be found by graphing. 

Note : The points on the x-axis represent the number of hours of 
travel, and the points on the y-axis represent the number of 
miles traveled. For convenience, a unit on the y-axis may 
represent a number of miles. 

d. A boy starts along a bipycle path riding at the rate of 3 miles 
an hour. One hour later his friend starts along the same path 
riding at the rate of five miles an hour. In how many hours will 
the second boy overtake the first? How far from the starting 
point will they be? 

e. A triangle has sides that lie on the graphs of the eqiations 
2y + 3x = 16, y = 2, y + 3x = 2. (h*aph the equations and find 
the ordered pairs that represent the vertices of the triangle. 

f. In the following system of equations, what relationship between 
a and b will make the ^stem inconsistent? 

ax + y = 6 
bx + y = 2 

g. Vftiat values of a and b will make this system dependent? 

4x = 2y + 8 
ax = y + b 

h. A point whose ordinate is twice its abscissa lies on the graph 
of 3x + y = 10. Bind the coordinates of the point. 

VII. Systems of Equations Solved by Substitution 

A. Suggested Procedure 

1. Review with pupils that a syst^ of two linear equations has a 
solution when the lines representing the graphs of the equations 
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intersect. Discuss the difficulty of using the graphical method 
for solving a system of equations when the numbers in the solu- 
tion are not integers, e.g., 

(4 3 

It is difficult to read the values of the numbers in the above 
solution from the graph with accuracy. It is, therefore, 
necessazy to find a method for solving a system of equations 
that will, avoid the possible inaccuracies of the graphical 
method. 

2. Have pupils learn to solve systems of equations by the substitu- 
tion method. 

a. Have them consider the equations: 

1) y = 2x + 1 

2) 3x+ 2y = 9 

From previous work the pupils know that these equations are not 
inconsistent or dependent and, therefore, there is a unique 
ordered number pair which is the solution of this system of 
equations. 

When the first and second members of the solxition are substituted 
for X and y respectively in equations l) and 2), then both l) 
and 2) become true statements. In equation l), the polynomials 
y and 2x + 1 will become names for the same number. In equation 
2) the polynomial 3x + 2y will become a name for the number 9. 

b. &ve pupils see that equation 2) can be expressed as an equation 
in one variable \yy replacing y by 2x + 1. The result is the 
equation 3x + 2 (2x+l) = 9, from which we obtain the equations 

3x + Ax + 2 =9 

7x = 7 

X * 1 

Therefore, 1 is the first number of the unique ordered pair 
which is the solution of the original system. Replace x 
1 in either of the original equations. 

y*2x + l 3x + 2y*9 

y*2+l or 3+2y*9 
y ® 3 2y = 6 

y = 3 
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Iherefore^ the solirbion set of the system is • 
The sdlution should be .checked In both of the _ al 
equations. 




c. Have the pupils use this method of substitution to solve 
pairs of equations^ such as the following: 



y * 3x - 7 

2x + 3y = 12 



X = 3y - 1 

2x + 3y = S 



d. Now have the pupils consider the pair of equations: 

3x + y = 19 

Ax - 2y » 12 

Guide them to realize that before using the substitution 
method^ it will be convenient to change one of the equations 
to an equivalent equation with x (or y) as one member. In 
this example 3x + y = 19 may be transfomed to y = 19 - 3x. 

The substitution method may then be applied as before. 

e. Have pupils summarize the process of solving systems of linear 
equations in two variables by substitution^ as follows: 

1) Find an equation vdiich is equivalent to one of the given 
equations and has y (or x) as one member. 

2) Substitute this expression for y (or x) in the other 
equation. 

3) The resulting equation^ when simplified^ will have as a 
root one number of the unique ordered pair that satisfies 
both of the oidginal equations. 

a) Use this number as a replacement for x (or y) in either 
of the original equations to find the second number of 
the ordered pair \^ich is the solution of the system. 

5) The solution should be checked in both of the original 
equations . 

3. Have pupils use two equations in two variables to solve verbal 
problems • 

a. Pose piToblem: The sum of two numbers is 15. The larger is 
5 more than four times the smaller. Find the numbers. 
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Illustrative Solution 



1) X + y * 15 
2 ) y = /»x + 5 



Let X = smaller nuiriber 
y « larger number 

(The sum is 15) . 

(Tlie larger is 5 more than foiir times the smaller) 



X + (Ax+5) « 15 (Replace y in equation l) by 4x+5 and solve for 



5xf5 =15 

X = 2 

2 + y = 15 
y = 13 



(Substitute 2 for x in equation l) and solve for y) 



The niimbers are 2 and 13. 



Check 



The sum of 2 and 13 is 15* Thirteen is 5 more than four times 2. 

b. Pose problem: Three apples and one pear cost 260. At the same price, 
two apples and five pears cost 520. i^at is the cost of each? 

Illustrative Solution 

Let X = cost of one apple (in cents) 
y = cost of one pear (in cents) 



1) 3x + y = 26 

2) 2x + 5y = 52 

y = 26 - 3x 

2x + 5(26-3 x)= 52 
2x + 130 -15»= 52 



(Three apples and one pear cost 260) 
(Two apples and five pears cost 520) 
(Solve equation l) for y in terns of x) 
(Replace y in equation 2) by 26 - 3x) 



(Substitute 6 for x in equation l) ) 



x= 6 
18 + y= 26 
y= 8 

The cost of one apple is 6 cents. The cost of one pear is 8 cents. 
Check to see if these results satisfy the conditions of the problem. 

B. Suggested Practice 

1. Solve each of the following systems of equations by the substitution method: 



a. y = 3x 

3x + 2y = 18 



b. 3y + 3x = 9 

y --2 
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c. a s= 6b 

3a + 27 = -4b 



o 

ERIC 



d, y*=4-x e,x = -3y + 4 f . 3c - d = 11 

7x + ;?y « -2 2x - y = -6 5d - 7c« 1 

2. Write a system of equations in two variables for each of the follow- 
ing problems^ and then solve the substitution method. 

a. The difference of two numbers is 4. The sum of 1 and the larger 
number is twice the smaller. Find the numbers. 

b. One number is 40 more than three times another. Their sum is 160. 
What are the numbers? 

c. A man invested $3700^ some at ^d the rest at 3^ per year. 

The total annual income from the investment is $123. How much 
was invested at each rate? 

d. The perimeter of a rectangle is 146 feet. If the length exceeds 
5 times the width by 1 foot^ what are the dimensions? 

e. A family mailed a total of 50 postcards and letters during one 
months at a cost of $2.32 for postage. If the cost of mailing a 
letter is 5^> and that of a postcard 4^, how irany of each were 
mailed? 

f. The sum of the digits of a two-digit numeral is 11. If the tens 
digit is 3 more than the \mits digit, what is the number? 

VIII. Systems of Equations Solved by Addition 
A. Suggested Procedure 

1. Have pupils consider the equations in the following system: 

3x + 2y = 10 

2x - 3y = -2 

Have them see the method of solving systems of equations by substitu- 
tion is not always a convenient one, especially if, as in the above 
system, the transformation for one of the variables in terms of the 
other results in a fractional expression. A second method, called, 
the addition method, may be more convenient in such cases. 

2. Have the pupils fom an eqmtion by adding the polynomials on the 
left side of the equations and by adding those on the right side: 

(3x + 2y) + (2x - 3y)= 10-2 
"'\ or 5x - y =8 

3. Have pupils draw the graphs of the equations in the system. Then, 
on the same set of axes, have them draw the graj^ of 5x - y = 8. 

Does the graph of 5x - y = 8 have any points in common with the 
graph of the equations in the system? 

Have pupils see from the graph that the solution of the system also 
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satisfies 5x - y “ 8* Is the equation 5x - y “ 8 equivalent to 
either of the equations in the system? (It is no^ for the graph 
of 5x •• y “ 8 does not coincide with either of the graphs of 
3x + 2y = 10 and 2x - 3y “ -2.) 



4, Have pupils repeat the procedure of 2 - 3 for one or two other 
systems. Lead pupils to the realization that starting with a 
system of two consistent equations^ we may form a new equation 
ty "addition.** The new equation is not equivalent to either of 
the original equatiorus > but the solution, of the system also 
satisfies the new equation. All the other solutions of the 
new equation are different from any of the solutions of the 
origiikl equations. 



5. Have pupils consider the following systems of equations and 
their solution sets. For each system, have them fore a new 
equation ty addition. Have pupils check to see’ whether the 
pair of numbers in the solution set of the system satisfies the 
new equation. 



a. 3x + 4y “ 27 

X - y * 2 
b» 2x + y ■* 6 

X + y = 5 
c. X + =* 4 

2x - 2!y * 2 



Solution Set 
{(5.3)) 



( 



(1,4)} 



{( 2 , 1 )} 



New Equation 
4x + 3y = 29 

3x + 2y « 11 

3x + 0 y * 6 or 3x^ 



6. Have pupils consider how we could find the solution set of the 

system in 5a, if it were not known. They may suggest the following 



a. Try various replacements for x and y in the **new equation 
(obtained by **adding** the equations of the system}. Find 
several solutions (ordered number pairs) for this equation. 



b. Test these solutions to see which, if any, satisfy the system. 

Why is this method unsatisfactory when the **new equation'* has 
two variables? 



7. Ifeive pupils consider whether the above procedure will work any 
better for the system in 5-c. 
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a* Pose questions: 

What advantage has the '*new equation** in 5*c over those in 
5-a and 5-b? 

What is the only peplacement for x in this equation that makes 
it a true statement? (2) 

Hrw is this replacement for x related to the solution set of 
the original system? (it is the first number of the ordered 
pair which constitutes the solution of the system. ) 

Now that the first number of this ordered pair is known, how 
can we find the second? (Use 2 as a replacement for x in 
either equation of the system and find the corresponding 
value of y.) 

2 + ^“^ or 4-:^-2 

y » 1 ^ y = 1 

b. Have pupils see that the solution of the system in 5-c is 
(2,1) • The solution set is y( 2,1)'V • Have the pupils check 
the solution in both of the <^iginal equations. 

c. Have pupils realize that x 2 and y = 1 are the eqiations of 
lines passing throu^ the point of intersection of the graphs 
of the two original equations. 

d. Have pupils conclude that when the equation foxmed by adding 
the equations of the system has just one variable, the solution 
set of the system can be readily detemined. Elicit that the 
variable y is **eliminated'* because the y«terms are additive 
inverses. A similar procedure could have been used if the 
x-terms were additive inverses. 

8, Have pupils practice solving each of the following systems by 
addition: 

a. 5x - 3y 19 b. 

2x + 3y * -5 

9* After several examples, have 

X + 3y » 6 
2x + 4y * 10 

10. Ask the pupils why adding the equations does not seem to help in 
finding a solution. Have them see that if we added the left members 
and the right members, we would get the equation 3x + 7y I 6 in 
idiich neither variable is eliminated. This equation also contains 
in its solution set the solution of the original pair of equations. 



2x + 5y “ 20 c. .3m + .2n » 5 

-2x + 3y “ 4 .2m - .2n * 10 

the pupils consider the system: 
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but it is not helpful in finding the actual solution. They 
should realize that since the aim of this method is to 
••eliminate” one of the variables^ they might proceed as 
follows: 

Multiply the left and right members of the aquation x + 3y “ 6 
by -2, obtaining the equivalent equation -2x -6y • -12. Then, 
••eliminate” one of the variables by addition. 

-2x -6y = -12 
2x +4y 10 

Thus, -2x + 2x - 6y + 4y “ -12 + 10 

-2y -2 

y 1 

Replacing y by 1 in either of the original equations, we get 
X - 3. Therefore, (3,l) unique ordered pair ^ich forms 

the solution of our equations. Again, have the pupils check 
the solution in both of the original equations. 

11 • Have pupils see that it may be necessary to choose a multiplier 
for each equation in the system to produce a pair of equations 
equivalent to the original set, which then enable us to obtain 
a coefficient of 0 for one of the variables when we add. For 
example , in solving the system 

(1) 2x - 3y “ 7 

(2) 3x + Ay = 10 

We my choose -3 as a multiplier for equation (l) and 2 as a 
multiplier for equation (2). The following equivalent equations 
are obtained: 

-6x + 9y -21 
6x + ^ “ 20 

It is now possible to solve by addition. 

B. Suggested Practice 

* 

* Solve each of the following systems of equations by the addition 
method: 

X + 4y 19 2. i»a + 3b “ —12 3* *7x — *^y ** 1.22 

3x + 5y - 33 5a + 4b « -15 .3x - .6y » 3.12 

Some systems of equations are easy to solve by substitution. 
Sometimes the method of addition is more convenient. Decide 
for yourself vdiich method to use, then solve the following 
systems of equations: 
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4. X + 2y = 5 
2x + y * 1 



.2x - y ** 2 

3x + y = 3 



6. .Ax - *3y * .6 

.2x + .5y * 1.6 



7. 



9x - $y * 7 



7x - 6y » 9 



+ Jy * 10 

X - y = 8 



Write a ^stem of equations in two variables for each of the 
following problems^ and then solve by the most convenient method: 

9* Tickets to a school play cost $1.10 for each adult and 55^ for each 
child. If 330 tickets were sold for a total of $294.25> how many 
tickets of each kind were sold? 

10. A coin bank contains $3.05 in dimes and nickels. If the number of 
dimes is 2 less than twice the number of nickels^ how many coins of 
each type are in the bank? 

11. Tom is 6 years older than Bill. Four years ago, Tom*s age was 
1 year less than twice Bill's age. How old is each? 

12. The difference between two numbers is 8. Twice one number is 
16 more than twice the other. What are the numbers? 

Mote : Pupils should realize that since the equations idiich e3q>ress 
the conditions of the problem are dependent, we cannot obtain a 
unique solution. 

13. Select additional problems frcm various textbooks. 

IX. Solving Systems of Inequalities by Graphing 
A. Suggested Procedure 

1. Have pupils develop an tinderstanding of the meaning of systems 



of inequalities. 

a. Have them consider the following pair of inequalities: 

X + y > 0 
X + y < 10 

Ibe replacement set for both x and y in each inequality is 
^ signed numbers | . 

Have pupils find some sample ordered number pairs which make 
the firet inequality true, e.g., (1,1), (2,3), (4,7), (6,9), 
(-2,3), (5,8), (4i,3). 

Have them find some sample ordered number pairs tdiich make 

■ '■ 1), (2,7), (-1,-2), 
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b. Guide pupils to see that there nay be nany ordered ralrs 
which satisfy both inequalities, e.g., (l,l)^ (-2,3)> (4j>3)* 

c. liave pupils understand that when two linear inequalities 
impose two conditions on the variables at the same time, 
they are called a system of linear ineQualities » 

2. Pose question: How can we find the solution set of a system of 
linear inequalities, such as 

y > 2x -1 
X + y < 5 

Have pupils realize that just as graphs are used to solve systems 
of equations, so also can they be used in determining the solution 
set of systems of inequalities* 

Note : Sometimes this is the only practical method of solving a sys- 
tem of inequalities* 

3* Develop with pupils the following procedure for solving systems of 
inequalities ty grayling: 



Solve the ^stem: y > 2x - 1 

X + y < 5 

a* First, draw the graph of y > 2x - 1* Ihe solution set of this 
inequality is the set of all points in the region above, (but 
not on), the graph of y ■» 2x -1* 



b* Next, on the same coordinate plane, draw the graph of 

X + y < 5* Bie solution set of this inequality is the set 
of all points below, (but not on), the graph of x + y * 5* 




included, they are shown as dashed lines* 
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c« The graph of the solution set of the system 

y > 2x - 1 

X + y < 5 

is the set of all points^ and only those points^ on the plane 
vrtiich are both above the graph y « 2x - 1 and below the graph 
of X + y ■« 5* (They are indicated in the diagram by means 
of double-shading*) Some points in the common solution set are 
(l,2), (0,4 ), (-2,-3). Do these points have coordinates that 
satisfy both sentences in the system? 

OPTIONAL 

4 • Have pupils extend their knowledge of graphing systems of inequalities 
to the solution of problems involving "linear programming*" 

B* Suggested Practice 

Graph each of the following systmns of inequalities* Show the graph of 
the solution set as points in a double-shaded region* 

1^ X > 2 2* X - 1 > y 

y<3x y>i2+x 



3. y < 3x + 2 4.^^-x>l 5*y-4£o 

7 >x-l x-3y<5 y + 2;>0 

6* Gra|^ the solution set of the following problem* Then, from the 
graph, find three solutions to the problem* 

I am thinking of two numbers* The first, when added to 7, results 
in a number less than 12* The sum of the two numbers is greater 
than 5* What are the numbers? 
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CHAPTER mi 



DIVISION OF POLTNOMIAIS 



This chapter contains suggested procedures for helping pupils 
develop understanding and skill in dividing with polynonda3.s • The 
materials presented show the following progression: dividing a 
monomial by a monomial; dividing a polynomial by a monomial; dividing 
a polynomial by a polynomial. 



I. Dividing a Monomial by a Monomial 
A. S\]ggested Procedure 

1. Review with pupils that division of signed numbers is related 
to the operation of multiplication. Thus^ 

15 J 3, or ^ 

means a number which vrtien multiplied by 3 gives 15* Then, 

15 T 3 5 because 15 = 5*3 

How can we develop the meaning of division in the set of polynomials 
to nftke it consistent with the meaning of division in the set of 
signed numbers? 

2. Guide pupils to see that our definition of division in the set of 
polynomials should give us the same answer as in 1. Then, to be 
consistent, we will define division in the set of polynomials as 
the operation related to multiplication with polynomials. 

Q 

Thus, = X because x3 = x?*x 
* x^ 

= x2 because x? = x5*x^ 

x5 



because x^^ = x/*’*x^ 

xA 

3. Lead pupils to discover the law of exponents for division. 

a. In each of the above examples, have them compare the exponent 
of the quotient with the exponents of the dividend and divisor. 

^ = 3^-2 ^-*7-5 -2^ = xl0-^ 

x^ x5 x^ 
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b. Have pupils generalize that in finding the quotient of two 
powers having the same base^ we write the base and use as 
its exponent the degree of the dividend minus the degree 
of the divisor. This is known as the law of exponents 
for division . 

c. Have pupils understand the meaning of the 0th power of x. 



Then, if we wish to be consistent, we define x® “ 1 for x ^ 0. 

Note ; The expression 0^ is gmerally understood to have no 
meaning. 

d. As a result of c, have pupils understand the meaning of ones 
place in the decimal system of numeration. For example, 

7x2 ^ ^ ^ 3 jnay be thought of as **• 9x1 + If x * 10, 

this becomes 7*102 + 9*10l + 8*10o, or 798. 

4. Have pupils understand how the quotient of two monomials whose 
coefficients are not 1 can be found. 

a. Have them consider the following: 



Have pupils observe that in each of the above examples the 
coefficient of the quotient is the result of dividing the 
coefficients of the dividend and divisor. 

b. Have pupils generalize that in dividing two monomials, we 
obtain the quotient by dividing the coefficients of the 
monomials and by using the law of exponents for division. 




because x3 = x3*l 



^t if we apply the law of exponents for division 



-4-x3-3-xo 



•3 




B. Suggested Practice 

Perform the indicated divisions and check by multiplication. For i^ich 



11. Dividing a Polynomial by a Monomial 
A. Suggested Pkacedure 

1. Have pupils recall that division of a number by another number can 
be replaced by multiplication of the first number and the reciprocal 
of the divisor. For example » 



2. Pose puzzle problem: 

Think of a \*iole number from 1 to 10. Square it, add the original 
number to this result. Now divide the sum by the original number. 

If you tell me youi* answer, I can tell you your original number. 

Have several pupils state their answers. Tell them their original 
numbers. (The original number is 1 less than the answer.) 

Have pupils sec that the operations in the problem may be symbolized 
as follows: 



values of the variables are the following divisions meaningless? (When 



not be replaced by zero.) 



the variable is in the divisor, it may 




6Aa^b? 
3* gab 





156pQr 

-6 




10. Jgt2s.it 
U. -1.2d5t2 s. .SdV 
12. Jmv2 A iv2 



8 7 2 can be replaced by 8 x | 

10 f 5 can be replaced by 10 x J 

J f 3 can be replaced ^73*3 ^ general, 

a y b can be replaced by a*^ b 7^ 0 



- 177 - 



“ original number 

square of the original number 
« original number added to the square 

** sum divided by the original number 

How can the original number be determined? 

Have pupils realize that what is involved is the division of a 
polynomial by a monomial, 

3. Have pupils consider the division 

(x2 + x) r X or ^ 

3C 



X 

x2 

X^ + X 

x2 X 
X 



Have them understand this division as follows: 




X 



(x? + x) • (Division may be replaced with multi- 
* plication by reciprocal) 



X? • jL + X 

X 

2^+ 2 

X X 



•i (Distributive property of 
^ over addition; 

(Meaning of division) 



multiplicai[^ion 



^ *^1 (Division of monomials) 



Observation: To divide a polynomial by a monomial, we make use of the 
distributive property of multiplication over addition. 



examples, have pupils note that we are, in effect, 
dividing each term of the polynomial by the monomial. 



5. Have the pupils perfonn the following divisions and check by sub- 
stitution: a = 2, a e 3, and a » 0. 



a. +10a,.iga£ 

10 10 ^ 



10a 

10 



® 3a2 + a 



For which values of the variable is the division meaningful 
in this example? (for all values) 
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b. 



30a^ 10a _ 30a^ ^ 10a 

10a " 10a 10a 

=* 3a + 1 

For which values of the variable is the division meaningful 
in this example? (for all values excej* a « O) 



B. Suggested Practice 

Perform the indicated divisions and check by multiplication, 
which values of the variables are the divisions meaningless? 



4* 



12a + 15b 


m2 -m __ m2 ^ (-mj 


3 


-m -m -m 


lOm 5n 


— -m +1 


5 




25c + 5c 


or 


c 


m2 -m _ m2 _ m^ 


t2 + 4t 


HU -m -m 


t 






- -m - (-1) 


3y 


— -m + 1 



^ 6r3 + 9r2 + 12r 

3r 



8 * -4 



9. 

10 . 



For 



+ 18x 

-X 

35c3d + 7c^^ - Ucd3 
-7cd 



III. Division of a Polynomial by a Polynomial 

Note to teacher s Two approaches are suggested for developing division 
of a polynomial by a polyromial. O^e first approach emphasizes the 
similarity between the process of division for polynomials and long 
division for integers. The second approach stresses the use of the 
distributive property of multiplication over addition. Teachers will 
select the method \Aiich will best meet the needs of their pupils. 



A. Suggested Procedure 

1. Have pupils understand the meaning of the closure property of a 
set of numbers under an operation. 

a. Have them consider the result of adding two whole numbers 
(the positive integers and O). 

2 + 7-9 14 + 3B * 52 109 + 217 = 326 

These are illustrations of the fact that the result 
of adding two whole numbers is always a whole number. 
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b. Have pupils consider the result of multiplying two whole 
numbers* 

2x5 = 10 0x7 = 0 21x 19 = 399 

These are Illustrations of the fact that the result of multiply- 
ing two vAiole numbers is always a vAiole number* 

c. Tell pupils that a set of numbers is closed under an operation 
if the result of the operation performed on evexy pair of 
elements in the set is also an element of the set. Thus^ the 
set of whole numbers is closed under addition and under multi- 
plication . 

d. Have pupils realize that a set need not be closed with respect to 
an operation. 

1) Ihe set of whole numbers is not closed under subtraction. 

For example, 4-6 does not yield a whole number. 

2) The set of whole numbers is not closed under division. 

For example, 3 f 4 does not yield a whole number. 

3) The set of odd numbers is not closed under addition since 

the sum of two odd numbers is an even number (not in the set). 

4) Guide pupils to see that to make subtraction always possible, 
the set of arithmetic numbers was extended to fom the set 

of signed numbers; to make division always possible, the set 
of \diole numbers was extended to form the set of fractions. 

2. Have pupils review the meaning of a polynomial and the degree of a 
polynomial. 

3* Guide them to realize that the set of polynomials is not closed under 
division. For example, if the polynomial x^ + 2x + 1 is divided 
by the polynomial x, we have 

x2 + 2x + 1 x2.2x.1 

" ■ ■ ■■■■■' " ss — 4- — -J. « 

X XXX 

*: X -i* 2 ‘f This is not a polynomial. 



Note ; Just as in the past we extended the set of whole numbers to 
fom the set of arithmetic fractions in order to make division 
of numbers always possible, so will the set of polynomials be 
extended to fom the set of algebraic fractions (rational expres- 
sions), in order that division of polynomials will always be 
possible. (See Chapter X ) 



4. Pose problem: The of a rectangle is + 3 x + 2 . Its 

vddth is X + 1 . What is its length? Have pupils see that idiat 
is involved is the division of polynomials. 

(x 2 + 3x + 2 ) i (x + 1 ) 

a. Have pupils compare the division of polynomials with the 
division of integers. 

l) Have them consider: 132 ^ 11 

10 2 

10 fl)l 00 + 30 + 2 
100 + 10 
20 + 2 
20 + 2 



12 

11 ) 132 
110 
22 
22 



Have pupils see that the dividend and divisor may be 
written in terms of powers of 10 . 

10+2 

lOfl) io2 ^ 3.10 + 2 

1Q2 + 1*10 

2*10 + 2 
2-10 + 2 



If X is used to represent the base 10^ the problem 
becomes: 

X + 2 

x2 + 3x + 2 

x^ + X 

2 x + 2 
2 x + 2 
0 

Have pupils see that when x^ + 3x + 2 is divided by x + 1 , 
the answer is the polynomial x + 2 . 

Note : While this procedure was developed by means of a 
consideration of division in base ten^ it is equally valid 
in any other base^ and^ in fact^ the variable x may represent 
any number. 

2 ) Have pupils check the division by multiplication. 

Have pupils check the division by replacing x ly any con- 
venient number. What numbers^ if any> are not permissible 
as replacements for x? (-1 is not permissible since it 
leads to a zero divisor.) 
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3) After several similar examples^ have pupils consider a 
division problem with a remainder other than zero* 

3x + 2 

X + 4) 3x2 + 14x + 10 
3x2 + 12x 

2x + 10 
2x + 8 

The quotient is 3x + 2 with a remainder of 2* CSuide pupils 
to express the remainder as a fractional part of the divisor: 

(3x2 + J4x + 10) i (x + 4) = 3x + 2 + 

XtX|, 

2 

Have pupils note that 3x + 2 + is not a poljniomial. 

b* Alternate approach* Have pupils understand the division of poly- 
nomials as follows: 

1) When the polynomial x? + 3x + 2 is divided by the polynomial 
X + 1^ the polynomial answer^if it exists^ must be of degree 
one^ since i^ must multiply a first-degree polynomial (x+l) 
to give a second degree polynomial (x2 + 3x + 2) as a product* 
Thus^ 



(x + l)* ( — + — ) » x2 + 3x + 2 

What must the first term of the answer be? 

Guide pupils to realize that the first term of the answer 
is X (that is^ x2 ^ x)* 

Then, (x + l)*(x + — ) « x2 + 3x + 2 

b) Hgve pupils use the distributive property of multiplication 
over addition to expand the left side* 

(x + l)*x + (x + l) ( — ) » x2 + 3x + 2 
x^ + X + (x + l)* ( — — ) x2 + 3x + 2 

c) Have pupils add the additive inverse of x2 + x to both sides 
of the equation* Iben, 

(x + !)•( ) = x2 + 3x + 2 -x2 -X 

(x + !)•( ) - 2x + 2 

What must the second tern of the answer be? 
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d) CSuide pupils to see that if (x + l)*( ) is to g±ye 

2x + 2 as a result, the second tenn of the answer must be 

2 (that is, 2x f x). 



e) (x + l)(2) « 2x + 2 



Therefore, when x2 + 3x + 2 is divided x + 1, the answer 
is the polynomial x + 2. 



Check by multiplication: 

(x + l)fac + 2) i x2+3x + 2 

(x + l)x + (x + l)2 * x2 + 3x + 2 
x2+x + 2x + 2 ^ j2 + 3x + 2 



3^ + 3x + 2 



x2 + 3x + 2 and it checks 



2) After several similar examples, have pupils see that the work 
may be arranged in the following short foims 



X 



x4-l) x2 + 3x + 2 
x2 + X 

2x + 2 



see a) 


X + 2 


see d) 




xtl) 3 c 2 + 3x + 2 




see b) 


3^ + X 




see c) 


2x + 2 








see e) 



3) Have pupils consider the following problems Can the po^nlal 
3x2 + lAx + 10 be divided by the polynomial x + 4 to give a 
polynomial as an answer? 

If (x + 4)( + ) » 3x2 + lAx + 10, then the first term of 

the answer is 3x (that is, 3x2 i x). 



Then, (x + 4)(3x + ) * 3x2 + Ux + 10 or 

(x + 4)-3x + (x + 4)( — ) - 3x2 + I4x + 10 or 
3x2 + 12x + (x + 4)( ) - 3x2 + 14x + 10 and 



If (x + 4)(— ) * 2x + 10, then the second tern of the answer 
appears to be 2 (that is, 2x 7 x)* 

But (x + 4)(3x + 2 ) « 3x2 + 14x + 8 ^ 3x2 + lU + 10. 



Have pupils conclude that 3:<2 + lAx + 10 la not divislbls the 
X + 4 to give an answer that is a polynomial. 




by X + 4« 
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The above division example can be arranged in short form 
as follows: 



3x + 2 



The quotient is 3x + 2 with 
a remainder of 2* This can 
be written as: 



x+4) 3x2 + lAx + 10 
3x2 + I2x 



2x + 10 
2x + d 




2 



5 , Have pupils see the need for using the descending (or ascending) 
order of the dividend aind divisor to facilitate the mechanics of 
division of a polynomial by a polynomial* 

6 . Guide pupils to see how missing terms in a dividend are provided 
for 9 by using zero as a coefficient* 

Example: Divide x3-x + 6byx + 2 



Qieck by multiplication* 

7. Have pupils practice division of polynomials and sunmarize the 
procedure* Have them check division by multiplication. It may 
also be checked by numerical substitution* 

B* Suggested Practice 

Perform the following divisions and check your answers* 



x<*2) x3 + 0*x2 - X + 6 



x2 » 2x +3 



x3 + 2x2 



- 2x2 - X 




+ 6 



1* ^ 7x -f 10 



6* p-2) 3p2 - 7p + 4 

7. (-2 -a + 3a2) f (a - l) 



X + 2 



2 * g -?y, ,2 



w2 » w 72 
3 * V + A 



w + 8 



S. x+2) 3x3 + 6x2 - X - 2 
9. (y3 - y + 6; f (y + 2) 




10. x-3) x3 + 27 



5. Gc2 + 3x + 5) A (x - 2) 
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U. If one factor of 2m2 -am -6n2 is m - 2n, «hat is the other factor? 

12. The area of a rectangle is x2 -x -12, and its length is x - 4* 

What is its width? 

13, The volume of a rectangular sold ien^+n^+ni + 6* 

Its height is m + 2. Find the area of the base* 

14* See various textbooks for additional practice* 
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CHAPTER IX 



SPECIAL PRODUCTS AND FACTORING 



This section presents materials and procedures for helping 
pupils develop understanding and skill in factoring algebraic expres- 
sions through the use of the basic number properties. 



I. Greatest Common Factor of Monomials 
A. Suggested IVocedure 

1. Review meaning of factor 

a. Pose problem: The area of a rectangle is 24* What are the 
dimensions if they are to be whole numbers? 

Pupils will suggest various possibilities: 

6 and 4 because 6 x 4 * 24 
8 and 3 because 8 x 3 " 24 
12 and 2 because 12 x 2 ^ 2h 
24 and 1 because 24 x 1 « 24 

b. Have them recall that itdien two or more numbers are multiplied 
to give a product^ each number is a factor of the product. 
Thus^ 6^ 4> B, 3f 12, 2, 2k, 1 are all factors of 24* 

Elicit that indien a product and one factor are known^ we may 
find the other factor by dividing the product by the known 
factor. 

Note: Die factors of an integer are also called the divisors 
of the integer. 

2. Have pupils express a number such as 12 as the product of numbers 
(positive or negative) in various ways: 



Have pupils realize that if fractions were considered as factors 
of an integer^ the number of factors of this integer would be 
limitless^ since any number would be a factor. It is therefore 



12 « 1*12 
12 - 2*6 
12 - (- 2 )(- 6 ) 
12 - 2 * 3*2 



^ , J!|.}*2 etc. 
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customary to restrict the factors of a number to a given set 
of integers* (Unless otherwise stated^ the factors of a 
polynomial will have coefficients that are in the same set of 
numbers as the coefficients of the given polynomial*) 

Have pupils conclude that to factor an integer is to find 
seveitil integers (positive or negative) whose pi'oduct is the 
given number* 

3* Have pupils consider the following subset of the set of 
integers: 



2, 3, 5, 7, 11, 13, 17, ... 

What common jsroperties do these have? Bach number in this set 
ia greater than one and each number has only itself and one 
as positive integral factors* When an integer greater than 
one has only it self a nd one as positive integral factors, it 
is called a prime number * 

Have pupils list several ether members of the set of prime 
numbers* Have them list the set of all even primes* 

Have them consider whether 179 is a prime number* Does it have 
any factors other than 1 and 179? Try 2, 3, 5, 7, 9, H> 13 
possible divisors or factors* Why do we not use even numbers 
greater than 2? Why do we not use any number greater than 13* 
(142 » 196 which is greater than 179. Therefore, if there were 
a factor greater than 13, there would necessarily be another 
factor less than 13*) 

4* Have pupils practice expressing positive integers as the product 
of prime numbers* 

a* 18 » 2.9 « 2.3*3 or 
18 = 3*6 « 3*2.3 

b* 24 * 12*2 » 4*3*2 » 2*2*3*2 or 
24 a 8*3 « 2*2*2*3 or 
24 « 6*4 » 3*2*2*2 

Have them notice that in each case the prime factors are 
the same except for the order in which they appear* Infom 
pupils that it can be proven that any natural number can be 
written as the product of a unique set of prime factors. 

Thus, wo would not say that 2*3 *3 and 3*2*3 are different 
factorizations of 18 (l8 « 2 ^ 3 ^) j 

5* Have pupils practice expressing negative integers as the product 
of -1 and prime numbers* 

a. ^0 - -1*5*2*2 “ -1*5*22 

b. -45 - -1 *3*3*5 - -1*32*5 
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6. Help pupils to find a conanon factor of a pair of monomials* 

a* What is the greatest common factor of 120 and 36? We can 
determine this by factoring these numbers into the product 
of primes because we know that each has a unique set of prime 
factors* 

120 = 2*60 36 « 2*18 



= 2^ -3 *5 

The largest power of 2 common to 120 and 36 is 22* The largest 
power of 3 common to both numbers is 3* There are no other 
factors in common* Then the greatest common factor is 
22*3 or 12* 

b* Have pupils find the greatest common factor of a pair of monomials^ 
2?a2b and 36a3b. 

Have pupils express each numerical coefficient as a product of 
prime integers: 



What is the largest number that is a factor of 27 a2fa and 36 a3b? 
(32 or 9) 

What is the highest power of a that is a factor of each? (a2) 

What is the highest power of b that is a factor of each? (b) 

Then what is the greatest common factor of 2?a2b and 3^b? (9a2b) 

c* Have pupils find the greatest common factor of this pair of 
monomials : 

25x2y3 and -^Qx^y 

Expressing each coefficient as the product of prime factors^ 
we have 5^x^3 and (-l).2*52x2y 

^2x2y or 23x2y is the greatest common factor of both* 

B* Suggested Practice 

Find the greatest common factor of each of the following pairs: 



» 2 * 2*30 
= 2*2*2*15 

« 2*2*2*3*5 



= 2*2*9 
= 2*2*3*3 

« 22*32 




1 * 12,32 
2* 50,75 
3. 4a, 8 



6* 6x2y, -12x3y2 
7. 5a2b3, -10a2b 

8* 42xyz, 28x%-2 



4 • i 6b 
5. 9rsZ, 6r2 
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II* Finding the Groatust Common Monomial Factor of the Tenns of a Polynomial 
A. Suggested Procedure 

1. Have pupils find the area of a rectangle ifdiose dimensions are 
2 and x + 3* 



X + 3 

2 



A = bh 
A =» 2(x + 3 ) 

A = 2(x)+2(3) Distributive property 
A = 2x + 6 



Since the product, 2x + 6, «ae obtained ty mulUgr^ 2 ^d^^3, 
then 2 and x + 3 are the factors of 2x + 6. If 2x + o were givw 
as the product of two factors, how would we 

Have pupils see that the binomial 2x + 6 consists ’ 

2x and 6 . Fbotors of 2x are 2 and x. Factors of 6 are 2 and 3. 
fecause 2 is a factor of 2x and of 6, it is called the coffli^ 

factor of 2x and 6. 



Then, 2x + 6 = 2»x + 2-3 and, using the distributive property, we 
can write this as 



2x + 6 * 2(x + 3) 

This sentence is true for any replacement of the ® 

signed number. The given polynomial has 2 and x + 3 as factors. 

2. In a similar way, have pupils show that 

6x2 - 9x s= 3x (2x - 3) 

Have tViem note that 3x is a monomial factor of t^ S^r^Sl^omial 
6x2 - 9x. If a monomial is a factor of eyeiar tern of a polynomiax, 

it is called a common mo nomial factor of the polynomial. 

3. Have consider various viays of expressing Sx? _ I2x as the 

product of factors, one of which is a monomial: 
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&c2 « i2x 2(4x2 - 6x) 

8x2 - I2x * 4(2x2 « 3x) 

Bsfi - 12x «= 2 x(Ax - 6) 

8x2 12 jc *» /»x(2x - 3) 

Have then see that 4x is the greatest common monomial factor 
since> of all the common factors, it has the greatest niamerical 
coefficient and is of the greatest deg^ree* In expressing a 
po]omomial as the product of factors, one of idiich is a monomial 

factor, it is understood that we use the greatest common monomial 
factor. 



4* Have pupils complete the table below. Have them check by multi- 
plication, or by substitution. 



Polynomial 
5x2 ^ 10 



GCP 

5 



Polynomial 

GCF 

10 

5 - 5 ' 



Quotient 

X? - 2 



Factored 

Form 

5(3^ - 2) 



b. 9a2x - IBaxS 9« ^ = a - 2x 9ax(a^) 

c. 12a3b + I6a2b2 

d. Tfi^ + Ttrl 



e, ab b 

B. Suggested fmatUe 

1. Vl^ite in factored fonns 

a, 2a 2b 

b. 5x - icy 
0. 3x2 + 6x? 
d. 4B "" 8b2 

s. f i3uy2 



f . a + a2 + a3 

g. u2v - uv2 

h. 7x5 + 21x3 - ^x 

i. 9a3b2+ iaa2b2 - 6a2b3 

j. -t3 + 4t2 + 8t 



2. Select additional sxamplfs trm textbooks. 



3* tiHits sash expression in factored form. (OFTIOML) 
•• x(x^l) +36 pHL) Solution: (x41)(x4*3) 

b. y(y"*5) ^ 10(y"*5) 

c. (m-n)r2 if (sHn)t2 

d. a2 — a *f ab — b 
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III. Squaring a 



aLnomial; Factoring Trinomial Squares 



A. Suggested Procedure 

Wft+e to Teacher: If preferred, the general case of factoring trinomial 
S^ucts Sr S develoF^d firU. Following this, the factoring of 
tS^^l squares and the factoring of the difference of two squares 

may be taught as special cases. 

1. Have pupils review the multiplication of a binomial by a binomial. 

Refer to Chapter V for the use of the distributive property in 
multiplying polynomials. 

2. Have pupils consider the special case of multiplying a binomial by 
itself . 

a. (x + 3)2 = (x + 3)(*+3) 

= (x + 3)x + (x + 3)3 
= x2 + 3x + 3x + 9 
= x? + 6x + 9 

Have note that the area of the square whose side is + 3^ 

ifLde ip of the areas of 2 squares and 2 identical rectangles. 




X? + 2(3x) + 32 
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b. Have pupils perfom several multiplications of identical 
binomials using the usual method of multiplication. 



Eactored Form 



Product 



(y + 5)(y + 5) or (y + 5)^ 
(a - 2)(a - 2) or (a - 2)^ 
(b + l) (b + 1) or (b + 1)2 



y2 + lOy + 25 



a2 • + /(, 



b2 + 2b + 1 



Pose questions: 

l) What kind of polynomial is the product? (a trinomial) 



2) How is the first term of the product related to the first 
term of the binomial in each case? (It is the square of 
the first tern of the binomial.) 

3) How would you describe the last term of each product? 

(It is always positive. It is the square of the second 
term of the binomial.) 

4) How would you describe the second term of each product? 
(It is twice the product of the terms of the binomial) 

3. Have pupils use the observed pattern to work the following 
examples mentally. 



Tell pupils that a trinomial which is the square of a binomial is 
called a trinomial square . 

4. Have pupils factor trinomial squares. 

a. Pose question: Ibw can we recognize a trinomial that is the 

square of a binomial? For example, is + 12x + 36 a trinomial 
square? 

Have pupils recall the relationship between the terms of the 
trinomial square and the terms of the binomial. 

Is the first term of the trinomial a square? Yes, x2 is the 
square of x. 

Is the last terra a square? Yes, 36 is 62, 

Is the middle term twice the product of x and 6? Yes, 12x = 2(x)(6). 
Have pupils conclude that the trinomial is the square of a binomial. 



(y - 4)^ 



(x + 2)(x + 2) 



(t + if 

(r - lO)^ 



(x + hf 
(2 + a)(2 + a) 
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b. Lead pupils to see that the trinomial + 12 x + 36 may then 
be written in factored form as: 

x2 + 12x + 36 = (x + 6)(x + 6) or (x + 6)^ 

Have them check factoring by multiplication. 

c. In similar fashion, have pupils see that a^ - lAa + 49 is a 
trinomial square. Have them observe that: 

a2 is the square of a a^ a= (a) 

49 is the square of —7 *“ 

- 14 a is twice the product of a. and - 7 -IM = 2 (a) (- 7 ) 

Then, a^ - 14a + 49 = (a - 7 )(a - 7 ) or (a - if" 

d. Have pupils consider whether a^ - 14a - 49 is a trinomial square. 

Is -49 the square of a term? Since (+ 7 )^ “ +'^9 and (- 7 ) *■ + 49 > 
then -49 is not the square of a tem and a 2 - 14 a - 49 cannot be 

a trin«nial squall. 

B. Suggested Practice 

1 . Which of the following are trinomial squares? Explain, 

a. + 6 x + 9 d. y 2 + IQjr + 25 

b* x2 — 0x + 16 e* b2 — 2b — 1 

c. a2 + 4a + 2 

2. Ibctor, if possible, and check bjr oultiiai 9 ailT®“* 

a.x2 + 8x + l6 e.x2 + 2^ + y2 

f, t2 + 2t - 1 (nqli possible) 



b. y 2 - lOy + 25 

c. b2 + 18b + 81 

d. 1 + 2a + a2 



g. 16 - 8 b + b^ 

h. X? - 2xy + y2 
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3. EsLctor^ If possible 9 and check bgr multiplication. 

a. - Ax + 1 c. 9r2 . + 1^ 

b. Ax? + I23£y + 9l3r^ d* 25y^ - IQy - 1 

A. Vftiat must be the value of if each trinomial is to be a square? 

a. y2 + iny + 16 (m = or -8) 

b. a2 + 6x + m (m « 9) 

c. ny2 - IQy + 1 (m * 25) 

IV. Itiltiplylng Two Binomials Whose Product Is a Binomial; Factoring the 
Difference of Two Squares 

A. Suggested Procedure 

1. Nave pupils recall that the product of two binomials is usually a 

polynomial with three or four terns. 

Pose question: Can two binomials be such that their product is a 

binomial? 

a. Have pupils multiply two identical binomials ^ such as 
(x + 3)(x + 3) ** (x + 3)x + (x + 3)x 

s= x2 + 3x + 3x + 9 

*= x2 + 6x + 9 Ihe product is a trinomial. 

1) Have them observe that the product contains the square of x^ 
the first term of each binomial^and the square of 3> the second 
term. Elicit that if the product is to be a binomial^ the 
middle tern will be lacking. 

2) Guide pupils^ thinking as follows: 

la the above multiplication^ the middle tem^ 6x, was obtained 
by adding 3x and 3x. What must be true of these monomials 
if their s\3m is to be Ox instead of 6x? (ihey must be additive 
Inverses.) Then^ instead of x + 3 ^nd x + 3> what two bi- 
nomials shall we use? (x + 3 and x - 3 ) 
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3) HftT6 pupils vsriiy by nniltiplica'bion that (x + 3)(3c *■ 3) 
results in a binomial product* 

b* Have pupils suggest several other examples of multiplication 
of binomials %^ich result in a binomial product* 

(x + 5)(x- 5)-x2-25 

(y + 2)(y - 2) - y2 - 4 

(-X + 7)(-x -7)“ X? - 49 

c* Have piypils realize that if in two binomials^ the first tezms 
are the same and the second terms are additive inverces of 
each other, then the product of the binomials is also a 
binomial. Have them note that the product in each case can 
be described as the difference of two squares of monomials* 

d* Have pupils express the following products as binomials* 



1) (x + 8)(x - 8) 


7) 


2) (y - 9)(y + 9) 


8) 


3) (c + *2)(c - *2) 


9) 


4) (a + 6b) (a - 6b) 


10) 


5) (y + 2x)(2x - y) 


11) 


6) (x^ + 4 )(x2 - 4) 


12) 



2* Have pupils learn to factor a difference of two squares* 

a* Have them recall that the factors of a polynomial have coefficients 
that are in the same set of numbers as the coefficients of the 
polynomial* Thus, if the coefficients of a polynomial are in^- 
tegers, its factors will have integral coefficients* 

b* Have pupils detennine which of the following can be expressed as 
the product of two equal factors* Have them then write the 
expression as the square of a moncxnial* 



1) X? ■ x*x or (x)2 

2) 4x? • 2x*2x OP (2x)2 

3) m4 « 



4) V* - o*' 

5) .4^2 . (.7a)(,7») or (.7»)® 

6) 3x? Cannot be expressed as the 

product of two equal fac- 
tors since 3 does not have 
two equal integral factors* 
Then 3x? is not the square 
of a monomial* 
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c. Have pupils express^ if possible^ each of these binomials as the 
difference of txo squares of monomials as follows: 



1 ) x2 - 9 - (x)2 - (3)2 

2) Ax 2 - 25 = (2x)2 - (5)2 

3) y2 - igc2 « (y)2 - (2 x)2 

4) a2 - J ■ (a)2 - (J)2 

5) b2 - 5 

6) d2 - .09 - (d)2 - (.3)2 

7) x2 -i- 4 

B) 3x2 - Ay2 



(The monomials are x and 3) 

(The monomials are 2x and 5) 

(Vlhat are the monomials?) 

(liftiat are the monomials?) 

(Cannot be so expressed* Why not?) 
(What are the monomials?) 

(Cannot be so expressed* Why not?) 
(Cannot be so expressed* Why not?) 



d* Have pupils realize that since the product of two binomials idiose 
first texms are the same^ and iirtiose second terms are additive 
inverses results in a binomial vdiich is the difference of two 
squares of monomials ^ we may reverse the process to factor the 
difference of two squares* 



We factor the difference of two squares of monomials into the 



sum and difference of the monomials* 


For example 9 


U 

1 


(x)2 - (3)2 - 


(x + 3)(x - 3) 


4x2 -25 = 


(2x)2 - (5)2 = 


(2x + 5)(2x - 5) 


y2 - l|X^ 


It 

CM 

1 

CM 


(y + 2x)(y - 2x) 


x2.a2« 


n 

CM 

s 

1 

CM 


(x + 2)(x - a) etc 



B* Suggested I^actice 

1* Eaetor the following differences of squares* 

a. c2 - d2 g* I6m2 - 25n2 

b* 4a2 - 9b2 h* - y2 

c, x2 — *04 *®%^2 — z2 

d* 9x2 - y2 j* 49y2 - 25x2 

e* B2 - x2 
f • x2 - I6y2 



k. ^2 _ ^ 
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2. Factor each of the foUoidng integers. 

a. 152 - 1 Soliitloni 152 - 1 - (15 + 1)(15 - l) “ (16)(14) 

b. 2491 Solvtion: 2491 “ 2500 - 9 

- (50 - 3)(50 + 3) 

- (47)(53) 

c. 3596 

d. 4875 

V. Finding Tziaonial ftwiuets ty Inspection} Factoring Simple Trinomials 
(General Case) 

A* Suggested l^cedure 

1. Have pupils use the distributive property to find the product of 
the following pair of binomials: 

(x + 2)(x + 5) (x + 2)x + (x + 2)5 

a x2 + 2x + 5x + 10 

»x2 + (2 + 5)x + 10 

a X? + 7x + 10 

Have them observe the foUovdng for this product: 

a. The first tern . 7 ?, of the product is obtained by multiplying 
the first terms of the binomials* 

(x + 2)(x + 5) " x2 

b. The middle term. 7x, of the product is obtained by multiplying 
the first tern of each binomial by the second tern of the other 
and adding these products* 

Oc + 2)(* + 5) 2i + 5x - (2 + 5)x - + Tic 

e. Ths last tsm. 10, of the product is obtained by naltiplying 
the two last terms of the binomials*. 

(x + 2)(x + 5) 2.5 - +10 



- 197 - 



2* ^senb additional illustrations and have pupils make these 
observations again* 

Have pupils use these observations to complete the folloiidng table: 



Binomial Factors 






I^Toduct 








First Term 


Middle Term 


Last Term 


(x + 3)(x+5) 




? 


+ax 


? 


^-2)^ + 1) 


8 


? 


-y 


? 


(a + 3)(a - 7) 


= 


? 


-Aa 


? 


(r - 6)(r - 2) 


B 


•> 

m 


-Sr r 


? 


(b + 2)(b + 8) 


8 


b^ 


? 


+16 


(p - 9)(p - 11) 


8 




? 


499 


(x - 5)(x + 7) 


= 


y? 


? 


-35 


(b + 2)(b - 3) 


e 


b2 


? 


-6 


(b + 4)(b + 4) 


8 


? 


? 


? 


(y - 4)^ - 5) 


B 


? 


? 


? 


(a - 2)(a -I- S) 


B 


? 


? 


? 


On + 7)0n - U) 


B 


• 


? 


*> 

• 



3* Have pupils learn to f^&ctor simple trinomials ifdilch are the product 
of tvro binomials* 

a* Hhve pupils multiply (x+2) ty The product is ac2 + 5x + 6* 

b* Pose problem: The area of a rectangle is represented by + 5x + 6* 

What binomial expressions may represent the dimensions? 

Elicit that the binomial expressions are factors of the product 

x2 + 5x + 6* 

Guide pupils* thinking as follows: 

1) What is the first term of each binomial? The first term of 
each is x^ since the product of x and x is x^> the first term 
of the trinomial* 

x2 + 5x + 6 » (x + ?)(x + ?) 

2) Since 6 was obtained by multiplying the last terms of the 
bin<»)ialsji these last terns must be factors of 6* What are 
all the possible pairs of factors of 6? They are: 

1 and 6 

2 and 3 
-1 and -6 
-2 and -3 
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3) Vftiich pair must be chosen as last terms so that the 
pzoduct of two binomials will have a middle texm of 5x? 

(2 and 3) 

4) Ihen we can write the factors as follows: 

x2 + 5x + 6« (x + 2)(x + 3) 

Have pupils check factoring ly multiplication* 

Is the form x? + 5x + 6*= (x + 3)(x + 2) acceptable? Vhy? 

The length of the rectangle may be represented by x + 3> 
the width by x + 2* 

• Have pupils factor the following: 

x2 + 3x + 2 (x + l)(x + 2) 

x2 + 4x + 3 (x + l)(x + 3) 

x2 + 7x + 10 (x + 2)(x + 5) 

Have them note the sign of the constant tem^ the patterns of 
the signs in the factors^ and the sign of the coefficient of 
the middle terns* 

. Have pupils factor the following: 

1) x2 - i|X + 3 

We can write x2 - 4x + 3 (x + ?)(x + ?)• 

Wbat are the possible pairs of factors of +3? (l and 3> "1 and 
-3), 

Which pair must be chosen as last terms so that the product 
of the twc binomials will have a middle term of -/»3C? (—1 and —3) 

Therefore^ x2 - Ax + 3 *= (x - 3)(x - l)* 

Check the factors by multiplying* 

2) x2 - 3x + 2 (x - 2)(x - l) 

3) - $y + 7 (y - l)(y - 7 ) 

4) x2 - 7x + 10 (x - 5)(x - 2) 

Have them note the sign of the constant term;^ the patterns 
of the, signs in the factors, and the sign of the coefficient 
of the middle terms* 
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6 . Hava pupils factor the followings 

1) x2 - 2x - S 

The product of the numbere which are needed as the second 
terms in the binomials (x + ?) and (x + ?) is -8. 

Vftiat are the possible pairs of factors of -8? (-8 and 1; 

8 and -1; 4 sind ->2; -4 and 2) 

Which pair must be chosen as last terms so that the product 
of the binomials will have a middle tem of -2x? (-4 and 2) 

x2-2x-8«= (x-4)(x + 2) Check by multiplication. 

2) x2 - 3x - 4 " 4)(x + l) 

3) x2 + 3x - 4 (x + 4)(x - l) 

4) x2 5x - 6 (x - 6)(x + 1) 

Have them note the sign, of the constant teim^ the patterns 
of the signs in the factors^ and the sign of the coefficient 
of the middle terms. 

B. Suggested Practice 

1. x2 + 5x + 6«(x? 2)(x ? 3) 

2. x2 • 5x + 4 « (x ? 4)(x ? 1) 

3. x2 . 5x - 6 = (x - 6)(x + ?) 

4. x2 + 3x - 4 = (x + ?)(x - ?) 

5. y2 + 5y - 6 - ? 

6. y2 .. 6y + 8 *■ ’ 

7. c2 + 8c - 9 « ’ 

8. b2 - 8b - 9 “ ’ 

9. a? + 6d + 9 « • 

•» y2 + 4y + 4 ^ 

11. a2 - a - 2 - ^ 

12. The area of a rectangle is x? - x - 6. liiat are the sides of the 
rectangle if they are factors of the area? 

13. The area of a rectangle is y2 + 2y - 15. Wiat may its base and 
altitude be? 
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14* If x2 + bx + c is factorable into (x + r)(x + s), what is true of 
the signs of r and s, if c is a positive number? 

What is true of the signs of r and s if c is a negative number? 

If c is a positive number^ how does the sign of b affect the 
signs of r and s? 

If c is a negative number, how is the sign of b related to the 
absolute values of r and s? 

VI. Pbctoring Trinomials of the Form axZ + bx + c, where a = 2 or 3 
A. Suggested Procedure 

1. Review with pupils the relationship between the signs of the 
tenns of a trinomial product and the signs of the tenns of the 
binomial factors. 

2. Pose problem: The area of a rectangle is 3x2 + 7x + 2. What 
binomial factors might represent the dimensions? 

Guide pupils' thinking as follows: 

a. If the first tern of the trinomial product is 3x2, i^at are 
the first terms of the binomial factors? (3x and x) Thus, 
we may write: 

3x2 + 7x + 2 = (3x + ?)(x + ?) 

Note : The first tezm of each factor should have a positive 
coefficient . 

b. What is the product of the second terms of the binomials? (-KZ) 
What are possible pairs of factors of +2? (2 and 1, -2 and -l) 
Which factors do we reject? Wliy? 

c. How my we fill in the blanks in the binomial factors? 

1) Have pupils tzy (3x + 2)(x + l). Have them cheek the 
result by multiplication to see vdiether the factoring is 
correct. 

(3x + 2)(x + 1) « 3x2 + 5x + 2 It does not check* 

2) Have pupils try (3x + l)(x + 2). 

Have them cheek by multiplication to see whether the factor- 
ing is correct* 

(3x + l)(x + 2) « 3x2 + 7x + 2 It checks* 

IHipils conclude that the correct factors of 3x2 <f 7x + 2 are 
(3x + l)(x + 2). 
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3. Factor 2x2 + 9x - 5 



a* Vliat are the first texms of the bi nom ial factors? 

b* What is the product of the last terns? 

What are the pairs of factors of -5? 

c. Which of the following pairs of factors would you select? Why? 

(2x + l)(x - 5) 

(2x - l)6c + 5) 

(2x + 5)(x - 1) 

(2x - 5)(x + 1) 

B* Suggested I^ctice 

Factor: 



2.2 + 3a + 1 


6* 2t2 - 9t + 4 


3c2 + 8c + 5 


7* 3x2 + llx - 20 


1 

1 


8* The area of a rectangle is 
2acH5x-12* Express the length 


2r2 - r - 3 


and the width each as a binomial 
in X* 


ZfZ + y - 15 


9* What are the integral values 


of m that will make the 
trinomial 3x2 + mx + 3 the 
product of two binomials? 







VII* Complete Factoring 
A* Suggested l^cedure 

1* Have pupils consider the expression /ix2 — l6* Ask them to factor it# 
Some may find the greatest conmon factor* Others may factor it as 
the difference of two squares* ISiuef 

a* Zix2 - 16 « 4(x2 - 4) 

b* 4x? - 16 « (2x + 4)(2x - 4) 

Have pupils observe that the factoring in a is incomplete^ since 
- 4 nay be factored further as the difference of squares* 

Have them see that the factoring in b is incomplete^ since each 
of the factors has a conmon monomial factor* 

2* Have pupils consider how 4 k? - 16 “ 4Cx?-4) aay be factored further* 

Zi2c2 « 16 « 4(x^-4) * 

Have them realize that the factorisation is now complete , since each 
of the binomial factors cannot be factored further* 
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3 • Have pupils factor 2a^ + 6a + 4 completely • 

2a2 + 6a + 4 = 2(a2 + 3a + 2) « 2(a + l)(a + 2) 

Why is this factorization comiQ.ete? 

Check by multiplication. 

4. Guide pupils to the use of the following steps in complete 
factoring. 

a. look for a common factor first. Express in factored foxm. 

Then examine each factor. 

b. If one of these is a binomial factor, see if it is the differ- 
ence of two squares. If so, factor it. 

c. If one of these is a trinomial factor, see if it can be 
factored. If so, factor it. 

d. Mhke sure the binomial or trinomial factors cannot be 



a3 - a 

i»x2 - 2/|X + 36 

a3 - ab^ 
r 2 - r2 

- y^ 

1. Have pupils see the need for finding methods of solving equations 
other than linear equations. 

a. Pose problem: The length of a rectangle is three inches more 
than its width. The area of the rectangle is 40 square inches. 
Vhat are its dimensions? 



factored further. 

B. Suggested Practice 

Factor each expression completely. 



1. 3x^ - 3y^ 

2. 2b2 - a 7. 

3. 2x2 - 12 x + 10 a. 

4. 5a2 — 20a — 25 9« 

5. 2a.2 + 6a + a 10* 



VIII. Using Factoring in Solving Equations 
A. Suggested Procedure 



b* Have pupils describe the conditions of the problem bj means 
of an equation^ as follows: 

Let X represent the number of Inches in width 
x+3 represents the number of inches in length 

x(xt3) 40 Area of a rectangle « length x width 

Have them observe that this is not a linear equation since 
it cannot be put in the fom ax + by « c^ (a and b not both O). 

Have them txy to solve the equation by methods they, have used 
for solving linear equations • Ibey find they cannot • 

c* Have pupils note that in the equation x (xt3) ^ 40^ the 
product of two factors is 40* Have them try to detennine a 
pair of factors of 40 sudi that one factor is three more than 
the other* 

After trying various pairs of factors of 40^ they will eventually 
find that the required factors are 5 and B, and they will then 
be able to solve the problem* They will realize^ however^ that 
it is not always easy to find the factors of a number when these 
factors have conditions imposed upon them* 

2* Guide pupils to realize that when the product of two factors is 0, 
the task of determining the factors is greatly simplified since we 
now have additional Infonnatlon about one of the factors* 

a* Have pupils understand that if the product of two (or more) 
factors is zero^ then at least one of the factors is zero* 

1} Beview the multiplicative property of zero* 

( 6 )( 0 ) -0 ( 0 )( 0 ) =0 

(- 8 )( 0)-0 ( 0)(-|)-0 

To generalize: 

For every number a, a*0 * 0 

0*a - 0 

2} Have pupils consider non-zero factors* 

(+2)(+3) - 
(-2)(-3) - -*6 
(-2)(+3) - -6 
(42)(— 3) “ 

Have them try other pairs of factors to see Aether the 
product of two non-zero numbers is ever zero* They 
conclude it is not* 



3) Hare pupils consider the open eenbenee • 0* 

Vhat rsplaceBents Tor a and b from the donain of signed 
nuiabere nake this true? 



BLicit that if a*b * 0, then either a » 0» 
or b * 0^ or a « 0 b » 0* 



b* HaTe pupils practice the following: 

1) If a*b • 0 2} If a*b » 0 



b « 6 



a - 10 



Then a * 7 



Then b » 7 



3) If a.b « 0 
b - 0 

Then a 7 

(a can be replaced 
lasr amr owmber of 
the replacement set) 



4) If a*b mj2 

Then can a » 07 (No) 
can b » 07 (No) 



5) Itiat is the Talue of 2(x - 5) vhen x « 5? 

6) liiat is the value of x(xf3) when x “ 07 When x « -3? 



7) What is the value of (x + 4)(x - 3) idien x ** -^7 Mien x - 3? 



0) What value of x will make the first factor of (x - 2)(x - 1) 
sezo? With this value of x^ (x - 2)(x - l) “ 7 



Miat value of x will make the second factor zero7 
With this value of x, (x - 2)(x - l) - 7 



9) If x(x*3) *■ 0 and x 0, what can you say about x + 3? 
about x7 

10) If (x + 3)(x - 4) «* 0> and X - 4 0« what can you say about 

X + 5T about x7 

3* Have pupils leam to solve equations involving factorable poly- 
nomials. 



a. 



Have piqiUs understand the meaning of PflTMBtfA 
Consider the following equations: 



1) X + 2 - 9 3) t3 + 3 - 0 

2) y2 + 5y - 17 4 ) a3 - 2a2 + Ja 
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VOisib connon proportjr do 'thoy hAvo? In oAch c&86 “bho os^rossion 
boforo and after the equale sign ie a polynomial* Such equations 
are called ^nations * Have pupils construct several 

other polynomial equations* 

Have them construct several equations vrhich are not polynomial 
equations as, for example, ^ ss 5, 

b* GKiide pupils to an understanding of the degree of a polynomial 
equation* 

1) Review the degree of a polynomial* 

2) VBiich is the polynomial of higher degree in x + 2 “ 9, 

X + 2 or 9? (x + 2) 

Since this is of degree one, the equation, x + 2 « 9, is 
called a first-degree equation* 

3) Which is the polynomial of higher degree in y2 + 5y “ 17, 

y2 + 5y or 17? (y2 + 5y ) 

Since this is of degree two, the equation y^ + 5y 17 is 
called a second-degree equation* 

4) Of what degree is t| + 3 ® 0? Why? 

Of what degree is a^ ** 2a2 + 5a? Why? 

c* Have pupils learn how factoring may be used to solve equations 
with factorable polynomials* 

1) Solve x(x + 3) “ 40* This is the equation which describes 
the conditions of the problem posed in VlU-iWl-a* 

Pupils have previously solved this equation by a trial-and- 
error procedure* Have them now solve it by using their 
knowledge of factors idiose product is zero* Have them 
realize that to apply this knowledge, the equation must 
be written so that one member is zero* 

x(x43) » 40 

x(xf3)-40 ** 0 Why is this equivalent? 

x^3x-40 * 0 
(xfra)(x-5) “ 0 

Then, x + 8«0orx - 5*0 
Therefore x « -8 or x ■ 5 

The solution set of the equation is |-8, 5 | • 

Have pupils check each solution in the original equation 

x(x¥ 3 ) « 40* 

Mote ; In tenos of the problem, the domain of x would be 
restricted to positive numbers* Then -8 must be rejected 
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as a solution of the 

set of the equation is O } • Thus, the ^dth of 
rectangle is 5 inches and^its length is 8 inches. 

2) Solve: x2 - Ax « 0 
x(x-A) ® 0 

Then, x = 0 or x-A“0 Why? 

Therefore, x = 0 or x ® A* 

Then the solution set is ^ 0, A } • 

Check each apparent solution in the original equation. 



q2 - a(0) = 0 
0 - 0*0 
0*0 



(A)2 - A(A) ^0 
16 - 16 * 0 
0*0 



Whv is x2 * Ax, X * A £ 2 ^ a correct method? (We cannot 

iU^ide both sides of an equation by a ^ 

is a possible replac«aent for that variable.; 

3) Solve. ^2 . 0x + 6 * 0 (an equivalent eqi»tion with 0 as 

one member) 

Have pupils see ttet ms^is a 

of the terms of the polynomial 2x* - ox t o. « 

non-zepo number, we may divide both members of the equation 

hy 2. Then we have 



x2 - Ax + 3 ® 0 
(x-3)(x-l) = 0 



or 2 (x2 - Ax + 3) = 0 



Then x-3®0orx-l*=0 Since 2^0, then x ^ 3 ^ 0 or x. 

Therefore, x = 3 or x = 1 T^ refore, x = 3 or x = 1 

The solution set is ■^3, * 

Have pupils check the solutions in the original equation. 
a) Solve: = l6 

Have pupils realize that if z^ = 16, then z - or -4. 

These the solutions. W.11 the solution by factoriJig 

give the same answers? 



-1 = 0 
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s2 «. 16 K 0 

(z-»4)(z-4) « 0 

Thezij z+4**0 or z«4*’0 

z - -4 ?5 “ 4 

The solution set Is ^-4> 4^ • 

Have pupils chedc. 

5) Solve: x? - &c + 16 « 0 
(x-4)(x-4) • 0 



Then^ x-4^0 or x-4^0 
X * 4 X « 4 

Have pupils note that since the polynomial on the left side 
Is a trinomial square ^ the factors are Identical and we 
obtain the same root^ 4> tvdce. It Is therefore called a 
doubl e root 9 but Is written only once as a member of the 
solution set • 



Infom pupils that In courses In hl^er mathematics reasons 
will be discovered for considering It to be a double root* 

Have pupils check* 

6} Discuss with pupils the number of solutions they expect a 
flrst-^egree equation to have; a second-degree equation to 
have* 

From the above examples^ have pupils conclude that a second- 
degree equation has two roots* (The roots may be the same 
number* } 

B* Suggested Practice 



Find the solution set of each of 

1* 3(x - 5) =0 
2* Ax - 20 ^ 0 
3. x(x - 3) « 0 
4* (x + 4)(x - 2) e 0 
5. r2 - 3r » 0 
6* y2 - 9y + a « 0 
7. a2 + Aa » 12 

a* t2 - lit - -la 



the following polynomial equations* 

9. b2 - 4 « 0 
10* Ax;2 s= 36 
11* 2a2 a 50 

12* 2^2 a 2Ay - 72 
13* x(x + 3; “ 10 

14. (x - 4)(x + 2) « 16 
OPTIOML 

15. Tx - 2)Cx + 5)(x - 10) » 0 
16* 2]^ - 23^ - Ax « 0 
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IX. Using Factoring in nroblsm Solving 
Solve the following: 

1. The sum of a certain number and its square is 56. Find the nuniber. 

2. The width of a re^^^tangle is 4 inches less than its length. If the 
area of the rectangle is 117 square indies > idiat.are the dimsnsions? 

3. The perimeter of a rectangle is 44 inches. Its area is 120 square 
inches. What are the dimensions of the rectangle? 

Illiiatrative Solution: 

li0t X » number of inches in one dimension 

X 

If the perimeter of the rectangle is 44 
inches, then half the perimeter or the 
sum of one length and one width is 22 
inches. 

Then, 22 - x = number of inches in the other dimension 

x(22 - x) = 120 
22x-x^ 120 
x2-22x+12Q» 0 
(x-12)(x-10)= 0 
x-12«0 or x-10“0 

Therefore, x ® 12 or x *= 10 

If X * 12, then 22 - x ® 10 
If X » 10, then 22 - x « 12 

The dimensions of the rectangle are 12 feet by 10 feet. 

Check the solution against the conditions of the problem. 

4. If one side of a square is increased by 4 inches and an 
adjacent side is decreased by 4 inches, t^ area of the 
resulting rectangle is 20 square indies. Wiat is the length 
of a side of the square? 

5. The altitude of a parallelogram is 3 units lea® than the 
base. The area is 54 square units. Find the base and the 
altitude. (The negative solution has no meani n g.} 

6. The square of a certain integer is 5 »ore than the next con- 
secutive integer. Find the nninber. 



22-x 



A^120 sq. in. 



7* A wLimIow screen is 10 Inches longer than it is wide* Its area 
is 375 square inches* Find its dimensions* ^ 

8* The sum of the squares of t^io consecutlTe numbers is 113* Find 
the numbers* 



9* John ifishes to double the area of his garden increasing the 
length and the viidth bgr the same amount* If the original gard< 
is 18 feet long and 12 feet wide^ by how many feet must each 
dimension be increased? 842s 



10* A rectangular garden is 6 feet by 8 feet* 
About this 9 a rectangular walk of unifom 
width is built as shown in the diagram* 

The area of the walk is 72 square feet* 
Find the outside dimensions of the walk* 




11* The area of a circle is 154 square inches* 
Find the radius and the diameter* (Use 



^ as an approzimation for 



.) 



12* Select additional problems from textbooks* 



642s 
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CHAFIER X 
mCTlOMS 




^th fractions* 



I. Review and Ebctension of the Meaning of Fractional Numbers 

M6te > Although a fraction is a numeral which represents a 
fractional number, in the future the 

used to mean the numeral 2E ^ihe number. The context wiu. 
indicate which meaning is intended. 

A, Suggested Procedure 

1. Review with pupils the various uses of fractions that they 
have encountered. 

, 2 

a. Bart of a whole: ^ 

2 

b* Ratio of two numbers: 2 to 2*3> ^ 

c. Indicated division of two numbers: If 2 is divided by 3» 
we can write the result in the fom of the fraction 

2. Have pupils see that i*en variables are used to represent nunibers, 
we can use fractions in the same ways* 

How do we indicate, by means of a fraction: 




a. The ratio of 2 to x y to 5 (f)5 a to b ^). 



b. The part of a job that can be doM in 1 hovr if it takes 
X hours to do the comi^ete job the part that can be 

done in 4 hours* 



c. X divided by 3 



d. 1 divided by b (J) 



e. a divided by b (&) 

b 
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1 



3* HaTe pupils understand that udien x represents a signed number^ 
an expression such as * ^ indicates a division with divisor 



y- 2. 



y - 2 



4* Have pupils realize that since division by 0 has no meaning^ 
a fzciction with a denominator of zero has no meaning* 

For what values of the variable are the above fractions 
meaningless? Why? 

Note s Evexy polynomial may be considered a fractional expression 
with d«iominator 1* 

Thus, ax + 5 - ^ ^ ^ . 

B* Suggested Practice 

Express as faractions* Give the value^ if any^ of the variable 
for >diich the fraction has no meaning* 

1* X divided by S 

2* The ratio of the lengthy 1^ of a rectangle to its widths w* 

3* X divided by y 
4* -10 fa 

5* The part of a job that can be done in x ho\irs if it takes 5 hours 
to do the complete job* 

6. -10 (a - a) 

7. (jr + 4) 

8. ab f (b - 5) 

9* Ihe cost of 1 apple if n apples cost 50 cents* 

10. 1 i (x + 1) 

11. (r + 3) ^ (r - 3) 
la. (a - a) i (a8 - 4) 
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II. simplifying Flections 



A. Suggested Procedure 



1 . 



Review with pupils that in multiplying the fractions of arithmetic, 
the numerators are multiplied to give the numerator of the product, 
axxl the denominators are multiplied to give the denominators of the 
product. 




4 4 



2 1 « 2 . 
3*5 3-5 15 



1 . 

4 7 4-7 



28 



In general. 



a £ « ig a true statement for any replacement for 
b d b.d 

a, b, c, d by numbers, except b * 0 or d » 0. 

Note ; In the future, we will assume the denominator of a fraction 
is not zero. 



2. Have pupils recall that any arithmetic fraction which has the same 
numerator and denwninator is equivalent to the nunber 1. Thus, 



a 

2 



1 



4 



1 




In general. 



2 ss 1 is true for any nunber rej^cement of x, except x ■* 0. 

X 

3. Have pupils see that in simplifying arithmrtic fractions (^i^ing a 
simpler fraction equivalent to a given oiie), use is made of the 
multiplicative identity, the number 1. 

For example. 



I 



lU.l 

3*2 3 



1 

2 



1 



^-1 

2 2 



12.2:2:2. a .a 

20 2 * 2*5 2 2 






1 

5 
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Ho¥9ver« in siaipllfying an arithmetic fraction, it is not always 
necessaxy or desirable to factor the numerator and denominator 
into primes* l^ue, noting that 4 is the largest factor camBon 
* to both numerator and denominator in the fraction 



^3 

20 * 



we would factor and sim;d;Lfy as follows: 



12 ^ 4^. 4 1 
20 4.5 4 *5 




1 

5 



Ifo^y; A fraction is in simplest fom if there is no common factor 
in numerator and denominator other than 1* 



4* Have pupils understand that the value of an algebraic fraction is 
considered to be 1, if its numerator and denominator are the same* 

a* Consider the algebraic fraction: 

What is its value idien x is replaced by 1? by 3? by 6i? by 
any number except 0? 

b* Consider the fractions: & . t 3* 

4abr -3*^ Br + 3a 

What is the value of each fraction for any replacement of the 
variable by numbers, except those replacements that make the 
denominator equal to aero? ; 

c* What can you conclude about the value for any algebraic fraction 
which has the same numerator and denominator? 



5* Guide pupils to understand the simplification of algebraic fractions 
as follows: 

a* Simplify 




^ K (Meaning of exponents) 

£3^ * ^ * ^ * X (Meaning of multiplication) 
x*x * * 

2 • « l*l*x (^^ nonzero number divided by itself 

X* X * ie 1) 

l*l*x * ^ (l is the multiplicative identity) 
Therefore, ^ i* equivalent to x* 

Have pupils tiy several replacements for x (other than aero) 
to see whether the same number is obtained* 



b* Simplify: 



-1St4 

3£ 






3y* 


. -5«3«y»r»yy 
3*yy 


va^? 




«-5" y»y 

3 y y ' ' 


iihy? 




a —5*l*l*i*y*y 


iiiy? 




--5y2 


Wiy? 



Therefore, is equivalent to -5y^’ 

3y2 

Have pupils verify for y « 2. 

6* After several similar examples have pupils see how the work of 
expressing algebraic fractions in sim^dest form may be shortened 
by using the largest c onwion factor of numerator and denominator* 

a* Simplify: 

X* 

The laziest ccnmon factor of numerator and denominator is x2. 



We factor accordingly* 



“ 1 ^’ -X-l-X 

However, 

£ . i:£ . 1 . 

x3 X'X? X X? X X 



x2 



b. SlnpUiys 

yr 

The largest cosmon factor of numerator and denominator is 3y^* 
Then, 



- -5y2. 1 - -5£ 
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e. Simplify: 



6(x + S) A*2*(x •h 5) 

2(x + 5)2" (x + 5)*2.(x + 5) 





l8 tba tiiqpleat form of the os^lnal fieetion? 

XT^ 

Have pupils verify that and name the same number idien 

y is replaced by 3| Iv 



Why cannot sc be replaced by -5? 

d. at««aiiyi J J ' 

Sxpressing numerator and denominator in factored fom^ we h^ve 

jjLlit „ ,0. 1 

- 1 (»+l(a-l) 



, ail 

«-X’ e+l 



a*>l 

ejlfe- 

a»»i 



Have pupils verily for a « 4* Which replacements for the variable 
must be excluded? 

e« Simplify: 



m siL^Sbsli^ 
X- 1 (x-li 



■ -1*1, or -1 

After pupils gain experience in simidification of fractions, 
it will not bs necessai 7 for them tg record all of the intexaediate 

stepst 



- 216 - 



o 

ERIC 










b. 37* 



SZ 

7 




7 



15y2 

7 



c. 



3 



2^ B 

x+l 




or 3y.SZ^2l. Sl 
or J7 „ 17 



2x^2 

3xrh3 




(x ^ -1) 



(Evexy polynomial may be con- 
sidered an algebraic fraction 
with denominator l) 



d. 



2^ . 

n-*6 n*H|, Cn+6)(n’Wf) 



+ 2n - IS 
n^2 + lOn + 24 



(n -6^ n -4) 



Note ! In all operations involving fractions ^ discuss the limitations 
on the domains of the variables* 

3* Have pupils simplify the product of algebraic fractions whenever possible* 
^ * 4x ** (Meaning of multiplication) 

= (Commutative and Associative Properties) 



8 X 

- “ ¥ 

For iidiich value of the vazdable is the fraction meaningless? 
Check for x « 2 

.1^ ill 
2 • 4x a 

2 4«2 8 

12.1 lli 

2 8 8 



11 

8 



li 

8 
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W ii2L • 23L. « 

• 3y 03^ 2igc2y 



2x^12x7 

1 .2^ 

2x 123gr 

2x ^ 2x 



For lAiich values of the variables is the fraction ■eanlngless? 
Have pupils check for x « 3> 7 * 2. 
c. ^ - 



fix? 



2Ax2 

1 , 22|2c 
X 24x 






1*1, or i (x O) 



\i ! i i is ; 

fb -I- iHb - l) 

(b + 3) lb - 1) 






4. Have pupils learn to sin9>lifjr the multiplication of ^ 

first factoring each polynomial whenever possible. Have them 
practice examples such as the following: 

. + 2l . 

5 x+2 



^ !&±A . ^ 

*•5 



4(x -I- 2)x 

5U + 2) 



^ 1L±A 

*= 5 x + 2 

« iiS#l, or ^ (x 51^ -2) 

5 5 

M ote to taaeher : As pupils show increased understanding of 
multipUcation of fractions, it nay not be necessary for them 
to record each step of their woric. 

a - 4 • ajLl 
a a^ - 2a 



^|3r^ rw 



X + 2 X - 2 



d. 



- 8 
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B* Suggested PMctlce 



Multiply and gl’ui each product in simplest fom* 

^‘8*5 

2 - 7 * 9*4 

o -C— 

b • sT 

4* (Cheek for a •* 2, c = 3) 



e 

5. aa . 

rs 



s 

m^? 



, , ' \ y 6 

6* (y - 6)* 2(y - 6) 

lOpq p** — 

^ ab xy 1 

8# • “■ • _ 
cd wz X 



(Check for y ■ S) 



9. 



a^ » 6a H- 9 a^ » 9 
a2 + 5a+6* a-3 



(Check for a » 4) 



10. /; *2^-=-^ (Check for b - 7) 

6(b^-4W4 ) 2b 



11 . 



x2-9 • 



3 " X 



IV. Dividing Factions 
A. Suggested Procedure 

1. Have pupils recall the meaning of a reciprocal (multiplicative 
inverse) • 

The reciprocal of 2 is for 2*J «» 1. 

The reciprocal of ^is ^ ,for “ 1. 

The reciprocal of x is x *2*1* 

Vhat is the reciprocal of a^b? >hy? 

Vhat is the reciprocal of x + 2? Hiy? 

Vihat is the reciprocal of 
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2* &y« pupils recall that to divide by an arithmetic fraction^ 
we multiply by its reciprocal* 



Q • JL 
^ T « 



9*1 



27 



a* 

3^2 31 3 



6*4 6*3 



«*e. 



geneml, ^ f § o»“ *>e replaced by ^ x lhat is, ^ ^ " 5 * ^ 

for any number replacement for a> b^ e, d except b « c » 0, d ^ o* 



3 * Guide pupils to see that^ if we wish to be consistent > division of 
algebraic fractions should be perfozmed in the same way: 



To divide by an algebraic fraction, multiply by its reciprocal* 
^ • a reciprocal of |.) 



d 

a * 



£ .d 



a d 
a*l*l, or a 



, 5a + 1 . 5a + 1 

*»• 5— - *“-5— 

2r ■>• 1 . 

c. ^ T 



Sa 4- 1 6 

5 * 5a+l 



is reciprocal of ^ ^ 



T*- 1 



^ ♦ 56^ 



Complete and check by letting, y « 2* 
B. Suggested Practice 



Bivide and check for values of the variables that will make the frac- 
tions meaningful. 




5 * 
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6 



m2 - b2 » a b 
ab * -« 



7. 

8 . 



2SLl^a4zJLA 




q 2d -f L 

5d - 5 




15 



10 . 



l6r 4-6^^ ^ — 81 

r2-P - 12 • p2 - 16 



11 . 




Solution: 




. 2y(Tf2).y-2,3y 

-1 y-2 3y 



■2y(y+2) 



V. Adding and Subtracting Fractions 
A. Suggested Frocedure 

1. Cooibining fractions with the same denominator (like fractions). 

a. Have pupils review adding (subtracting )arithmetic fractions with 
same denominators* 



4 4 
8 8 




3 2 

8 



or 



1 

4 

i 

8 



Have them recall that the Justification for this is the distributive 
property. For example. 



i + f- 5-i+ 2.1.(!H-2)i- 7.1- J 

Guide pupils to realize that ^ 2 «* ^ ^ » 

b b b b 



^ (a+c)_ a-Ks 
b b 



Therefore, ® statement for all replacements of 

a, b, c bgr numbers, except b « 0. 



-;22a- 



b. Have pupils see how the distributive property is used as the 
basis for combining algebraic fractions* 

1) S + la 2* 1 + 3* A Idhy? 

XX X X 



(2 + 3)3^ 

X 



5-i» 



or 



5 

3T 



Why? 



Then - + ^ or ^ 

men, x x x X 



o\ & p: 3 a* ^ — 

4 4^4 






^en, 



=* (3a - 2i) ^ 

« 2a.f 
4 

B or & 

4 2 

3a _ a B 3a » a 

4 4 4 



2a or a 






c. Have pupils practice the followings 

1 

8 

16 8 



.X l + a-1+2 

8 8 8 



2) S 



16 



3) -2- --2-+-2- 
10 10 10 



9 - 3 4-JZ 
10 



22 

10 



la ^.2a 5a -f 7a , 12a 



I. ^ xs ss .la XB PCS. B a 

12 12 12 12 

S ) -§. 4. JL -2. m ^ 1 " 3_ . Jl. (l) o) 

^^5b^5b 5b 5b 5b 



6) 2(x - 2) _ (x - 2) . 2 Gc-2)- Gc-22„2x-4*X-*'-2» 3L^ 



3 

8) _§^_^^7+ 2»2-|-k 

~ ft ~ avoid errors in signs, have 

® ® pupils enclose 3x2 - x - 10 

within parentheses.) 



o 
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2 . 



Combining fractions with unlike denominators 

a. Review the identity element for multiplication in expressing 
fractions as equivalent fractions. 

l) Change ^ to an equivalent fraction having a denominator of C. 
4 

^ • 1 (l is the multiplicative identity) 

4 4 

^ .1 = § (1= § • Why was § chosen as a different 

4422 2 Q/\ 

numeral for 1 rather than ^ or 

3 4 

4*2* 4^°*^ 5 (Multiplication of fractions) 

Then, 2-1 

Have pupils check ^ expressing | in simplest fom to see 
Aether it equals 

2) Change ^ to an equivalent fraction having a denominator 
of 9. ^ 



3 3 • 

^ ^ (Why was ^ used to replace 1?) 

as 3ft.i3., or 
3*3 9 

Check by expressing ^ in simplest fom. 

3) Change ^ to an equivalent fraction having a denominator 
of 20ay. 



Ay Ay 

as ^ ^ ()iiy was ^ used to replace 1?) 

20ay 

Check by expressing in simplest fom. 

4) Practice the following: 



1 asi. 
7 21 





Ssz 
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b, Hay« pupils understand to combine unlike fractions with 
numerical denominators^ as follows: 

l) Find the sum of i and i. Pupils will know from their background 
in arithmetic, ttet to add fractions with unlike denominators, 
we must first find equivalent expressions for each with a common 
denominator. 

Have them recall that the common denominators of two (or more) 
fractions are the common multiples of the denominators. Thus, 
in the set of positive integers, 

/o, 2, 4, 6, 8, 10, 12, 14, 16, ...^is the set of multiples 

of 2 (the denominator of the fraction 1 ). This is so because 
each element in the set has 2 as a factor. 

{o, 3, 6, 9, 12, 15, 18 , ...^is the set of multiples of 3 
vthe denominator of the fraction since each element in this 
set has 3 as a factor. 



The ccnmon elements of the two sets 0, 6, 12, 18 , ... constitute 
a set of common multiples of 2 and 3* eljments^of this set 

are the common denominators of the fractions ^ and j. Whereas 
any COTBnon denominator (any common multiple of the denominators) 
can be used to express i and i as like fractions, for convenience 
the lowest common dpnoimnator^ namely 6, is used* 

Th«i, 



1 

3 

1 - 1-1 

2 3 



I 2. 

3 • 2 



or 



3+2 „ 
or 



Note : When numbers have no common factors, their least common 
multiple is their product* 

The smallest number in the set of common multiples is zero, 
siSe every natural number is a factor of zero. However, zero 
as a common multiple, is not useful in mathematics* 

2 ) Find: | | 

^0 least cosnon multiple of the denominators 3 and 4 is 12* 

Then to combine the fractions, we must find equivalent expressions 
foT §L and — with denominator 12 . Thus, 

3 4 



3 4 3 4 4 

12 12 



2 , 

3 




12 



or a. 

12 
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3) Have pupils practice examples such as the following: 



Add or subtract as Indicated. 



2 4 5 3 



6 a 3 2 



c* Have pupils learn to find the lowest common denominator 
bgr prime factorization. 



What Is the Iciest comnon denominator? Is the product 
of 40 and 18 the LCD? This product ^ 720^ Is certainly 
a comnon denomlmtor^ for It Is a multiple of each 
denominator^ but It would be convenient If we could find 
a smaller number that Is a multiple of each denominator^ 
that Is 9 having 40 and 18 as factors. 

Have pupils find the pxlme factors of each denominator. 

40 *= 2*2*2*5 13 * 2*3*3 

The sum of the fractions can now be written as: 



What are the prime factors of the IX^D? (The must contain 
2^3 a,nd 5 as factors.) How maqy times must 2 be used as a 
factor In the LCD? (Three times; How many times must 3 be 
used as a factor? (Twice) How many times must 5 be used 
as a factor? (Once). 

Gtdde pupils to realize that each factor Is used in the 
LCD the greatest number of times It appears In any denomina- 
tor. 

Then.the LCD of the fractions ^ and*^ is 2*2*2*3*3*5> or 
23.32.5. 

Bxpresslng each fraction as an equivalent fraction with a 
denominator of 23*3^*5> we have 



1 ) Add the fractions ^ and 




12 . 

¥) 
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3x X 

2) Conibinos ^ 

Factoring each denominator into primes, we have: 

90 - 2.3*3*5 
36 -2.2.3 *3 

Thon> ^ ^ = 2e3*3*5 “ 2.20-3® ^2*3^*5 * 2^^ 

The LCD is 2.2.3*3.5, or 22.32.5. 

20^ • 2 ■ 5 

6x 5x 

-•3^*5 

^ _ 



2 ^* 3 ^. 5 " 2^^^*5 



180 



180 



ijSsSS, or 

180 180 



d* Havo pupils combine fractions with variables in the denominators* 

1) Combine: ^ a j4 0 

Die factors of 2a are 2 and a* 

The factors of 3a are 3 and a* 

Taking each factor the greatest number of times It appears 
In any denominator^ we have 2*3*a^ or 6a as the LCDe 

3'*’^*2 

- ^ 



2+Jfl, or 
6a osi, 



2) Combine: i^y *“ iq^2 7^0 
The factors of 15y are 5*3*7 
The factors of lOy^ are 5 *2*7*7 
The LCD Is 5*3*2*y*y, or 307^ 
Solution may be completed as above. 
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3) Combine: *2a ^ ^ 



The LCD ie 2a. Why? 



Then^ 



a ^ 0 



o 

2a a 



2a * a * • 2 

+ 2(x - 1) 

2a 2a 

X + 1 -f 2(x - 1) 

~ 2a 

_x + l + 2x-2 3x- 

s: ' & 

4) CoBddne: 2 + ~ 

2 

Sspreseing 2 as the fraction the example can be 
written in the fom 

^ + 2 . The LCD is x 
1 X 



2+1 
1 X 



2.2 + 2 

1 X X 

X X 
2X + 3 
X 



5) Combine: ■** 



” 6c44^(x-4T 

33C-12 1 5 . ^ - y; + S „ 3x- 7 

“ (355^5^317 (3Hi)(x-4) (x4-4)(x-4) x2 - 16 
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B* Suggested Plractlce 

1 1.1+^ 

^•843 

2 & • 1 (Check X = 2, y « 3) 

^*7 3 

5 7b 

4, + - (Check for c “ 2) 

c3 c 2 e 



5. 



7- + 

9 9 

mn-6 m^n 



- -2. 

mn 



L ft “** 2 ^ a •¥ 

“T“ a 

Solutions 



. aii » §12 . a±l The LCD is 2^*3 

6 a 2.3 i3^ 



a+2 22 a42 1 

2-3 • ^‘2T- 3 

4(a42) - 3(a*^3_) 

24 

4a48 - 3a - 9 
24 

a - 1 
24 



7 A + 5 
3b 

5x y 2x -f 3s: 
xy2 



x2y 



o 3b - 2 4. 4b -t,l (Check for any value of b except ?} 
b2 2b 

10 l + il2S-zJL- 2L±2 
6 5 2 

3 - r 

11* 2r + a r + 4 



12. See any textbook for additional examples. 

13. Express each of the following algebraically s 

a. Mr. Brown left an inheritance of x dollars to be divided among 
his sons. Ihe first son is to receive ^ of the sum^ the second 
i, and the third son J of the inheritance. Express the sum 
of the three amounts received by the sons. VB.U this take care 
of the entire inheritance? 
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b* Eeieh of two fractions has a denominator of x* nie numerator 
of the first fraction is 4 more than its denominator, while 
the numerator of the second fraction is 1 less than its 
denominator* What is the difference of the first fraction 
minus the second? 

c. Two adjoining vegetable gardens are represented in the diagram 
below: 




If the area of ABCD is 50 and its width is x 2, and the area 
of EFGG is 20 and its width is x - 1, express 

1) the length of DC 

2) the length of CG 

3) the lengUi of DG as a single fraction in simplest foxm 

d* The sides of triangle ABC are AB « x, BC ** 2x, and CA ■* 2x + 1* 
Another triangle DEF has sides 

DB - 3 of AB, IF » 5 of BC, and ro - 1 of a. 

Find the perimeter of triangle DEF in texns of x in its simi^est 
fom* 

VI* Equations with Factions 
A* Suggested Procedure 

1* Review solution of linear equations of typs ax + b = c, ax + b, «cx + d, 
and ax + bx « c (a, b, c, d, integers)* 

2* Have pupils use the multiplication princij^e of equations to solve 
equations with fractions* 

a* Bose problem: Three-fifths of a number exceeds one-tenth of the 
number hj 20* What is the nuoiber? Have pupils describe the 
conditions of the problem by means of an equation as follows: 

Let X represent the number 



o 
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b* Haye pupils realize that it is often desixable^ in dealing 
with equations involying fractions > to transfoxm these 
equations into equiyalenb equations haying no fractions* 

Thus, 



5 10 


- 20 




10(^ - S ) 


- 10(20) 


Multiplication by 10, the LCD of 
all fractions in the equation 


10(^) - 10{ ^ 


. 200 


Distributive property 


6x - X 


- 200 




5x 


« 200 




X 


« 40 




The solution set is ^40^ • 





Check: It is true that three-fifths of 40 (24) exceeds one- 
tenth of 40 (4) tgr 20* 



c* Haye pupils note that unlike the procedure used in combining 
fractions^ we do not multiply each fraction by 1 when we solye 
equations* Ve do not leaye each fraction undianged in value* 
We change the value of every fraction in the equation and 
the Justification for this is the multiplication principle 
of equations* 

3* Have pupils use the above procedure to solve an equation with 
fractions idien the variable appears in the denominator* 

a. Solve: 3 “ ^ 



The LCD of all fractions in the equation is 3x^ if x 9^ 0* 



Then, (3x)| 



2x 

X 



(3x)i 

X 

12 



6 The solution set is ^6^ 
Have pupils check: 3 ^ ^ 

SimSi 

3 3 



o 
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b. Solves ai+J“4 



The LCD of all fractions in the equation is A7> 7 



Then, Ay* 2 y 


* j 


= 


• • 


Why? 






- 


Ay*J 


Why? 


2 


+ 12 


- 


77 


Why? 




14 


- 


7y 






2 


_ 


7 


The solution set is 



Have pupils cheek* 

X 4* 1 _ 2 . 

c. Solve: JT 2 2 

The LCD of all fractions in the equation is 2(x-2), if x 2. 
Then, 2(x-2) - 2(x-2) •! 



2(x + 1) = (x-2)3 

2x + 2 “ 3x - 6 

8 = X ^e eolution set Is • 

Have pupils cheek* 

Mote: When both sides of an equation are multiplied bgr an expression 
containing a variable, we do not always obtain an equivalent equation* 
For example, solve 



2SL=Jt^ 1 

X - 2 ^ 




(x-2)(2afc|) - (x-2)(l + 

x-2 x-2 



The LCD is x-2 
l&J.tip3y both sides by x-2 



3x-4 sa x-2+2 
2x « 4 



X « 2 

The solution set of 




However, 2 is not a solution of the 



o 
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3x • 2 ^ *1 2 

ori ginal equation* Hence^ x — 2 " ^ equation obtained 

lay multiplying both sides by x-2 are not equivalent equations* In 
fact^ the original equation has no solution* Its solution set is 
the empty set* 



B* Suggested I^ctice 
T x + 22c = ii 

1 * 3 3 



.-f 



2 

K 8 2 



3. 

4. 



8b . b +ib 
9 3 6 

a ^2a 20 



25 




2 

5 2 





+ 2 



2x 



9* 5 3 5 



10 * 



S±l»2 

y-4 2 



0 



11* The denominator of the second of ti*ro fractions is 3 times that of the 
first* The numerator of the first fraction is 3 more than its 
denominator^ idiile the numerator of the second fraction is 1 less 
than its denominator* When the second fraction is subtracted frooi 
the firsts the result is What are the fractions? 

12* Harxy can i«ash his father's car in 60 minutes* His older brother 
can do it in 30 minutes* How long xould it take the brothers working 
together to wash the car? 

Illuetrative Solution 

Let X represent the number of minutes it will take them to wash the 
car> working together* 

^ is the part of the job Harry can do in 1 minute 
6 0 

^ * X or ^ is the part Harry can do in x minutes 
^ is the part his brother can do in 1 minute 

*x or is the part his brother can do in x minutes 
1 « one idiole job done by both in x minutes 
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1 



The LCD l8 60 






X + 2x =60 
3x = 60 
X =20 

It requires 20 minutes for the brothers to wash the car, woxking together. 

Check solution against conditions of the problem. 

13. Jean and Ere3yn take turns addawssing envelopes for their father *s business. 
If it takes Jean 3 hours to do a certain nailing, and it takes Bvelyn twice 
as long to do the same mailing, how long would it take both girls working 
together to do the Job? 

14« Hr . Iniilson can plow a field in 0 hours, idaile his hired hand can plow the 
field in 10 hours. How long would it take if both worked together? 
(Assunqcftion: Each uses his own plow.) 

15. A set of twin boys working together can paint their room in two hours. 

If it takes one of them 5 hours morking alone, how long should it take 
the other if he were to do it alone? 

16. If it takes 5 minutes to fiU a certain bathtub and 9 minutcis to empty it, 
how long win it take to fin the tub if the inlet pipe and the outlet 
pipe are both open? 

17. Ance's father drives to the railroad station, a distance of 15 miles. 

One day he drove the first 10 miles at a certain speed and the rest of 
the distance at twice the speed. If the idiole trip took 25 minutes, at 
what speeds was he driving? 

18. liie distance from Hr. Brown*s home to his office is 15 miles. If 
Hr. Brown drove the first third of the distance at 50 mph and the 
whole trip took 21 minutes, at what rate did he travel during the rest 

of the trip? 

19. How much should a coat be marked (selling price) if the cost is $91> 
the overhead is 20^ of the selling price, and the profit is IQ^ of the 
sening price? 

20. The numerator of a fraction is 2 less than the denominator. If 4 is 
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CHilFTER XI 



THE RB/IL NUMBERS 



This chapter presents suggested procedures for helping pupils 
develop soms basic concepts of rational and irrational numbers, 
idiich, together, form the real number system. Here, too, are 
suggestion, for developing understanding ^ skiU 
deciiiBl approadBBtions of square roots, and in sijiqaifying radicals. 



I. Rational Numbers 



A. Suggested Procedure 

1. Help pupils understand the meaning of rational number. 

a. Elicit that the numbers pupils have woriced with so far include 
the positive and negative integers and fractions, and zero. 

Have pupils consider some examples of these numbers: 



2, -8, 4 1*7 

Have pupils observe that each of the above numbers can be 
expressed in the form ^ idiere a and b are integers and b jf 0. 

^ is expressed in the form with a = b » 4* 

4 ° 

2 can be expressed as j 
-8 can be expressed as ^ 

4 ^ can be expressed as ^ 

17 

1.7 can be expressed as ^ 

b. Inform pupils that numbers vftilch can be expressed in the form 

\diere a and b are integers, and b 0 are called ^tioi^^ 
^bers . Have pupils realize that the set of rational numbers 
is the set of positive and negative integers and fractions, 

and zero. 

c. Have pupils realize that a rational number has many names. For 
example, 

2 ~ ^ ~ ~ «i. 

12 4 



0 *| 9 * 



2 * Help pupils visualize the rational numbers as points on a line. 

a. Have them recall that the integers were associated with some 
points on the munber line* 

b. Have pupils realize that certain points on the number line are 
associated with rational nianbers* 



l) Have them see that between any two points associated with 
two consecutive integers ^ say 0 and 1 ^ there are many more 
points on the munber line* Have pupils mark some points 
corresponding to rational numbers between 0 and 1 as in the 
following diagram: 



j i_ 

0 1 

io 



J I I L 



4 S 2 8 4 



_L 

1 



2) Have pupils repeat this procedure with other Intervals on 
the number line^ say^ the interval between 4 and 5 > and the 
Interval between >-2 and -O* 

c* Have them note that of two . rational numbers, the larger number 
is associated with a point which is to the ri^t of the point 
corresponding to the smaller number* For example, 

> z\ 

# 




3 * Have pupils discover that between anv two rational numbers there is 
another rational number* One such number can be foimd ty taking 
the average of the two numbers* 

Between ^ and 1 is ( ^ + l) 7 2, or ^ 



Between ^ and g is ( ^ + 3 ) 7 2 , or ^ 




As the result of the above, pupils should realize that between any 
two rational numbers there exists an infinite number of rational 
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numbers. Tell pupils that i^en a set of numbers has this property, 
the set is said to be dense . Therefore, the set of rational numbers 
is dense. If we associate every rational number with a point on the 
number line, have we accoxmted for every point on the line? It will 
be shown later that some of the points have not been accounted for. 

Mote ; The set of integers cannot be said to be dense. Hiere is no 
integer, for example, between 3 ^nd 4* 

4. Expressing rational numbers as decimals 



a. Review teiminating decimals. 





b. Review repeating decimals. 



m 



3)1.000 



>2727... 

11)3.0000 




.125 



22 ) 7.0000 



Elicit that the above decimals are non-tezminating decimals 
and also repeating decimals ... the same digit or group of 
digits repeats unendingly. The repetend is sometimes indicated 
by a bar above it, e.g., 

J, .27, and .318 

c. Have pupils generalize that any rational number car be expressed 
in decimal fom. The decimal will be either a teiminating decimal 
or a repeating decimal. This may be illustrated for the rational 

number 1, as follows: 

Suppose we are computing the decimal for y. We begin dividing 
as follows: 

0.14 

7)1.0000... Ms: 7= .142857* •• 

“30 

28 

20 

Hie first remainder is 3; the second is 2. If ever we again get 
the remainder 3 or some remainder "which has occurred before, the 
decimal will begin repeating at that point. Since the remainder 
after each successive division has to be less than the divisor, 
there are only 7 different remainders possible (O, 1, 2, 3, 4# 

5, 6). Hien if we continue the division process long enouj^. 
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we will eventually repeat a remainder* 

If the remainder 0 occurs in a division^ the division tenninates* 

5* Ibcpressing decin&ls as rational numbers 

a* Have pupils express several terminating decimals as rational 
numbers^ that is^ in the form where a and b are integers^ 
and b / 0* 

” 100 

•706 = ^ 

. m. 

100 



1.98 



Pupils will conclude that every terminating decimal represents 
some rational number* 

b* Does every repeating decimal represent a rational number? If 
so, how do we determine idiich rational number it represents? 



*666 


= ? rational number 


Let N 


~ *666 * * * 


10 N 


~ 6 *666 * * * 


N 


” «666 * * * 


9 N 


= 6 


N 


2 

5 


666 • • • 


« 2 
J 



Compare the terminating decimal .666, idiich is equal in 
value to with the repeating decimal *666 which is 
equal in value to Which is larger? Sxplain* 



2) *27 



? rational number 



Let N *27 
100 N = 27*27*** 

N = *27*** 

99 N =27 

N =^ 

99 

N =-l 
11 

.27 =3^ 
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3) .16 




SS 


? rational number 






Let 


N 


s 


,l66eee OT 


Let N 




10 


K 


ss 


1 .666 . . e 


100 N 


= 




K 


ss 


. l66 . e . 


10 » 


= 


9 


N 


=s 


1.5 


90 N 


= 




TJ 




iii=i5 = l 


. N 






A<l 




9 90 6 




t 




N 


= 


1 


Then .16 


= 



.16 =5 



•l666* • • 



16.666 

1.666 

15 

lior 

90 



• • • 
• • • 



1 



6 






Have pupils conclude that it appears that a repeating decijnal 
can be expressed in the form & where a and b are integers 
(b O). Therefore, they represent rational numbers. TeU 
them that this statement is proved in more advanced courses 
in mathematics. 



B. Suggested Practice 

1. Give two rational numbers between 

a. 5 and 6 Solution: 5 5.85 

b. 7 and 8 

c. -3 and -4 

d. 2 i and 2^ 

©, stnd •XeZ 

2. Which number in each pair is the greater? (refer to number line) 



a. 5 > 3 


f. -2.4 and -2 J 


u 2. 

be 2 2 


g. .05 and | 


z2, dl 




4 U 


h. -1.8, + 1.8 


d. -8, 




-1 -2 





'• 2 ' 

3. aepress each of these rational numbers as a repeating or terminating 
decimal e 



1 

8 



1 

5 
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4 . (optional) Express each of the following repeating decimals as a 
quotient of integers. 

a. .nil... 

b. .0909... 3.75252... 

c. .0$3 



II. Irrational Numbers 



A. Suggested Procedure 

1. Have pupils construct a non-terminating, non-repeating decimal. 

a. Have pupils recall that a rational number can be expressed a? 

a tenninating or repeating decimal, and a repeating or teiri^nating 
decimal represents a rational number. 

Pose question: Are there any decimals that do not terminate or 
repeat? 

b. Have pupils examine the following non-terminating decimal numeral: 



. 02002000200002 ... 



They see that it is non-repeating since each succeeding 2 is pre- 
ceded by an extra zero. Why does this represent a non-rational 

number? 

2. Have pupils make up several non-terminating, non-repeating decimals. 

3. Have them learn a new name for non-terminating, non-repeating decimals. 

a. Guide pupils to realize that since non-terminating, non-repe^i^ 
decimals cannot represent rational numbers, a new name is needed 
for the numbers they do represent. 



b. Inform pupils that the numbers represented by non-termimtii^, 
non-repeating decimals are caUed it»rational numbers. Irrational 
numbers cannot be expressed in the form where a and b are 
Integers. 



4. Have pupils realize that irrational numbers may be positive 

negative. For example, .020020002... represents a positive irr^ional 
number and -.02002000?... represents a negative irrational number. 



5. Tell pupils that the set of all rational and irrational numbers is 
called the set of real numbers . 
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B. Suggested Practice 



1. Tell whether each of the following is rational or irrational. 

a. .32 

b. .813813381333... (Irrational because it is non-terminating 

and non-repeating.) 

c. 15.73333... 



d. -2.75 



2. Tell ^ each of the following is a real number: 



a. 1 

b. -2.15 



- 873 
d. 1.41A114m... 



III. The Real Numbers 
A. Suggested Procedure 

1. Have pupils understand how irrational numbers may be apprcadmated 
by rational numbers. 

a. Have them consider the non-teminating decimal: 
1.24224422244422224444. . . 

It is non-repeating and therefore represents an irrational 
number. 

Have pupils see that 1.2 is a 1— decimal— place numeral^ the 
value of idiich approximates that of the irrational number. 

1.24 is a two-decimal-place rational approximation 

1.242 is a three-decimal-place rational approximation, etc. 

What is a ten-deciroal-place rational approximation of the 
irrational number? 

Which is a closer approxination, a one-decimdl-place rational 
approximation of an irrational number, or a ten-decimal-place 
approximation of that same number? Why? 

2. Have pupils visualize the irrational numbers as points on a nuzdser 
line. 

a. Have them recall that rational numbers may be associated with 
points on a number line. Are there any points on the number 
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line that can be associated Kith irrational numbers? 



b. Have pupils consider the irrational number represented by 
the decimal l»2/»2 2 Zt42224442222/t i > A4 » » • 

What point on the number line can we associate with this 
irrational nximber? 

Have them see that the point corresponding to it on the 
number line lies between: 

1 and 2 

1.2 and 1*3 

1*24 and 1*25 

1.242 and 1.243 

1.2422 and 1.2423 etc. 



c. Have pupils note that the segment of the line between the points 
associated with each successive pair of numbers becomes smaller 
and smaller. Also^ eac!^ segpient is included or "nested” within 
the preceding one. As the points associated with each pair of 
numbers "move" closer together ^ it appears they will eventually 
"close in" on one^ and only one^ point on the line. This point 
is associated with the irrational number 1 . 242 2/ | /| 222 /i 4 4 2 2 2 2 M >44 • 

d. Have pupils realize that each real number is associated with a 
point on the number line^ and each point on the number line is 
associated with a real number (rational or irrational). 

e. Have them understand that if two real numbers are associated 
with points A and B on the mmiber llne^ the number associated 
with B is greater than the number associated with A^ if B is 
to the right of A. 



3. Tell pupils that just as we add^ subtract ^ multiply and divide with 
rational numbers > so also can we perfom these operations with real 
numbers. 

We assume the properties of these operations which hold for rational 
nund^ers also hold for real numbers. 



1 




A B 



^ 6 1 “2 3 
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B* Suggested Practice 

1. Graph the following pairs of numbers. Then use one of the symbols 
^ « to write a correct statement comparing the numbers in 

each pair. 



b . 1 and **3 * 3SS . • • 

c. 0 and 4*2525 

d. -1.373373337... and 2 

2. Arrange this set of real numbers in order from smallest to ilaigest. 



IV. Meaning of Square Root 
A. Suggested Procedure 

1. Have pupils review meaning of exponent ^ base^ power, factor, and 
square. 

2. Tell pupils that the square of a rational number is called a 
perfect square, e.g., 



Vftiat is the square of 0? (02 a* o) 

Notice that the perfect squares, except zero, are positive. 

3. Introduce concept of square root 

a. Pose problem: The area of a square is 100 sq. ft. What is the 
length of the side of the square? 

Solution: A =» s^ (The domain of s is the set of non-negative 
rational numbers.) 

100 B s2 Is there a number vdiose square is 100? 

Since the number which used as a factor twice will give 100 
is 10, s B 10. 

b. Tell pupils that one of the two equal factors of a number is 
called a square root of the number* 10 is a square root of 
100 because 10*10 » 100. 



a. 2.42000... and 1.5333... (2,42000... > 1.5333. ••) 






9^ - 81, (-1)2 = 1, (f )2 = I (-.5)^“ .25 
Thus, 81, 1, o, and .25 are each perfect squares 
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4 * Number of square roots of a number 



a. Elicit from pupils that the square of a positive rational number, 
or of a negative rational number, is a positive number. 

92 =81 (if 4)" = i (-2)2 = */ 

b. Have pupils realize that since every perfect square, except zero, 
is the product of two equal positive numbers 0£ of two equal 
negative numbers, every positive perfect square has two square 
roots - a positive square root and a negative square root. 

The square roots of 49 are -tV and -7 since (+ 7 ) (+7) = 49 and 
(»7)(-7) = 49. (Zero has only one square root; O) 

How are the two square roots of a positive perfect square related 
to each other? (They are additive inverses.) 

c. The positive sqmre root of a number is called the principal sauare^ 
root . Although -H/ and -7 are both square roots of 49 , 7 is the 
principal square root. 

5. Have pupils leani the meaning of the symbol, “vT“ 

a. Since positive numbers may have two square roots, one positive 
and one negative, different symbols are used to represent them. 

One square root of 16 is 44 , and may be represented ty . 

IHie other square root of I6 is -4, sind may be indicated by y /^6 • 

Then, (x/l6 = (^16 )(x/l6 ) = I6, 

and ( 16 = ( ->/ 16 )( -v/l6 ) = I6 

b. Tell pupils that the symbol y is called a radical. The 
numeral under the radical sign is called a radicand. 

Thus, in the expression yi 69 , 169 is the radicand. 

c . Have pupils note that although positive numbers may have two 
square roots, one positive and the other negative, the radical 
sign with no sign before it represents only the non-negative 
root. Thus, 

= 6 and -v56~ = -6, or + = ±6 




Bote ; We cannot tell vdiether the principal square root of a^ 
is or unless we know whether a is a positive or a negative 

number. 
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If a « 3, then>/a2 - - \/9 « 3 - a 

If a « -3, then>/a^ » v/ (-3)^ “ \/T - 3 - -a 

Thu8//S? - a if a is positiTs or zero. 

B -a if a is negatiTs. 

6. Have pupil realize: 

a. If a? “ then * - , where a is a posltlTe maber. 

b. (v/T)2 - (v/rKvA") - hj (3^)* - - a 

7. Have pupils consider whether negative nuabers have square roots in 

the set of real numbers. 

a. Does -9> for example^ have a square root? That is to say, can we 
find two equal factors whose product is -9? 

Since 3 X 3 « 9 and (-3) x (-3) » 9, neither 3 nor -3 i« » square 
root of -9* 

b. Hare pupils recall that the square of a positive nomter is 
positive, and the square of a negative nunber is positlvs. ^o, 
ttie square of sero is 0. Ihey concludo that no negatm real 

has a square root in the set of real numbers. Ihen -9 
has no square root in the set of real nundsers. 



OPTIONAL 

8. The index of a radical 

a. Have pupils consider that some rational numbers nay be expressed 
as the product of three equal factors. For example, 

64 ■“ 4*4*4 or 4^ 



Tell pupils that in such a case, each factor is a 
of the number, and the number is the cube of the factor, inus, 
64 is the cube, or third power, of 4, and 4 is a cube root of 
64. Is -4 also a cube root of 64? 

Nhat is the cube root of 8? of 27? of —27? 

Have pupils realize that -27 does have a cube root in the set 
of real numbers. 
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b* Have pupils see how a radical sign nay be used to indicate the 
cube root of a number* The cube root of 6U is written as 



one of three equal factors idiose product is 64 is the root we 
wish to find* 

c* The index of is 4 and indicates that one of four equal 
factors whose product is 81 is the root we wish to find* 

Since 3 *3 *3 *3 " $1« 3 is a fourth root of 81* Is -3, a fourth 
root of 81? 

d* Tell pupils that it is understood that the absence of an index 
means the square root* 

^/il w 9 This could be written \/Sl» 

The number 2 is the index even though "2” is not usually 

written with the symbol* 

B* Suggested Practice 

1* hhat is the value of each of the following? 

*»\/r Sblutions The principal square root is 1* 






It foUom that ^Su is a number such that 

- 64 






c*\/400 

d.^/^ 







h.,/ (_7)2 
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1 



2. that does (v5“ )2 eqtal? (y/S? T (>/58 )* ? 

OFTIcaUL 

3* State the index and the radicand* Itileh xational number ie represented? 

Solution: index 2, radicand 36* The integer 6 is represented 

by>/36. 

b. ^ 

c. ^ 

d. vs 

e. ^ 

f. /iT 

V 25 

4. What does equal? (i»55)^? 

Ve Approximation of Square Boots 
A. Suggested Procedure 

1* Review the meaning of the closure property of a set of numbers under 
an operation. Have pupils recall that the set of rational numbers 
is closed with respect to the four fundamental operations. Are there 
any operations for idiich it is not closed? 

2. Have pupils realise certain square roots are irrational. 

a. Pose problem: The area of a square is 2 square feet, bhat is the 
length of each side of the square? 

Solution: A >■ s^ (The domain of s is the set of positive, rational 

numbers.) 

2 * s^ or s^ »• 2, and s * 

What are the replacements for s which make s^ ■■ 2 true? 

The pupils will suspect after a number of trials that rational 
number will make s^ * 2 true. It can be proved that this is so. 

Thus, the set of rational numbers is not closed under the operation 
of extracting square root. 
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b. HATt pupil# try to find a rational approadmation fop^/5“ . 

1) 1 X 1 ■ 1 Than\/?^ is greator than 1. 

2 X 2 • 4 Thtnv^ i» 1«®# than 2* 

kJS^ < 2 Then either 1 or 2 ie a rational approximation 

of >/5~. 

Can ¥9 find two numbers that are closer together than 1 and 2 
and still havs\/5" between them? 

2) Hare pupils tiy squaring some rational numbers between 1 and 2* 

1.3 ac 1.3 - 1.69 

1.4 X 1*4 ** 1.96 

1.5 X 1.5 " 2.«5 

Have pupils note that>^" is greater than 1.4» but less than 1.5* 

1.4<\/?*< 1.5 Then either 1.4 or 1.5 is a one-djBg.imal 

p3ace rational approsdmation of\/2 . 

Can we find a better approximationT 

3) (1.41)2 - 1.9381 

(!.«)* - 2.0164 

Hara pupil, not. tbat 1#41< ^2 < 1.42. 

Thm .ithtr 1.41 or 1.42 i. • tM.4eQlMl pluM rational 
approximation of 

4) Uhl. mrtho4 may b. eontlipwd to ttafoo and four (and mora) 
doolmal plaoM for Buceoa.ir.ly eloaer rational appioxlmatlonB 

of-,^. 

1.414 <n/F < i.as 
1.4142 </2 <1.4143 ate. 

5) Aifona pupUe that no mattor hew far this work is carried, 

the m^rj2~ cannot be (uqiressed as a temlnating or repeating 
decimal. 

6) Hare them conelud. thatv^ le an irraypnal number. We can 
find only rational apprndnatiens of\/2 . 






7) It can be ehovoi that if the square root of an integer is 
between two consecutive integers, the root is irrational* 

For eacan^ae, sJT , s/T, JT, JS~, JiS, Uto, are irrational 
numbers* 

8) Have pupils determine idiiieh of the following are rational 
numbers and idiich are irrational: 





d) 


g)s/?5 


b)v/54 


*)n/59 




c)J^ 


t)Ji^ 


i);yl9 



9) Tell pupils that the number tYIs also an irrational nuniber. 

The rational numbers 3*14 and ^ which they have used are only 
approximations of Tf* 

3. Have pupils approxiimte square roots ly successive division* (Nefwton*s 
Method) 

a* SUclt that the square root of a number is one of two equal factors 
idiose product is the given number* Have then realize that if the 
two factors of a product are not equal, the square root is someidiere 
between them* 

6*6 - 36 s/36 « 6 

4*9 = 36 is between 4 and 9 

b. Find a ratimal approximaticai tor^/S., 

1) Estimate: 

Since 11 is between the two perfect equares 9 and 16, s/ll 
is between s/5^ ands/^, that is, between 3 and 4. 

3<>/il< 4 

2) Divide: 

Use 3, the integer whose square is nearest 11 as a guess ats/n 
and divide 11 by 3, carxying the work to one more digit than 
there are digits of agreement in divisor and quotient* 



We do not round the quotient* 



3) Average: 



Since the quotient 3»6 is greater than the 3, the guess ”3" 
was too small. 

s/ll Is between 3 and 3*6. 

3<s/n<3.6 

We can obtain a better approximation bgr taking the average 
of the original guess and the quotient. 

2 2 

How the estimate is 3 *3 • 

4) To find a closer approximation to^/lT^ divide 11 hj 3*3 and 
carxy the work to one more digit than there are digits of 
agreement . 

3.33 We do not round the quotient. 

3.5/11.000 

- 2 ^ 

1 10 

22 

110 

-22 

no 

Then < 3.33 

3 J + 3t33 - .3.31 

2 2 ^ ^ 

Now the estimate is 3.31. Qieck: 3.31 x 3.31 » 10.9561 (very 

close to n) 

5) These steps may be repeated to obtain as close an approximation 
as desired. Die approximation is accurate to as many places as 
match in the divisor and quotient. 

Then^/n is approximately 3.3 to the nearest tenth. That ls> 
s/11^3.3 

6) Have pupils approximate to the nearest tenth: 

JT JiS v/S2o 

4. Have pupils learn to use a table of squares and square roots. 



a. Inform pupils that mathematicians, scientists, engineers, and 
others use tables to find squares and square roots. Since the 
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needed values can be read from the tables^ a great deal of time 
is saved. 

b. Have pupils use a table to find the square ot 26. locate 26 in 
the column headed N (Number) and move to the right until the 
column headed N2 (Square) is reached. There we read 6?6. Then 
262 = 676. 

c. Have pupils use a table to find^^?. Locate 26 as before. 

Then move to the right until the column headed (Square Root) 
is reached. There we read 5*099. Thexiy/SS ■■ 5.099 to the 
nearest thousandth. 

d. Have pupils compare the results obtained idien finding square root 
by successive division with the values listed in the ta^e* 



5. (OPPIONflX) Have pupils read square root from a graph. 



a. Have them use squared paper (ten 
to the indi) to graph the set of 
points (x,y) such that y x2, 
where x ^ 0. 

1) Have pupils plot the points (O^O)^ 

(j>j)> ^2*4^^ (2,4)> 

(3,9). 

2) Have them note that the graph of 
y « idiere x > 0 appears to be 
a smooth curve such as appears in 
the figure at the right: 

b. How can we readV3 trom the graph? 
We draw the line y 3 and find at 
idiich point it crosses the graph 
of y ■* x?. Then the x-coordinate 
of this point is s/T " . It is read 
approximately as 1.7* 




jr 



c. Have pupils read\A , s/5"^, , \/^ , graph. 

Have them check their results ly reference to a table of square 
roots. 
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B. Suggested Itectlce 



1. Between which two consecutive integers is each of the following: 
a*v/5 Solution: Between 2 nd 3, or 2 <^5 < 3 

b.v/5T o.JW d.JSi 9.\/Wi t.Jzi3 

2* For ansr positive integer less than 100^ how many digits are there 
in the integral part of its square root? 

3* What is the smallest positive integer whose square root is a two- 
digit integer? 

4* Find the indicated square root to the nearest tenth: 

a. v/55 i.Jul 

b. -Jv e.\/^l25 

c. ^ f. 

5 * Check the results in 2a and 2b by using a table of square roots* 
6* Use a table of squares to find the squares of: 

20 22 23 7S 99 

7* Use a table of square roots to find^ correct to himdredths place: 

jr jr ^ ^ 

d* Vhich of the following numbers will have square roots that ar»$: 
a* less than 10? 

b* greater than 10^ but less than 100? 
c* greater than 100 but less than 1000? 



36 


121 


6400 


16,900 


490,000 


72 


385 


5238 


22,850 


810,000 



9* FLnd^ to the nearest tenths the square root of the number which 
is the sum of the squares of 4 and 9* 

10* FLnd^ to the nearest tenths the side of a square whose area is 
29 square inches* 



11. Find both roots of each of the following to the nearest tenth: 
a2 ■ 360 b2 B 22.6 

VL The lythagorean Theorem 
A. Suggested Procedure 

\ 

1. Have pupil learn hqw the ancient Egyptian surveyors and 
(rope-stretchers) laid out square comers by means of knotted ropes 

(3, 4, 5 triangle). 

2. Review meaning of rigjht triangle, hypotenuse, legs of right triangle 

3. Help pupils discover the relationship that exists among the three 
sides of a right triangle. 

a. Have them use squared paper in the construction of a ri^t 
triangle whose legs are 3 and 4 units respectively. Have them 
build squares on each side. Have them measure the hypotenuse 
with a strip of the squared paper. Have pupils note that 
(3)2 + (4)2 - 25. 




b. Have pupils repeat this procedure with right triangles whose 
legs are 6, 8j 5, 12j etc. Have pupils denote the hypotenuse 
as c and the other two sides as a and b. Have them record the 
results of the experiment in talxilar form. Have them make a 
similar table for the squares of the sides. 



a2 


b2 


c2 


36 

«tc. 


64 


100 



a 


b 


c 


6 


8 


10 


5 


12 


13 


8 

etc* 


15 


17 



Have pupils note that a^ + b? ■ • 

e. Have pupils realize that In any triangle^ the square of the 

length of the hypotenuse equals the sum of the squares of the 
lengths of the other two sides* 




d* Tell pupils that this relationship Is known as the I^hagoresm 
Theorem* 

Have them realize that they have sgt proved the lythagorean Theorem^ 
but have only examined some lllnetratlons of It* (It will be proved 
In 10th Tear Hathematlee*) The first proof of the theorem is 
eredlted to I)rthagoras» a mathematician of the 6th century B*C* 

e* Inform poplls that it can also be proved that if a^ b and c designate 
the lengths of the three sides of a triangle^ with a and b less than 
c> then the triangle Is a right triangle if 

* 1 * 

This gives us a way of detexmlnlng whether a triaLgle^ the lengths 
of whose sides are known^ is a right triangle* 

• Help pupils solve problems using the lythagorean Theorem* (Use numbers 
whose square roots can be rwadlly detemined*} 

a* The legs of a right triangle are 9 inches and 12 Incnes* Vfhat is 
the length of the hypotenuse? 



.2 


+ 


b2 


- 


c2 










92 


+ 


122 




c2 


Check: 9^ + 


12^ 


? 


15^ 


81 


+ 


144 


« 


c2 


81 + 


144 


•> 

• 


225 






225 




c2 




225 


- 


225 






15 


*= 


c 











The length of the hypotenuse is 15 inches. (Here we consider only the 
principal square root since our problem cannot have a negative answer.; 

b. The hypotenuse of a right triangle is 13 cm. long. One leg is 5 cm. 
long. What is the length of the other? 




The length of the other leg is 12 cm. 



B. Suggested Practice 

Mote : Some measures of lengths of sides of ri^^t triangles are: 
3, 4, 5 and any multiples of these 



5, 12, 13; S, 15, 175 7, 24, 25; 20, 21, 295 9, 40, a 
and any multiples of these. 

1. Find the length of the missing side 

a. ? 

b. 7 

c. 15 



12 

24 

? 



Hy potenuse 

15 

? 

17 



o 

ERIC 
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2* Illustrate each of the folloindlng problems by a diagram before solving: 

a. !Die bottom of a valise measures 18" x 24"* What is the naximum 
length of an umbrella which can be placed on the bottom of the 
valise? 

b« What is the length of a diagonal brace for an iron gate 24" long 
and 27" wide? 

c. A pole 40 ft. in height is steadied by a guy wire 41 ft. in length. 
How far from the foot of the pole is the foot of the gpy wire? 



d. The length of a rectangle is twice its width. If the diagonal of 
the rectangle ±3 10 feet^ what are its length and width? (to the 
nearest tenth) 

e. How long is the diagonal of a square idiose side is 1 inch? Leave 
answer as a radical. 

3. (optional) Which of the following sets of numbers may be the lengths 
of sides of a right triangle? 

4> 5 

Solution: If a “ 3, b « 4, c ■ 5, does a^ + b^ * 
32 + 42 I 52 

9 + 16-25 

25 - 25 

Then 3 , 4> 5 nay be the lengths of the sides of a right triangle. 

b. 8, 10, 15 

c. 14, 48, 50 

d. 5, 8, 11 

Note : A triple of positive integers (a, b, c) is said to be a 
Pythagorean triple if a2 + b2 sb c2. However, almost all right 
triangles have at least one irrational side. 

VII. Visualizing Irrational Cquare Roots as Points on a Number line 

A. Suggested Procedure 

1. Review locating rational approximations on the number line for 
irrational' square roots. (See Chapter XI) 

2. locating Irrational square roots on the number line without using 
appzoximatiohs . 
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a. 



Fbse questions Hfia can we find a point on the nu^er line to 
associate withv/2 , without using approacunations . 



b. Demonstiate locatingV2 on the number line as follows: 

ESr constructing a right triable whose legs are both 1, we can 
show that the hypotenuse »v/2 



C 





Since AC eqjials JT , we use the l^gth of AC as * 

A as the ^ter to find the point Dj then AD is the length f— 
^ and D wrresponds to the point whi<* is at a distance of /2 
from zero. Similarly, many other irrational numbers can be 
gwiphed on the number line. 



B. Suggested Practice 

1. Place yr.v/HO, sfiS on the number line without using approximations. 

Hints Pors/5~, legs are 2, 2 

legs are 1, 3 
R>rv/l5, legs are 2, 3 

2. (0FTI0HAL) locate the following squaw ro^s as points on the nuatoer 

line without using approximations: , /7 
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VIII, Simplification of Radicals 
A. Suggested Procedure 

1* Square roots of numeral products 

a. Have pupils recall that the square root table provided in 
their textbook gives the square roots of perfect stquares 
exactly, and rational approximations for the square roots 
of other integers* 

Pose question: Although the table is often limited to 

integers from 1 to 100, how can it be used for other integers 
as well? 

b. Have pupils consider the following products of square roots: 



v5"-v/T 


= 


3*2, or 6 


- 6 


sfk'M 


- 


2*4, or 8 


- 8 


■M vT 


= 


4*3, or 12 




Have them 

v/r-vA" 


realize that 

- ,/5S - 






- 


•M, = 


\/h *16 


v/jJ-VT’ 




>/l44 « 





c. Help pupils reach a generalization concerning the product of 
square roots* 

1) Have them suggest the following symbolic statement concern- 
ing the product of square roots* 

■* \^b, or \^b >Aiere a>0 and b>0* 

2) % trying various replacements for a and b have pupils see 
that this appears to be a true statement for every replace- 
ment of the variables a and b by a non-negative real number* 

3) Have pupils suggest the following verbal brief statement. 
Boots ar e disti^buted over multiplication . Have them 
contrast with>/&4b . 

^/9■W^ ^ 3+2 and therefore roots are not distributed over 

addition* 
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d. Have pupils understand how the above generalization c 
to facilitate finding the square roots of ■•ny numbers n 
included in a square root table# 



1) Kadv'565 

■ x0v/5“ 

Referring to the square root table, we find^^S5l.73 



Then>/S0=10 X 1.73, or 17.3- 

2) TeU pupils that 1Q/2" i» s*i<» ^ 8i“Ples* 

wpressing because the new radicand 2 has no factor, 
other than 1, idiich is a perfect square# 



Guide pupils to see how the square root of every 

can be expressed in simplest form (as “ * having 

product of an integer and the square root of an integer having 

no square factor other than l)# 



l) Simplify v/5TJ 

576 * 4*144 end >/57Z - >/4*144 

Then 7575 - - 24 (Simplest form) 



2) Simplify >/75 

75 ■ 25*3 and.^^ “ 725*3 

JlS • n/ 5~ “ 5/T" (Simplest form) 



3) Simplify end then approximate it by use of a table of 
square roots# 



250 « 25*10 and J2^ 



- J2^ 

m 5^10 (Why is this the simplest form?) 



Referring to the taHe^ 



Then, >^55 ~5 x 3.l6, or 15#S0, 
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4) Simpliiyv/^5 

hB « 16*3 

vAs- v/i6 *s/T - u/r 

Suppose we had written 4S = 4*12 and^^S “ vA"*vA5 or 2^12. 

Is this the simplest fom of y/I^7 (No, because 12 has a factoi 
4, Kiiich is a perfect square. ) Then to complete the work, we 
write: 

vA8-V^*v^- TfS.^Tjk.jr ^Z>2jT = U/T 

Itete : A similar method can be used to find square roots of 
numbers which are not integers, e.g., 

\/ .2, \/ .03, etc. 

Have pupils e3q>res8 the following square roots in simplest foim: 



Have them use a square root table to approxiim\te 4), 5), 7), and S) 
above. 

2. Square roots of monomial products (The assumption is that eadi letter 
in the radicand represents a non-negative number.) 

a. Have pupils consider 

x*x ^ x2 and \J^ ■ x 

x2*x^ x4 and » x2 

x3*x3» x^ and >J^ « x3 x ^ 0 

Have them realize that the above sentences are true statements for 
evezy replacement of x ly a non-negative real number. 

b. Simpliiy \/25 x^ 

>/ 25 x? ■ >A5 • n/S ■* 5x (Simplest fozm) 

Check: 5z*5x - 25x2 



1) \/Sr 

2) x/50 

3) n/5s 



5) vA45 

6) >Ao25 



Djm 

B)s/^ 
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c. Simplify \/x2y4 




n/x^jA * >/? *v/y^ “ 


(Simplest fom) 


Simplify v/2a^ 




>/^ «* \/z“ * \/^ “ vS 


(Simplest fom) 


e. Simplify 




= v/S? -n/T =ax/?r 


(Simplest fom) 


fe Simplify 




\/i5 « • n/T* *= 





2 2 2 fi*» 2 A* 5 

Qieck! On^s/ST ) = (m ) • (x/m ) = m •m or m 

g. Simplify 

V32i5 » -v^b 

am 21^/^ (Not in simplest fozm) 

« 2b,/5“*v/5b 

as 2b* or 

Lscul pupils to understand that by selecting the largest 
perfect square as a factor of the radicand^ he reduws 
the number of steps necessary for simplification* xhus> 

>/5ib3 “ >/l6b2 • 

as 4 ti/ 2 b 

Checks (4bx/5b f = (4b)^ • (V5b ) = I6b • 2b - 32b 

B* Suggested Fjreictice 

1 . Simplify the followings 



a* v/441 


ViSi9 


x/1^ 


b. \/^ 


n/c® 
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Vl 225 n /®30 

\/af^ 



o>yz56xl* 




\lya^ 


^\/W 


J¥ 


M 


e.x/Iwa 


\/49x2y2 


V'.36a2b2 '/.006igc2 


f.N/Sae 


Solution:v^ - ^ -y/T" ■8n/5“ 


s/iS ^/52 


>/50 Ju 


^/3^ x/Es 



s/.OOSly^ 







jsr 




v/S^ 


V/S355 




v/SibJ 


s/60^ 


>/iS5 


•JiSSa! 


v/4^ vO^ 


1* The sides of a 


ri^t triangle are\^^ 


andv^* . 


iftiat is the length 



of the hypotenuse? (Leave answer in simplest radical fom.) 

J* The sides of a ri^t triangle are\^^ and\/So* iftiat is the length 
of the hypotenuse to the nearest tenth? 
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CHAPTER Xll 



QUADRATIC EQUATIONS 



This chapter contains materials and suggested procedures for 
reinforcing and extending the pupils* ability to sblve quatotic 
equations in one variable, and to apply these algebraic skills to 
the solution of various verbal problems* 



I* Incomplete Quadratic Equations 
A* Suggested Procedure 
1* Review: 

a* Degree of an equation 

b. Zero product. If a*b ■* 0, then a « 0, or b =* 0, or a and b - 0. 

c. Every non-negative number except zero has two real sqxiare roots, 

»rtiich are additivs inverses of each other. (The square root of 
zero Is zero, and zero is its own additive Inverse. 

2. Meaning of incomplete quadratic equations 

Note : The word Quadratic comes from the Xatin, “quadratus'* meanly 
^?quared'*. It is used in connection with the second-degree equation 
because the higb®st exponent is 2 - the variable squared. 

a* Have pup^l* compare the following equations. 

1) X? + 3x + 2 = 0 

2) x2 + 2 « 0 

How are they alike? (Each is a second-degrve or quadratic equat^n. 
The second-degree terns are the same, as are the constant terns.; 

How m thsy ditferwit? (There is no first-degree term in eqnstton 2.) 

b. TriJ, piiiils that a quadratic equation is said to be lnwiin?]l4f i^ 
the linear or first degree tern is missing* 

c. Have pupils Identify the incosplete quadratic equations among the 
following: 

1 ) x2 - 49 « 0 3) a2 « a + 6 

2) x?+9x-»*8«0 4)?y^**50 
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3* Solving Incomplete quadratic equations 

a. Have pupils recall how an equation such as - 25 ** 0 was solved 
hgr factoring* 

Caieck: 

*2-25-0 52-25-0 

(x-5)(xt5) - 0 — — ? 



(-5)2 - 25-0 
? 



Then x-5 ■ 0 or xf5 “ 0 Why? 
X ■ 0 X ■ -5 



25 - 25 - 0 25 -25-0 

0-0 0-0 



The solution set is 



{ 5 , - 5 }. 



b* Have pupil see how the foregoing equation could have been solved 
differently, as follows: 

*2-25-0 

— 25 (Bjuivalnit equation} 

Then, since evexy non-negative number, except 0, has two real square 
roots idiich are additive inverses of each other^ 

*»v^ or 5> or x — VSs or -5 

The solution set is /5> -5^ • 

e. &TS pupils use the method in b to solve the foUouing equations: 

1} Solve 3*2-21-0 

3a^ - 21 
* 2-7 

* - ^ or a — 

The solution set \/T~ 

Check: 3l/Tf -21-0 - 21 I 0 

3*7 - 21 - 0 3*7 - 21-0 
0 « 0 0-0 
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2) Solve (y + 5)^ = 36 



Although this is not an incomplete quadratic equation as could 
be determined by squaring the left member, the form of this 
equation is like that of an inconplete quadratic. 

Since the square of an expression is equal to a number, then 
the eaqpression is equal to one of the two square roots of the 

number. 



y + 5 


or y + 5 * 




y + 5 ® 6 


y + 5 ■* -6 




y- 1 


y » -11 




The solution set is 


( 1 , - 11 ). 




Check g (1+5)^ * 36 


(-11+5)^ = 


36 


6^ i 36 


(-6)" 2 


36 


36 *» 36 


36 = 


36 


3 ) Solve X? + 4 * 0 


•f 

a 


(Equivalent equation) 





Have recall that negative nmiibeps have no square roots 

in the set of real numbers. 

Have th«B conclude that la the systm of real numtors, the . 
solution set of the above equation is the null set. 



d. Solving formulas for a variable that is squared 

l) Have pupils find the length of a side of a square vhen the 
area is 9 square inches. 

■ A-sa 

9 * s^ 

|jrs/’9 ^ 8, i.e., S • 3* 8 ““ “O 

The nature of the problem requires that the domain of » ^ 
limitod to the non-ne^tive numbers. Therefore, the solution 

set lalSj ♦ 
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8 



2) Solve A = 8^ for 8 (Area of a aquare) x/T" * 8 or « 
Why do we not use the negative root? 



for electrical power) 

(Why?) 

Have pupils check. 

Solve and check each of the following: 

If any root is irrational, express it in simplest radical fozm. Check. 



1. y2 - 1 » 0 


7. 25n2 - 4 


2. (y+3)2 - 16 


8. (z -6)^ *= 49 


3. 3^ = i 


9. (a-7)^ = 100 


4. a2 - .09 = 0 


10. (b+5)^ = ffl. 


0 
II 

1 

e 


11. (*+-.3)^ = .04 



6. x2 = 50 

12. What is the solution set of x? + 36 = 0 in the system of real numbers? 
Explain. 

13. Solve A = 6e^ for e (Formula for area of the surface of a cube) 

14. Find approximate values for all irrational roots in Exercises 1-11. 
(Use a square root table.) 



The solution set is^/T^. 

Check : A = (A")^ 

A = A 
i? 

3) Solve W « ^ for E (Formula 

WR « E? (Why?) 

y/m = B or = E 

The solution set is^x/v®^. 



B. Suggested Practice 
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II* Complete Quadratic Equations 
A* Suggested Procedure 

Have pupils solve the following complete quadratic hy factoring* 

Solve - 2x + 1 = 4 
- 2x - 3 = 0 
(x-3)(xH-l) = 0 

Then, x-3 = 0 or x + l = 0 
X « 3 X - -1 

Check ; (3)^ - 2(3) +1*4 (-1)^ - 2(-l) +1*4 

? ? 

9-6+1*4 1+2+1 «4 

4 “ 4 4=4 

2. Solution by taking square roots 
X? - 2x + 1 = 4 

Since the left member is a trinomial square, we may express it as the 
square of a binomial. 

(»-lf = u 

Then, x-l“2 or x-l«»-2 

X « 3 X - -1 

Why are we able b o use the square root method to solve the above equation? 
(The left membei* is a trinomial square and the ri^t men4>er is a positive 
number* ) 

3* Solution of complete quadratic equations by **comiCLeting the square" 
a* Ifaive pupils consider the equation x?' — 2x “ S* 

Gan this be solved by the factoring method? 

Have pupils solve it by factoring* They detexmine the solution set 
is |4, -2| * 
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b* Pose question: 

Can - 2x *■ 8 be solved Igr taking square roots? 

Have pupils realize that inasmuch as the left member is not a tri- 
nomial square^ we cannot make use of this method. If^ however^ 
we can find an equation which is equivalent to x^ - 2x ■* 8, but 
which has a trinomial square as one member^ we can easily find the 
solution set hy taking square roots. 

1) Pose question: 

Vhat shall we add to x? - 2x to produce a trinomial square? 

X? - 2x + ? B a trinomial squaz^ 

2 

trial and error> pupils will arrive at x - 2x + X* 

!Then, x^-2x+l»8+i (Addition principle of equations) 
or, (x-l)^ = 9. 

2) Have pupils now use the square root method to complete the 
solution. 



x-l«3 or X-1--3 



x-4 

The solution set is^4« 






c. Tell pupils that the process of starting with the polynomial 
XT • 2x and producing the trincndal square xr - 2x + 1 is 

called completing the square . 



d. Have pupils realize that it is not always easy to tell just what 
number should be added in order to obtain a trinomial square, 
^erefore, a systematic method for finding this number is needed. 



Have them examine the following to see the relationship between the 
coefficient of the fi:^ degree term and the constant tern, when 
the coefficient of the second degree term is 1. 

l) (x+3)^ « X? + 2(3)x + 9*x? + 6x + 9 

They note: 3 ie i of 6 and 9*3^ 



2 ) (x-5)^ - + 2 (- 5 )x + (sf - x^ - IQx + 25 

They note: —5 is J of — U) and 25 “ (—5)^ 

3) + 2(4)a + 4 ^ - + 8 a + 16 

2 

!Ihey note: 4 is i of 8 and l 6 ■* 4 

Guide pupils to see that in each case the constant tezm 
of the trinomial square is the square of half the 
coefficient of the first-degree term. 

0 , Have pupils complete the square for the folloiKdng. Have them 
expMSS the resulting trinomial as the square of a binomial. 

1 ) + 2 x + 

Solution: i of 2 is-J. and 1^ * 1. Then we add 1 to + 2x to 
produce ac? + 2 x + 1 , a trinomial square* 

X? + 2 x + 1 - (x «.)2 

2) y^-4y + 5 )x?+x + _ 

3 ) a^ + l 6 a + ___ 6) r - 5r + ____ 

4) - 12b + 7) - Jt + , 

f. Have pupils solve quadratic equations bgr completing the square. 

1) Solve x^ - 4 k - 12 « 0 

- 4jc *12 (Addition principle of equations) 

- 4x + U *12+4 (Complete the square) 

(x-2)^ * 16 (Ebcpress the trinomial as the square 

of a binemfla) ^ 

Then^ x-2*4 or x-2*-4 
x *6 X - -2 

The solution set is ^ 6 , “2^ . 

Have pupils check by deten&ining whether the solutions satisfy 
the equation. 

Note : The solution of a quadratic equation bgr the method of 
completing the square seems longer and more involved than the 
factoring method. However, the former is a more general 
method vrtiich applies also to quadratic trinomials not factor- 
able in the system of rational numbers. Then, too, mathematical 
power is increased when pupils know more than one method of 
solution. 



2) Solve 2x^ - Ax ** 6 

Have pupils realize that since the coefficient of is 2, the 
procedure that vsls developed for completing the square will 
not apply. 

Gtilde them to see^ however^ that the given equation can be 
replaced by the equivalent equation* 

X? - 2x « 3 

This equivalent equation is solved instead of the original 
equation. Have pupils solve it by completing the square* 

Have them check the solutions in the original equation* 

B. Suggested Practice 

1* What number should be added to each of the following expressions to 
make it a trinomial sq\aare? Express the resulting trinomial as the 
square of a binomial. , 

a* x^ - 2x Solution: Add 1. x^ - 2x + 1 = (x-l)^ 

b. b^ + 6b f , + 3t 

c. y^ + Uy g. x2 - X 

d. a^ - 10b h. r^ + ^r 

e. y2 - 2Qy 

2. Solve the following equations by the method of completing the square* 

a* y2 - 6y = 7 d. t^ + t = 12 

b. a2 - Aa - 32 = 0 e. 2x^ - dx = 24 

c* x^ + 2x - AS « 0 f . x2 = lOx + 1A4 

3* In solving the following problems^ solve the equation for each problem 

Ijy the method of completing the square ^ 

a. If A times a certain number is subtracted from the square of the 
number^ the result is 25* Find the number or numbers that satisfy 
this condition. 

b. There are two consecutive positive integers such that the square 
of the first decreased by twice the second is 33* What are these 
Integers? 

c. The hypotenuse of a right triangle is 10 inches long. The difference 
between the lengths of the other two sides is 2 inches. Find the 
lengths of the sides of this triangle. 

d. The difference between a number and its reciprocal is 

Find the number or numbers* 
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CBAFTER XIII 



nmo, PROPOKTI&’J AHD DJDIHBCT MEASOEBMHJT 



This section contains naterials and si^ested “I 

tandinf MPils' concepts of ratio and proportion, and for 
cSSs^ the solution of problems in indirect “f 

triangles and the numerical trigonometiy of the right triangle. 



I. Ratio 

A. Suggested Pjpocedure 
1. Review 

Ihe meaning of ratio as the relation between the numbers of two 



a. 



sets* 



o o o o o o 

[j^ dt] dti dti do dti 



In each of the abow diagrams, 1 

squares. Thus, in each case, the set -of circles is re 
to the set of squares as 1 is related to 2. 

Also the set of squares is related to the set of circles as 
2 is^related to 1.^ This kind of relationship between the nunn 
bers of two sets is called a yatio. 

b. Vfeys of expressing ratio 

In each of the abow examples the ratio of the 
S each set of circles to the number of s^res in »et of 
squares nay be pressed as 1 to 2, or 1:2, or 1 - 2, or i, 

$0%, or .5« 

2. Extend the concept of ratio 

a. Pose problem: An article in a school 

ftf the number of girls to the number of boys in the Glee 

Club is 4 to 1. Can we teU from this infonnation how many 

pupils are members of the Glee Club? 
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1) mcit that the ratio 4 to 1 does not tell us how many 
pupils are in the club, but does tell us that the number 
of girls is four times the number of boys, regardless of 
the total number. That is to say, for every four girls 
in the club, there is one boy. 

2} Ask such questions as the following: 

If there are 5 members in the Glee Club, how many are girls? boys? 
If there are 10 members in the Glee Club, how many are girls? boys? 

3) Have pupils fill in the following chart based on the conditions 
stated in the problem: 





NUMBER OF GIRLS AND BOYS 


IN GLEB CLUB 






Girls 


64 


? 


32 


44 


? 4n 


? 


*> 

• 


Soys 


• 


15 


? 


• 


X ? 


2y 


l6y 



4) Have the pupils form the ratio in each case and show that the 
ratio in each case remains 4 to 1. 

^ s iLili B k.i or k ^ « kji^ B 4*1 or ^ 

16 1*16 1 " 1 15 1-15 1 1 

5} Have them see that the ratlo^ may also be expressed by the 
number pairs *, », g, and, in general, «(x 5 A)). 

L k 

Since * uses the smallest integers possible, we say that J 

is the ^-imnlegt form of the ratio. 

6) Have punils recall that a ratio consists of two numbers in a 
definite order. Thus, the ratio of 4 to 5 is written * or 4s5> 
idiereas the ratio of 5 to 4 is written 5 to 4 or 5^4. A ratio 
may therefore be thought of as an ordered pair of numbers. 

a S3C 

b. Help pupils generalize that the ratio ^ may also be expressed as }xx. 

for any replac^ent of x other than zero. That Is to say, all the 
pairs of numbers » name the same ratio. 

CK 

c. Have pupils express in terms of x two numbers niftiose ratio is 



3 

1} 4 Solution: 3x and 4x 


3)f 


2)| 


4)J 
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3. Have pupils loam to solve ratio problems using algebraic methods. 



ae Pose prablem: 

An article in the school newspaper stated ttet the ratio ^ 
the number of girls in the Spanish Club to the numbe’* of bpys 
is 5s2e If the Spanish Club consists of 28 members, how many 
are girls and how many are boys? 



l) Solution throu^ arithmetic 

Help the pupils see that the number of toys and the nu^er 

of girls de rends upon the total number in the gwup. 

the same time, these numbers must be in che ratio of 5 to z. 

For every set of 5 girls, there is a set of 2 boys. 

2=7 
2=7 

2-7 

g - -I 

8 boys = 28 in club 

Elicit that there are 4 groups of each set, making a total 
of 28. 



5 + 

5 + 

5 + 

+ 

20 girls + 



2) Solution through algebra 



Discuss 
a more 
method. 



with the pupils difficulties one would have in solving 
complicated problem involving many groups, by this 



Tell the pupils that an algebraic solution wouW be more 
direct ani simpler. In some cases it provides the only 
method of solution. 

Help the pupils to see that since the ratio of g^ls ^ 
boys is 5 to 2, we can represent the number of girls by 5x, 

and the number of boys by 2x, x 0. It is o integers 

problem that the domain of x is the set of positive integers. 



Let 5x =» the number of girls 
Let 2x - the number of boys 

5x + 2x = 28 (the total number of pupils is 281 
7x - 28 

X = 4; 5x = 20; 2x = 8 

The number of girls is 20. The number of boys is 8. 



Check : Is the ratio of girls to boys 5 to 2? les, because 

SS « Is the total number of pupils 28? les, because 

8 2 

20 8 = 28* 
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b. Have pupils practice similar examples. (See suitable textbooks.) 
B. Suggested Practice 

1. Express each of the follovdng ratios in its simplest form: 



2e Find the ratio of each of the following. Express each answer in 

simplest fom. 

a. The number of boys to the number of girls in a school with 
700 boys in IICX) pupils. . 

b. The number of pounds of sand to the number of pounds of clay 
if there are 25 pounds of sand in a mixture of both weiring 
225 pounds. 

c. The number of pennies to the number of nickels in a coin bank 
containing only these coins ^ with 15 pennies to 30 coins. 

d. The number of apples to the number of oranges in a bag of fruit 
if X represents the number of apples (xjA)) and there are twice 
as mai^jr oranges. 

e. In a classroom the ratio of the number of boys to the number of 
girls is 2:3* What is the ratio of the number of boys to the 
total number of pupils? the number of girls to the total number 
of pupils? 

3* Solve each of the following^ and check: 

a. Helen invited 12 friends to her party. If the ratio of boys to 
girls was 1 to 3^ how many boys did she invite? How many girls 
did she invite? 

b. Two numbers are in a ratio of 3 to 5. Their sum is 72. What 
are the numbers? 



a . 2 to 



f . X to ipc 



b. 9:27 




c# #5 to 



h. 9t#27t3 






ax 




ERIC 
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I 



c« 



d. 



The ratio of the number of boya to the number of girle in the 
9th grade la The total number of puplla enrolled in ow 

9th grade la 540. How many are boya? How many gifla are there? 



Divide a 15 
many inches 



inch line segment into parts vdth a ratio of 2:3* 
should there be in each part of the line segment. 



How 



e. See euitabLe textbooks for additional similar problems. 



II. Proportion 

A. Suggested Procedure 

Bioview meaning of proportion. A proportion is the equality of two 

ratios^ ^ *** *. 

2 4 

a. Pose problem: 

John has a snapshot 4” wide and 5” long. He had an enlarged ^oto- 
graph made from it . Ihe enlarged picture measured 8" in width and 

10” in length. 

l) What is the ratio of the width to the length of the original 
snapshot? 

Wiimhar of inches in width of snapshot ^ 4 
Number of inches in length of snapshot 5 



2) What is the ratio of the width to the length of the enlargement? 

Mumbar of inches in widt h of enlargement. . £ 

Number of inches in length of enlargement 10 



b. Elicit that the ratio of 8 to 10 is equal to the ratio of 4 to 5. 

c. Have pupils recall that the equality of two ratios forms a proportion. 

4 CB is a proportion and is read ”4 is to 5 es 8 is to 10.” 

5 10 

(4, 5, 8, ani 10 are the first, second, third and fourth teims of the 
proportion respectively) 

2. Have pupils find the TOlue of a tem of a proportion when the other three 
terms are. known. 

a. Pose problsm: 

John found that he wanted an enlargement of his 4” x 5" snapdiot to 
measure 20” in length. What would be its width? 
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l) The ratio of the width to the length of the negative ie 

2} If we represent the nuniber of inches in the width by x> idiat 
is the ratio of the width to the length of the enlargement? 

(■^) 

3} Pupils should be led to realize that the ratio of the width 
to the length is the same in each case* Ihis may be expressed 
as a proportion 

5 20 



16 = X 

The width of the enlargement is 16”* 

4) Check ! If the enlargement has a width of I6” and a length of 20” 
the ratio ^ is equal to the ratio ^ of the dimensions of the 
snapshot* 

b* Have pupils practice with similar problems* 



B* Suggested Practice 

1* Find all values of the variable for vdiich each proportion is true* 



X « ^ 

a*fl “ 132 

. 12.25 

b* 2 y 
C* 5 I 



d* ^ = 2 
^•6 4 



X-.2 
e* X 



1 

5 



2* Solve and check* 



a* The width of a rectangle is in the ratio of 55? to its length* 

If the length is 21 feet^ what is the width? 

b* A car travels 9 miles in 10 minutes* At that rate^ how far will 
the car travel in 45 minutes? 



Solution: Let x represent the number of miles the car will travel 
in 45 minutes* Then^ 




2 ^ or 
45 

405 

40*5 



2 

10 




The car will tiaTcl 40<5 miles in 45 minates* 
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c. The ratio of the number of boys to the number of girls in a school 
is 9 to 10. There are 720 boys. How many girls are there in the 
school? 

d. Dan*s father drove his car 315 miles in 7 hours on Monday. On 

Tuesday he hopes to travel 405 miles at the same rate of speed. 

How many hours will he travel on Tuesday? 

e. If 7S feet of wire weigh 13 lbs., what will 234 feet of the same 
kind of wire weigh? 

f. A. 1^" line segment on a map represents a distance of 350 miles. 
What distance is represented by a 4‘* line segment? 

III. Direct Variation 

A. Suggested Procedure 

1. Have pupils learn the meaning of direct variation. 

a. Pose problem: 

A train is traveling at a unifom late 
of 40 m.p.h. How man.y miles will the 
train travel in 1 hour? 2 hours? 

3 hours? 4 hours? 5 hours? 

Have pupils set up the table of values 
shown at the ri^t. 

Have pupils realize that each number pair in the table 
/ikS, is a name for the same ratio. That is 

to say in each case r *= 40, or d = 40t. A relationship such 
as this is called a airect variation . We say that d varies, 
directly as t . In the relationship d = 40t, the value of d 
is always 40 times the value of ti Thus, in this rule, 40 
is called the constant of variation . 

b. Have pupils repeat the procedure with the following: 

The cost of one candy bar is 5^* Two such candy bars cost 10^, 
three such candy bars 15^, etc. 

Lead the pupils to express the ratio of cost to number bought as 

Then, in each case, ^=*,5 (a constant ratio), or c = 5n* Elicit 
that the total cost of the candy bars varies directly with the 
number bought, that is, c varies directly as n. What is the 
constant of variation in c = 5n? 



Distance 


Time 


40 


1 


SO 


2 


120 


3 


160 


4 


200 


5 
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c« Have pupils study the table 

at the ri^t for the perijneter 

of an equilateral triangle. 

1} What relationship exists 
between the values of s 
and the corresponding 
values of p? 

2) How would you express the ratio of each value of p to the 
corresponding value of s? 

3) Js the ratio g the same for each number pair? 

4) Wi*ite an equation to express the relationship between p and 

8. (p-38) 

5) What is the constant of variation? 



« 

(side) 


1 


2 


3 


4 


5 


(perimeter' 


3 


$ 


-2- 


1? 


JLl 



2. lead pupils to the generalization that two quantities x and y 
vary di rectly if they are related by an equation* 

y ** kx 

idiere k is a constant (other than zero). Wie say varies directly 
as X.” k is then called the constant of variation* 

Suggested I^ctice 

1* State whether each of the following tables expresses direct 
variation* If it does^ detexmine the constant of variation 
and then write the equation that expresses this relation. 



s 


1 


3 


7 


9 


— P 


4 




26 


_2i_ 
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2. Given that y varies directly as x, detexniine the constant of variation 
in each case and complete the table. 



X 


1 


2 


3 


•9 

• 


9 


? 






8^ 


? 




? 














X 


1 


2 


3 


? 


10 




—2— 


_L- 


1 


? 


2 


? 





3. If y varies directly as x, and if y - 10. «hen x - 2. ,*at is the value 
of y. When x “ 7? 

?e^^"io^S|25 tSn^?;t-o?;arSS^ Vi ^ 

ISw^tf tile o&^l relltto^^^^ as y - 5x. Then. When x - 7. 
y *» 5(7), or 55. 

rr “31 

directly as the weight suspended from it.; 

IV. Similar Figures 

A. Suggested Procedure 

•I Ham nunlls recaU th. problem concerning the enlarg^rt of a i*^og»ph. 
K th^«;^“sSt V,i>otograph and its enlargement. I t means of the 

following rectan^e diagrams: 



ORIGINAL 
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In the two rectangles, vertex A is paired with or corresponds to 
vertex E, B coiTresponds to F, D to H, and C to G, Then, side AD 
corresponds to side Bi, AB to EP, etc*; then /A corresponds to /E, 

/P to /H, etc, 

2* Have pupils observe that the figures have the same shape, but differ 
in size* 



3* Elicit that corresponding angles are equal* 



4 * 



Elicit that although corresponding sides are not equal, the ratios 
of the corresponding sides are equal* 



Length of side DC 
Length of side HG 

Length of side AD 
Length of side m 



& 



or 1 
2 




etc* 



Note : When angles and sides are said to be equal, we mean their 
measures are equal. 



5* Have pupils answer such questions as the following: 

a* These two figures have equal corresponding angles* Do you think 
they have the same shape? 

Have pupils see that no matter idiat correspondence is set up 
between the vertices of the figures, corresponding sides will 
never be in proportion* 




j k 

4 



4 



4 



b* These two figures have their sides in proportion* Do you think 
they have the same shape? Explain , 




Elicit that two figures have the same shape only when, for some 
correspondence, corresponding angles are equal and corresponding 
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aides are in proportion. 

A T«n the r^..r^■i^e that two geometric figures (polygom) are said 
* to be ffjTn^iar if for some correspondence of the vertices, ey 

a. have their corresponding angles equal 

b. their corresponding sides are in proportion. 

7, Have pupils practice recognizing similar figures. 

a. Are all rectangles similar? Explain. 

b. Are all squares similar? Explain. 

c. Decide which of the following pairs of figures are similar, 
a reason for each answer. 



l) Rectangles 



2 “ 

^ y 

2) Rectangles 




2 ^ 



3 ” 



5 ” 




Give 



3) Right triangles 



4) I^rallelograms 




8* Have pupils learn that two triangles are similar when two angles 
of one triangle are equal to two angles of the other triangle* 

a. Have pupils use graph paper, protractors and rulers to dzaw 
the following pairs of triangles: 

Triangle ABC AB = 2" /A = 90° /B * 60° 

Triangle DEP DE = 4” /D a 90° » 60° 

Note : The pupils will discover that as they draw these 
triangles, the three facts given for each triangle will 
determine the triangle* This means that if each pupil 
uses the same three facts, in any order, he will get a 
triangle exactly the same size and shape as the triangle 
obtained by every other pupil. 

b* Set up a chart such as the following and have the j^pils 
fill in the blanks, by measuring the three parts idiich were 
not given* 



Triangle ABC 


Triangle dep 


Ik = 90 ° 


ZD 


= 90 ° 


» 60 ° 


z® 


- 600 


/C = 


ZP 




AB = 2« 


ns 




AC = 


OF 


= 


CB = 


FB 


* 



“2S2«» 



c. Elielt that these two triangles are similar because when we 
let vertex A correspond to vertex D, vertex B to vertex £> 
and vertex C to vertex P, then 



1) corresponding angles are equal 

2) corresponding pairs of sides have a 
proportion) • 



constant ratio (are in 



9, Have pupils construct a triangle using any length of his own choosing 
for a base line, but using the same angles as in 7-a* 



a. Have the pupils compare the lengths of the ^ 

the lengths of this new triangle, (labeled A*B C ; 



AB AC CB 

A*B* A*C* C*B* 



b* Have pupil conclude that the rati.os are the same and therefore 
the sides are in proportion. 



As a result of these experiments, have the pupils conclude that 
thu ease of triangles, if the angles of one tr^^le wual 
the arwles of another triangle, (two pairs are sufficaant;, 
the triangles are similar. It appears that if the angles 
equal, the corresponding sides will automatically be in proportion. 



SLieit that this does not hold for other figures, just triangles. 

Note rectangles in 6. 

Note : Proportionality of corresponding sides of two similar triangles, 
suST as the following, may be expressed in more than one way: 




If a corresponds to d, b to e, and c to f, then 

a _ c or a « ^ 
d f c f 

As an optional exercise, pupils may be asked to prove this. 



- 283 - 



10. Have pupils practice identif^ring similar triangles ^dien the angles 
are givei'^. (Give several examples •} 

11. Have pupils learn to use properties of similar triangles in indirect 
measurement. 



pupils story of Thales^ a Greek mathematician^ vrtio lived about 
600 B.C. On a trip to Bfeypt, he asked the height of one of the 
pyramids. No one knew. He soon astounded the Egyptians by computing 
the approximate height^ using a method which involved the shadow of 
the pyramid. 

Today many Boy Scouts use the same method to find the height of a 
tree or building. This method is called "shadow reckoning." 

b. Pose problem: 



A flagpole casts a shadow 16 ft. long at the same time a nearby 
post 5 ft. tall casts a shadow 2 ft. long. Find the hei^t of 
the flagpole. 



1) Discuss the difficulty one would have in measuring the flagpole 
directly and the need for a method at lnd*irect measu r^^^ffntr > 

2) Have the pupils draw and label a diagram (this is a diagram, 
not a scale drawing) showing the conditions qt the problem. 



Flagpole: 






\ 



TT 



Post: 



Shadow 















Shadow 



3) Discuss with pupils the great distance to the sun. Because of 
this, the sun*s rays may be considered parallel near the earth, 
and so the corresponding angles formed in the diagram may be 
considered equal. Bie triangles are then similar, 

4) Discuss, too, that as the sun goes down, the shadows get 
longer. It is for this reason that the problem must state 
that the time of day is the same. Vtiy must the two objects 
be located close to each other? 



5) Have pupils set up a proportion between the corresponding 
sides of the two similar triangles* 



Height of flagTX)le length of shadow, of flagpp.ig 

Height of post Length of shadow of post 



Have pupils make the proper substitutions: 
Multiplying both sides of the equation ty 5 s 



5 2 

SO 
2 



X « 40 



The approximate height of flagpole is 40 feet. 



Suggested Practice 

1. Draw the diagram and explain the reasoning ttet Thales used to solve 
the pyramid problem^ according to the following story: 

He set up a stick of known length near the pyramid. He waited 
until the shadow of the stick equaled its length. He then m^sured 
the length of one side of the square base of the pyramid, and the 
length of the shadow of the pyramid. The height of "the pyramd 
equaled the length of the shadow, plus one-half the length of the 

base. 



An apartment building casts a shadow 75 ft. 

^le 22 ft. high oasts a shadow 10 ft. long. How high is the 

apartment building? 



3. The shadow of a church steeple on level ground is 25 ft. long.^ At 
the same time, an 8 ft. lamp post casts a 5 ft. shadow. What is 
the height of the steeple? 



4* 



5. 



A tree oasts a shadow 12 ft. long. At the same time, a nan 6 ft. 
tall oasts a shadow of 3 ft* height of the tree. 

The sides of a triangle are 3 i 10 and 32 inohes respeotiyely. ^e 
shortest side of a similar triangle is 12 inohes. Find the length 
of the other sides of the second triangle. 



6. If one acube angle of a right triangle is equal to one acute angle 
of another right triangle, the triangles are similar, since they 
already agree in their right angles. Tell which of these pairs of 
triangles are similar* Explain in each case. 
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b. 




V, Numerical Trlgonometzy of the Right Triangle (Tangent Ratio) 

A. Suggested P]x>cedure 

!• Have pupils recall that thsy learned how to solve problems in«» 
volving indirect measurement through the use of fomulas, scale 
dravdngs^ and similar figures* 

a. Pose problem such as: 

l) Tom and Jim, standing on one side of a river, decided they 
wanted to measure the distance across the river. Tom placed 
himself direct3y opposite a large rock on the other side* 

Jim walked along the river bank (straight line) until he 
iTeached a point 100 feet from Tom* Jim measured the angle 
noted as J in the diagram* He found it to be 35®. What is 
the distance across the river? (Angles may be measured by 
protractor mounted on a board, transit, etc.) 

Jim walked in a line vdiich is at right angles to the 
line between Tom and the rock* 



Rock 




Help pupils solve the problem using scale drawing* 
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Rock 




Since each unit on the scale is equal to 10*, the pupil 
finds that the distance across the river is about 70*# 

2) At 4s00 p.m., a pole 7 feet high casts a shadow of 10 feet. 
At the same time, a tree nearby casts a shadow of 30 reet. 
How hi^ is the tree? 

Solution: Help pupils solve this problem throu^ the use of 
similar triangles* 




X 30 
x-21 



7 




x« 21 



Ttie tree is 21 feet high* 



b. Have pupils discuss the method used in solving the problems* He 
observes that tvio methods of indirect measurement were utilized: 
scale drawing^ similar triangles. 

c. Have pupils realize that from some known or direct measurements 
they were able to find other measurements indirectly. 

2. Have pupils realize that similar triangles are the basis for the 
trigonometzy of the right triangle. 

a. Help pupils identify the parts of a right triangle^ ABC. Have 
them recall that the legs of a ri^t triangle are the sides 
that fom the right angle. The third side is called the hypotenuse. 

Angle C is the ri^t angle 

c designates the length of the hypotenuse 

b designates the length of the side 
opposite /B (also the length of the 
leg adjacent to /A) 

a designates the length of the side 
opposite /A (also the length of the 
leg adjacent to /B) 

Have pupil practice selecting the parts of 
various ri^t triangles. (Place the right 
angle in different positions and use a 
variety of letters to name the vertices . ) 




b. Have pupils note that in the problem 1-a^ the ratio of the side 
opposite the 35^ angle to the side adjacent to the 35^ angle was 



-22 or .70 
100 ' 






c. Have pupils draw other right triangles on graph paper^ each with 
an acute angle of 33^* Help them see that the ratio of the length 
of the leg opposite the 35® angle to the length of the leg adjacent 
to it is always about *70. 
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the%perties of siriXar tilan^es (corresponding sides are 
in proportion ) • 

Haw them realize that knowing this ratio ^ 

deteimine an jatoown distance, 

ESi:^’w f- «. »«• ^ 5»”- 

However it may not always be convenient to oWata » 3^ a^*‘ 
?Tir thew&re, desirable to determine the ratio of the leg 
opi«site Tthe leg adjacent for other acute angles. 

d. Have pupils find the ratio of the length 

to the Wh of the leg adjacent for angles of 31 , 45 , 7Z , 

etc. in right triangles as in 2-c. 

- StE sE 

E.E’ 

is similar to every other right triangle coawitix^ -e, 
of the same size* 

mm-. ‘I +vi 4 o «i+io is called the tangent ratio. It nay be 
f . Tell pupils this - decimal. For a particular 

Sr- «t^ L'*nWt S angle A). 
Thus. 



leng th of leg opposite /A 
^ “ length of leg adjacent /A 



The pupils diould be made aware that 
the above definition applies to an 
acute angle A of a right triang e* 

Thus, 0°<A < 90®. There is a one-to- 
one correspondence between A and tan A. 
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g* Beinforce tha concept of the tangent ratio Isgr having the 
pupils do exercises such as the following: 

1 ) 





tan N 
tan 0 



? 

? 



B 




tan B 
tan A 



tan B « ? 

2 ) Vftiat is the tangent ratio of each of the labeled angles^ 




3 ) Write the tangent ratios for each acute angle in these 
triangles* Express as a 3-place decimal* 

tan 2B® - tan AS® 
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b. Help pupils diacover that the value of the tangent ratio increases 
as the size of the angle increases having him develop a table 
of values of the tangent ratio e 

Have pupils use a base line 10 units long on squared paper. 

Have them use a protractor to drew angles as follows. 




Have them see that as the angle increases in size« the value of the 
tangent ratio also increases* 



Angle 

A 


Length or Leg 
Opposite /A 


Length of Leg 
Adjacent to /A 


Lenrth or Leg OPDOsi^n 
Lmogth of Leg Adjacent 


lOP 


1.8 


10 


.18 


20P 


3.6 


10 


.36 


30P 


5.7 


10 


.57 


etc. 


8.4 


10 


.84 
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!• Help pupile read and intexpret a table of tangent values. 
Have them compare the values in the table with the mtios 
found bgr using graph paper. 

■Note: Since most tangent ratios are irrational numbers, the 
decioial representations of these ratios found in 3 
printed tables are only approximately coraTect 

For example^ the tangent of angle A 
in the figure at the right is exactly 
or>/3 . A rational approximation of 
the tangent of angle A is 1.7321. 

Help pupils apply tangent ratio to the 
solution of the problem posed in l-a-l). 

Solution: 

Have pupils draw a diagram for the problem. 

Have pupils discuss vdiich sides of the triangle 
are involved in the problem. They then apply 
the tangent ratio. 

tan A s= length of leg opposite Ik 
length of leg adjacent /A 





lOD 



tan 35 ®« 



X 

100 



• 700 - 3 ^ 

100(.700) - X 

70 - X 

k. Have pupils practice solving problems using the tangent latio. 

l . Have pupils become familiar with the meaning of angle of 
elevation and angle of depression. (Use transit.) 
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B. Suggested Practice 

1. Have piactice finding tangent ratios, given TOrious anglesj 

finding angles, given tangent ratios. (Use tables.; 

2. Have pupils piactioe selecting the tangent ratio f6r each of the 
acute angles in the given right triangles. 



T 




diagrams: 




X in each of the following 






4. Have pupils draw a diagram and use the tangent ratio in the solution 
of each of the following problems: 

a. To find the height (AC) of 

was located 920 feet from the foot (C) of the - 

found to be 58®. Using these data, find the hei^t of the building. 

b. Find the height of a tree udiich casts a shadow 12 feet long iidien 
the sun's rays make an angle of 70 with the ground. 

c. A tree casts a forty-foot shadow at the tiiw when 

make an angle of 37® with the ground. Wiat is the hei^t of the 

tree? 

H A casts a fifty-foot shadow when the sun's rays strike 

» anSTof 40«. What i. th. height of th. flagpol.? 

«. Select additional problene from suitable textbooks. 
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VI, Development of Sine Ratio 
A, Suggested Procedure 

1* Have pupils see the need for a ratio other than the tangent ratio* 
a* Pose a problem such as: 

A ladder can be used with greatest safety 
when it is placed so that it forms an 
angle of approximately 70^ with the ground* 

Find the height above the ground that a 30 » 

30 foot ladder can reach if placed in this 
position* 

Solution: 



Have pupils draw a diagram of the problem* 

b* Have pupils see that the length of a leg of a right triangle is 
to be computed, given the hypotenuse and an acute angle* 

Have them realize that the tangent ratio is not helpful in a 
situation such as this, for the tangent does not use the hypotenuse* 

2* Ifelp pupils develop the ratio of the length of the leg opposite an 
acute angle to the length of the hypotenuse of a right triangle* 

Have them use the same procedures as those employed in the develorment 
of the tangent ratio* 

3» Have pupils use the word sine (abbreviated sin ) to describe the ratio 
developed* For an acute angle A of a right triangle 

length of leg opposite /k 

l«ngbh of hypotenuse This ratio raaains constant. 

4* Help pupils read and interpret a table of sines* 

5. Have pupils now solve problem posed in 1 by the use of the sine ratio. 

6. Have them practice solving problems involving the sine ratio* 

B* Suggested Ilactlce 

1* Find each of the following: 

sin 20P sin 53® sin 4® 

sin 30® sin 18® sin 80® 
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2. Find from the table the angles vrtiose sines are: 



.407 .052 .970 

3. As an angle increases in size. What happens to the value of the sine? 

4. Complete the following by referring to 
the ri^t triangle ABC: 




6. Jack went 300 feet into a tunnel vrtiich slopes downward at an angle 
of 6 degrees* How far beneath the surface was he? 

7. Arthur's kite string is 196 ft* long and makes ^ 4.11^^^ 

the ground* How high is the kite above the ground? Which of the 

following would you use to solve the problem? Why? 



tan 42® 
or 

sin 42® 



a 

b 

a 

c 




8. Select additional problems from suitable textbooks* 



VII* Development of Cosine Ratio 
A* Suggested Procedure 

1* Help pupils see the need for the cosine ratio* 



a* Pose a problem such as: 

A 25-foot guy wire, attached to a pole in a circus tent makes 
an angle of 68® with the ground* How far from the foot of 
the pole does the wire meet the ground? 



Solution: 

Have pupils draw a di&gxam of the problem. 

b. Have pupils realize that the measurements 
given do not Involve the direct use of 
either the tangent ratio or the sine ratio. 
Another ratio Involving the leg adjacent to 
the acute angle and the hypotenuse may be 
used to solve the problem. 



B 




2. Help pupils develop this ratio by using procedures similar to those 
employed In the development of the tangent ratio. 



3. Have them use the word cosine (abbreviated cos ) to describe this ratio. 
For an acute angle A of a right triangle 



cos A 



length of leg adjacent to /A 
length of hypotenuse 



This ratio remains constant. 



4* Have them now solve the problem in 1, using the cosine ratio. 

5* Help pupils see the relatlon^lp between cosine A and sine B In the 
problem posed In 1. 

Angles A and B are complementary angles (their sum is 90^}. 

Then, cos A = sin B, i.e., cosine A is the sine of the complement of A. 

Since /A = 68®, then /B = 22®. The pupil nay then use the sine ratio 
to solve the problem. 

6. Help pupils read and Intezpret a table of cosine values. 

?• Have them practice solving problems involving the cosine ratio. 

B. Suggested Itectice 

1. Find each of the following from the table: 

cos 39° cos 14° cos 60® cos 89° 

2. Find the angles vftiose cosines are: 

.766 .961 .500 
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3. Complete the foUowing ty referring to the right triangle ABO: 




4, A 20-foot ladder reaches the wall at 
a point 18 feet above the ground. 
What angle does the ladder make with 
the house? 



5. A diagonal path across a rectangular lot ^ 

longer side of the lot is 140 ft. long. Kind the angle this longer 

side makes with the diagonal path. 



6. Use the table to find the following: 

cos 8® = 
cos 69® “ 
cos 80® = 
cos 89® ~ 



As the size of the angle increases, v*at happens to the value of 
the cosine? 

7. Find, to the nearest degree, the angle 
for which 



cos A * .857 
cos B = .974 
cos A = .2Z|2 
cos A = .017 

8. Refer to the diagram at the right: 

a. AC = ? (to the nearest foot) 

b. BC = ? (to the nearest foot) 
Check using the Law of lythagoras. 



B 




9. For right triangle ABC 

write the cosine ratio for acute angle A 
write the sine ratio for acute angle B 

What statement would you make oonoem^ cos A and sin B? 
Would this be true of cos B and sin A. Explain. 
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10* Is the tangent of 50^ angle twice as great as the tangent of a 
25® angle? Explain. 

11. State whether each of the following is true or false: 

a. If sin A = .988, A is closer to 90® than to 45®. 

b. The tangent of 45® is 1. 

c. The sine of an angle of 1® is 1.00. 

d. As an angle increases in size, both the sine and cosine increase. 

e. The sine of an acute angle can be as large as 1.00. 

12. A railroad track slopes at an angle of 8® to the horizontal. What 
vertical distance does it rise in a horizontal distance of 1 mile 
(5280 feet)? 

13. A rectangle is l6l feet wide and 400 feet long. What angle does 
the diagonal make with each side of the rectangle? What is a good 
way to check your answers? 

14. In the rectangle ABCD, the angle between AD and AC is 31^ ^tnd 
AD s= 16.3 inches. How long is AC? 

15. John*s kite string is 240 feet long and makes an angle of 48® 

with the horizontal. How high is the kite? (Assume the string 
is straight.) ^ 

16. Ifeke up 3 problems in such a way that you would use the tangent 
ratio to solve the first, the sine ratio to solve the second, and 
the cosine ratio to solve the third. 

17. A television tower in the town is 100 feet high and the observer 
is 86.9 feet from the base of the tower. What is the angle of 
elevation to the top of the tower for the observer? 

18. From the top of a cliff 3500 feet above a Jake, the angle of 
depression of the nearest shore is 18®. Find the distance 
through the air from the top of the cliff to the edge of the lake. 
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INDEX 



Abscissa^ 3M 
Absolute value ^ 16 
Addition 

associative property, 12-16,62 

closure property, 247 

comnutative property, 10-12, 14*16 >6l 

of fractions, 222-230 

identity element, 66 

of polynomials, 96-99 

of signed numbers, 10 

solving systems of equations ,168-171 

Additive inverse, 67, 109 

Algebraic expressions (evaluation of), 54-57 

Associative property of addition, 12-16, 62 

Associative property of multiplication, 
21-24, 63 

Average deviation, 41-46 
Binary operation, 12 
Binomials 

factoring differences of squares, 194-196 
meaning, 96 

multiplication of, 103-107 
squaring, 191-192 

Closure 

meaning, 179-180 
operations, 180, 247 
square root, 247 

Coefficient, 93 

Combining similar terms, 97-99 
Common denominator, 225 



Common factor (s) 
greatest, 188 
greatest monomial, 190 
In simplifying fractions, 215-217 

Commutative property 

addition, 10-12, 14^16, 6l 
multiplication, 21-24, 62 

Comparing numbers 
equality, 3 
inequality, 3-4, 328 
nuflober line, 9, 124-128 
order relationship, 9, 328, 242 

Completing sqmres, 267-269 

Consecutive integers, 80-81 

Consistent equations, l60 

Constant of variation, 277 

Coordinate (s) 
axes, 144 
Cartesian, 144 
first, 144 
in a planej^ 139-145 
of points, 139-145 
second, IMk 
x-coordinate, 144 
y-coordinate, 144 

Coordinate plane, 142-145 

Correspondence 
one-to-one, 9 

number pairs and points in a plane, 142— 145 
numbers and points on a 3.ine, 9 

Cosine ratio, 295-296 

Decimal forms 

fractions, 238-239 
non-terminating, 240 
rational numbers, 237 
repeating, 237 
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A 



Degree 

linear equations > 206 
monomials^ 95-96 
polynomial equations^ 205 
polynomials^ 94 

Denominator^ lowest common^ 225 

Density^ property of, 236-237 

Dependent equations, 162 

Descartes, Rene, 144 

Deviation, average, 41-46 

Difference, of squares, 194^196 

Digit problems, 160 

Direct variation, 277-270 

Distance-rate-time problems, 07-90, 119 

Distribi'Xive property of division 
over addition, 72 
over subtraction, 72-73 

Distributive property of multiplication 
division of polynomials, 170, 102 
factoring, 109, 191 
multiplication of polynomials ,102-105 
over addltim, 25-20, 63 
over subtraction, 39> 71 
to simplify expressions, 73-75 
to solve equations, 76-79 

Division 

exponents in, 175-176 
fractions, 220^222 
monomial 1:y monomial, 175-177 
polynomial by monomial, 177-179 
polynomial by polynomial, 179-105 
signed numbers, 39-41 
square z^>ots, 249-250 
by zero, 39> 60 

Domain, of variables, 40, 49^ U5> 125 
SLement of a set, 40 



Equation (s) 

checking roots, 76 

consistent, I60 

degree, 206 

dependent, 162 

equivalent, 76 

fractional, 231-234 

fractional coefficients in, 230-234 

graphing, I40 

graphing, to solve inequalities, 152 
graphing systems of, 15O-I63 
inconsistent, I6I 
independent, l60' 
linear, 1(|.0 
of lines, 140 

multiplication by zero, 207 
polynomial, 205 
quadratic, 206, 263-270 
solving,?6-70, 115-117,203-200, 263-270 
systems of, 156-171 

with variable in both members, 115-117 

Equivalent equations, 76 

Estimating square roots, 247-252 

Evaluating algebraic expressions, 54-57 

Exponent (s ) 

in division, 176 
in multiplication, 100-101 
mefiining, 54 
powers, 101 
zero as, 176 

Expression (s) 

evaluation of, 54-57 
simplifying, 73-75 

Factor (s) 

common, 106-190 
exponents, 51-54 
integral, 106 
prime, 107,226 

idiose product is zero, 204-205 
Factoring 

combining types, 202-203 
connon monomial, 106-190 
difference of squares, 194-196 
distributive property, 109 
polynomials, 109-202 
quadratic trinomials, 197-2Q3 
solving equations by, 203-210 
trinomial squares, 191-193 
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PonmilAs 

evaluating, 5A^57 
solving for a variable, 121-125 
variables in, 50“51> 265-2oo 



fractions 

addition, subtraction, 222—229 
division, 220-222 
nniltiplication, 217—220 
ratios, 211 
simplifying, 213-217 



GraphCs) 

inequalities, 152-15o 
linear equations, 146-151 
open sentences, 146-151 
ordered pairs, 146-151 
solution sets, 146 
systonb of equations, 150-163 



Graphing 

numbers on lines, 9> 124 
ordered pairs in planes, 142-145 
solution sets of equations in two 

variables, 146-155 ic 4 

solution sets of inequalities, 152-15® 
systems of linear equations, 15^163 
systems of inequalities, 172—174 



Grouping, 5> 59 

Half-pLane, 152 

hypotenuse, 253 

Identity element (s) 
additive, 66 
multiplicative, 66-67 



Inclusion, 59 

Inconsistent equations, l6l 



Inverse element (s) 
additive, 67 
multiplicative, 67-60 

Investment problems, 03—05 

Irzational numbers, 240-241 



line, equation of, 140 



Linear equation(s) 
graph, 140 

and strai^t lines, 140 
Monomial 

as a connon factor, 100 
division by, 177-179 
multiplication of, 99—101. 
powers, 101 

square roots of, 260-262 
Motion problems, 07-90, 119 



Multiple, 225 
Multiiae roots, 200 



Multiplication 

assoc^tive property, 22-24, o3 
of binomials, 103-307, 197 
closure property, 247 
comiLutative property, 21-24, 62 
distributive property, 25-20,30-39,102-105 



fractions, 217-220 

Identity element, 66-67 

polynomials, 99-100 

property of 1, 66 

property of zero, o8-o9 

rule of e^qponents in, 100-101 

of signed numbers, 17-21, 20-29 

of sum and difference of iwo nundsers. 



194-195 



Index of a radical, 245-246 



Multiplicative identity elsnent, 66-67 



Indirect msasurement, 20/r*290 



Multiplicative inverse, 67-60 



Inequalities 

equivalent, 130 

graphs, 124-127 > 152-156 

solving, 129-134 

^sterns of inequalities, 172—174 



Negative number(s) 

multiplication, 10-21, 20 
opposites, 9 
square roots of, 245 
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Non-tenolnatlng decimals^ 240 

NipberCs), 1-3 

absolute valuta 16 
comparing^ 3-4> I28« 242 
decimal, 237-243 
factoring, 18? 
grouping, 5, 59 
irrational, 240-241 
names, 1-3 
negative, 9 
numerals, 1-3 
opezations, 3-7> 10-47 
order property, 9> 128, 242 

ordered pairs, 136-13^ 
positive, 9 
prime, 187 
rational, 235-239 
real, 2a-243 
relationships among > 3-4 
roots, 243-^ 

Number line, 9 , 128, 236, 242 

Number pairs, 136-138 

Numeral, 1-3 

Numerical coefficient, 93 

Numerical trigonometzy, 286-298 

One 

as coefficient, 94 
as esq)onent, 95 
multiplicative property of, 66 

One-to-one correspondence 
on a line, 9 
in a plane, 142-145 

Open sentiDoeU) 

fractional coefficients, 79 
graphs, 124^128, 146-164, 172-174 
•roots, 76 
solution set, 76 
in two variables, 135-139 
See als 9 aqiuatlons, Inequalities, 
Linear Squations, Quadratic 
Squat ions. Solution Sets, and 
Sijrstems of Squations 

Operation (s) 

closure, 179-lSO, 247 
order, 4-6 

signed numbers, 10-47 



Op{K>site 

of signed numbers, 9 

! 

Order 

I inequalities, 9, 124 
number line, 9, 124-129, 242 
signed numbers, 9 

Ordered pairs of numbers, 136-138 

Ordinate, 144 

Origin, 141 

Barentheses, 5, 59 

Perfect squares 
trinomial, 192 

Pi (TT ), 249 

Plane 

half, 152 
points in, 139-145 

Plane coordinate system, 139-145 

Polynomial equation (s) 
degree of, 206 
solved by factoring, 2C3-208 

Polynomials 

addition, 96-99 

additive inverse of, 109 

degree, 94 

division, 175-185 

factoring, 189-202 

meaning, 92 

multiplication, 99-108 

quadratic trinomials, 192, 197-203 

squaring ^omials, 191-192 

•ubtractioni 108»114 

Power (s) 

of products, 101 
raising to a, 52«53 

Problem(s) 
age, 80, 120 
area, 209-210 

consecutive integers, 80-81, 209, 270 
coin, 81-83 
digit, 168 

geometry, 85-86, 118, 168 
investment, .83-85, 168 
mixture, 9^91 
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FroU-enCs) (Continued) 
notion^ ^-90, 119 
nunber^ 79> H7> I 66 -I 68 
proportion^ 276-277 
lythagoean theorem^ 254-256 
ratio^ 274-275 
siinilar triangles^ 285 
trigonometric ratios^ 293-298 
using factoring in solving^ 209-210 
Kork, 233-234 

Product (s) 

of powers^ 100 
of primes^ 187 
square of a binomial^ 191 
of square roots^ 258 
of the sum and difference of two 
numbers^ 194^195 
See also l^tiplicatlon 

Proofs 69-70 

Properties 

addition^ of sero^ 66 
associative^ 12 - 16 , 22-24, 62, 63 
closure, 180 

comnutatlve, 10-12, 14-16, 21—24, 61—62 
density, 236-237 

distributive, 25-28, 38-39> 46-47 
division, 46^7 
irrational numbers, 240-241 
multiplicative, of 1, 66 
multiplicative, of —1, 69 
multiplicative, of zero, 69 
opposites, 9 

order, of signed nuiober, 9 
subtraction, 37-39 

Proportion, 275-277 

lythagorean theorem, 253-255 

Quadrant, 144 

Quadratic equations 
complete, 267 
incoiqplete, 263 
solving, 264-270 

Quotient (s) 

See also Division 

Badical(s) 

eaqpresslons involving, 258-262 
siiiq>lification, 258-262 




Radicand, 244 

Rsitlo(s}, 271-274 

Real number system, 240-243 

Reciprocal, 67-68 

Replacement set, 48 

Rep?*esentatlon of numbers on a line 
See also Graphing 

Ri£^t triangle, 253 

Roots 

checking, 76 
double, 208 

of numbers, 245-246, 247-253 
principal, 244 

of quadratic equations, 264-270 
square, 243-245 
See also Solution sets 

Root index, 245-246 

Sense of an inequality, 130 

Set(s) 

of polynomials, 92 
of real numbers, 240 
of rational numbers, 235 
replacement, 48 
solution, 4G, 76 , 136 

Signed numbers, 9 
addition, 10 

associative property, 12-15 
closure, 179-180, 247 
commutative property, 10-11, 14-16 
division, 39-41 
meaning, 9 

multiplication, 17-21, 28-29 
operating with, 10-47 
opposites, 9 
subtraction, 29-36 

Similar terms, 97 

Similar triangles, 282-285 

Similarity, 279-282 

Sine ratio, 294-295 
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Solution sets 

checking, 76, 138 
graphing, 124-128, 146-155 
of open sentences in two variables, 
136-137 

Solving equations 

factoring, 203-210 
systems, 156-163 

Solving open sentences 

See also Equations, Inequalities, 
Linear Equations, Quadratic 
Equations, Solution Sets, and 
Systems of Equations 

Square(s) 

completing trinomial, 267-269 
factoring > 191-193 
perfect, 

Square roots 

approximation, 247-252 

of both members of an equatlon,267 

geometric interpretation, 256-259 

meaning, 243 

negative nuinbers, 245 

principal, 244 

product of, 2^ 

siiqpliflcatlon of, 258-262 

Sauarinc 

binomials, 191-192 
Structu]?e, 28-29 
Substitution 

method of solving systems of 
equations, 16A^166 

Subtraction 

of polynomials, lOS-114 
properties of, 37-39 
of signed numbers, 29-36 
solving systems of equations, 168-171 

labels 

grouping, 5 
of comparison, 3 

systems of equations 

addition and subtraction method, 
168-171 

graphing, 158-163 
linear, 157 
substitution, 164-168 



^sterns of inequalities, 172-174 

Tangent ratio, 286-293 

Tern 

constant, 93 
degree, 96 
linear, 263 
quadratic, 263 
similar or like, 97 

Triangle (s) 

right, 253, 288 
similar, 282-285 

Trigonometzy, numerical, 286-298 
Trinomial(s) 

completing a square, 267-269 
factoring a square, 191-193 
meaning, 94 
square, 192 

quadratic, 192, 197-2Q3 
Uniform-motion problems, 87-90, 119 
Value, of expression, 54-57 
Ikrlables 

to express number properties, 61-66 
in formulas, 50-51 
in open sentences, 48-50 

Variation, direct, 277-278 

x-axis, 144 

y-axis, 144 

Zero 

absolute value, 16 
additive property, 66 
denominator of a fraction, 212 
in division, 39, 68 
exponent, 176 

multiplicative property of, 69 
product of factors, 204-205 
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